EREAIEEFE No. 3

HH #hsk
2017411 H 13 H, 202248 H 24 H

EFREMDEER - EEER, IEAIM™, Cauchy-Riemann DRIV
fIRE 48. EHIBAKOER 2B &,

FIRE 49. (HEREPIB % e* TV = e (cosy +isiny) TERT DL E) f(z) = € (2 € C) IZIEHITH D,
f(z) =e* Ziiifz T 2 L 2Rt

fIRE 50. RSB D IR - BB & 1k fnlH>, FiHE X,
%8 51. Cauchy-Riemann A2 & 132>, FBHE X,

FRE 52. LT DK f: Q> CITRL T, f OER - B u, v ZKD. uy, uy, vg, vy, ZatFE X,
1 1., . )
(a) f(2) =23 (2€Q:=C) (b) f(2) = 21 (z € Q:=C\{=£i}) (c) f(z) = 3 (e’z + e‘”) (z€Q:=0C)
(EY MBS R0H (¢) D f(z) BEIX cosz THDH I EPERTDD, MROZNALDICHETH S, )
FIRE 53. 2 DRI E LT, Rez, Imz, |2|, z IZIEAITRW I & 2HED® K,

FIRE 54. u, v BZNZIUEAIBIEL f OFFL - BHTH D LT 2L E, u & v IZRBITRET, up = vy, uy = —v,
i3I &R,

(EDOEX: Tf IR & u & v 13 FHET Cauchy-Riemann 2729 &) @HOGEHIZA
LEEL WA, O OEM C & I TIEHIE T 2 53R v, )

fIRE 55. C DHEA Q LRI N EHIBIE f: Q — C DEH u &JBEB v 23 Laplace /73
Ugy + Uyy =0, Vpg + 0y =0

Rl d RN, u E v C?PMTHD Z EIFRO TR,

(BT M IEHIBE UL FERBUR ANk 2 2 L Z2FEHT 20T, ZORELTu & vl O° HTHEH I LD
505, Laplace 72 % 72 3 BAEUITATBAEL (harmonic function) LWFIXN2 DT, ZOdndEld TEAIE
BOFHEEBILHANBIR TH 2, LFH LKL, Hike Sh @, THEE &) BREEI NG, )

FIRE 56. Q 7% C O (GGHAS 2BHEAR). f: Q- C RERIET2EE, DT (1)~(4) ZiFHE X,
(1) QT f=0DRYED%IE, fIZEREKTH 2,

(2) Q T |f| WEEBIB LRSI, [ Z2DbDPEBBIETH 5,

(3) QT f BEHMEL2ES v (V2 € Q) f(2) €ER) 25613, f IZEKEHTH 2,
(@(P@fﬁ%@ﬁ@b#ﬂ%&w(Wmﬂn%ﬂ@eR)ﬁ%ﬁ\f@%ﬁ%ﬁ@%%o

(v b TRTEME f OFEE - B, v ZAOTET, )

fEIRE 57. f(z) =cosz +isinz (x €R) £ T 5L ZE, f(0)= f(27m), (Vo € R) f/(z) # 0 DK D 2D T & 21D
bk, (Thd o EBHMEBIL T, FIEOEIIIE D L7720, )



FIRE 58. Q IF RZ DI E T2, CL D u: Q>R BEZONEE,

Uy = Vy, Uy = —Vy
Z g 7o SREAE v (X, B LEET 261X, EEEZIROTENICEE 2 22b1UL, ZOREITERLE
IEE) ZEERRE, (MUINERZ AT ZBEEOANAT) Z2O5AIC v 2 o ZHOTERRT X% K0 X,

fIRE 59. u 13 R? OFAEETERINAHMMBIE L T2 (u 1d C? T ugy +uyy =0 27T ), 2D u ik
LT Uy =0y, Uy = —v, 272 v BDEFET 2 EE, v i3 u OREFNEKTHLLE ), ZDLEE, XD
(1), (2) IK&EZ &,

(1) o GIRBECH B 2 L 2R, (2) utd o OGRS 25 L5 pEZ k.

v\x

E%G&ﬂﬁ@ﬁf@%%°@%mvmﬂLf\ﬂ@w::cyﬂDéjﬁk\%ﬁﬁﬁbﬁozk%ﬁﬁo
Yy

)

det f/(xay) = uz(z7y)2 + ’U,y(’l,”y)z = ’Um(IE,y)Q + Uy(xay)z = |f/(Z)|2

FIRE 61. Q= {(z,y) e R? | 2? + ¢ <1} TC? BDBIFUTH L T,
F(r,0) := f(rcosf,rsinf) (0<r<1,0eR)
TF2ZEDDLLE,
F, = fycos0+ fysin@, Fy=—fyrsinf+ fyrcosf® (0<r<1,6eR),

Fysinf F 0
fz = F,cosf — o5 , fy=DF,sinf+ 0.C08
T T

(0<r<1,0eR),
1 1
fow+ fyy = Frr + —Fr+ 5 Fp (0<r<1,0€R)
TH5HIERIE,
FIRE 62. n ZLEOHAKET %, w,v: R? R %
u(rcosf,rsinf) =r"cosnf, wv(rsinf,rsinf) =r"sinnfd (0<r, 6 € R)

TEDDEE, uw & vIE R THANTH D, v ODIEHABILIL v TH D 2 Lzmt, £, v DILEERABIE
R X,

FIRE 63. GBI {antnen, {bn}nen ICXHL T,

u(rcosf,rsinf) := Z r™ (ay, cosnf + by, sin nf)

n=1

EBE, wld {(z,y) eR? |22 +y? <1} THMTH 2 Z L 2w, i u DIETMBILZ KD X,

misc. (No. 1 DZERD))

47 Hamilton 12X % C DEZRDEAIR % BHTOF THELDHTH LI,
FIRE 64. K .=R?>={(z,y) |z €R, ye R} I

(a,0) + (¢,d) = (a+¢,b+d), (a,b)-(c,d) = (ac — bd, ad + be)
TN +, Bk - 2EREL L &, WHRKORIZ2 T 2 L 2D X,
FIRE 65. fEEOBEY LT3 A F 2L T, AMAER L Z DMK A 77V OER, ERBLHEAIR Rlz] 220,
I={p(z) € Rlz] | (Fq(z) € Rlz]) p(z) = (2 + 1)q(z)} (BT 212 2?2 + 1 DEEED2AE)

8 Rlz] DHAA F7 A THB 2 L 2R, (33 LRARB R]/I FECA 20, CnE COEHETS L
KB, USRI S RN 20T, b < ETEETT, )



R
BRE 48. HHEWM C OES Q 2 ERIE & T2EFBHAERIE f: QO = C 25, ERBOL T 2 OO HER &
E, fIRIEAITH D L), 2% 2 THOTTRE &1, HRER
f(z+h) — f(2)
h

lim
h—0
DEETZZ R0, B
R 49. (HEfiih)
% 50. QCC, f:Q—>CEtTBEE,
Q= {(z,y) eR* |z +iy e Q},
u(z,y) = Re f(z +iy) ((z,y) € Q),
v(a,y) ==Im f(z +iy) ((z,y) € Q)

TEX B u, v ZZNZN f OFEH, B TS, B
R 51. 2 DDFEEHK (x,y) IZBIT 2 2 DDBIE u = u(z,y), v = v(z,y) ITBIT 2 HZH T2
(1) Up = Uy, Uy = —Uy

% Cauchy-Riemann J72\ & W55, fERDIERIBIBDIEE - BB u, v 1. ZOHERZ2 T PR T
W5, |

R 52.

(a)
fla+iy) = (z +iy)® = 2® + 322 iy + 3z - (iy)” + (iy)° = 2° — 3zy® + i(32%y — 1°)
THDIHD 6, u(z,y) =23 — 3292, v(x,y) = 322y — y>.
(Mathematica Tl¥. ComplexExpand[(x+I y)~3] DL IHICT LTI (FHAELTINDS, )

(b)

ot iy) = 1 B 1 ot =P 41— 2iay
Vot al @211+ 2iay (22 — y2 +1)° + 4a2y?
THZHNH
u(z,y) = - y22+ . ;o v(@y) = ‘mé :
(22 =92 4+ 1)° + 4a2y? (22 —y? 4+ 1)° + 422y
(©)
: 1 i(z+iy) —i(z+1iy) L,o_ iz —iz
f(x+zy):§(e Y t+e y)zi(e Vel +eVe ')
1
=3 (e7¥(cosx +isinz) + e (cosz — isinz))
ey + efy . 67y — ey
=cosx +esinx

= cosx coshy — isinx sinh y.1A

BRE 53. (M)



RE 54.

f'(¢) = lim fleth) = fle) _ lim (u(a+ ha, b+ hy) +iv(a + he, b+ hy)) — (u(a,b) +iv(a,b))
h—0 h (ha by )—(0,0) ha + ihy

FFIZ hy =0 &) &2 IMATHIRZHUS & |

(u(a + hy,b) +iv(a + hy, b)) — (u(a,b) + iv(a, b))

Lo
File)= hljglo hy
— lim (“(“ *heyb) —ula,b) | v(atheb) = vl b)> = ug(a,b) + iy (a,b).
he—0 hx hm

—J hy =0 V) FEMEZMATHRZINS &
m (u(av b+ hy) + iv(av b+ hy)) — (u(aa b) + iv(av b))

hy—0 thy
1 u(a,b+hy) —ula,b) = .v(a,b+hy,)—v(a,b)\ 1 )
=~ hlylglo < , +1i h =3 (uy(a,b) +ivy(a,b)).

F/(€) = (. ) + ive(0,5) = & (uy (3, 8) + vy (a, )

»5
ugz(a,b) =vy(a,b), wuy(a,b)=—vy(a,b)m

BRE 55. C? OB D 2 BEREREEIIRM T DIEFIC & & 2\ WD T,

Qu—ﬁv +g(_v)_32v_821} _0
oy Y ox Y oy Y 0xdy  Oyoxr
0 0 0 0%u 0%u

0
Var + gy = Grve g vy = o) g e = — 5t G =

L
8acux

0om

RE 56. f DFELEHZ u,v T2, Thbb

Q= {(z,y) € R? | x+iy € N},
u(z,y) = Re f(z+iy) ((z,y) € D),
v(z,y) =Im f(x +iy) ((z,y) € ?2)

(1) fEED 2€eQICHLT, z=x+iy (r,yeR) T B &L,

0= F/(2) = wal,y) + iva () = 7 (g (9) + ity (2.3)

s
Uw(flf,y) = Uy(l',y) = Uw<x7y) = Uy(x?y) = 0.
Q I GERSBREER) THEDS, w0 1d Q TERICE LY, WA f=u+iv b Q TERIHEL»,

@) BELD ACER) [f(2)|=C. bLb C=0 5B f(2) =0 THBHSE. f(z) 2D bOINERTH 3,
DN C#£0 E5%, ulz,y)? +o(z,y)? =C? 2T LT uuy +vv, =0 2> uuy, +vv, = 0.

HLLARD 0 TRV ESIFu=0v=0,C=0 LB VIREICFET DT,
Uy Uy — Uglly = 0.
Cauchy-Riemann DOBIRN v, = vy, vy = —v, ZH0 5 &

Uy = Vally = Uglly — (—Uy )ty = (ua)? + (uy)zv Uy = Vglly = VyUy — Vg (—0z) = (v:)” + (”y)2



THHEDG,
(us)? + (u)? =0, (vg)> + (v,)? = 0.
SUDS up =uy =vp = v, =0 BT (1) EFBICLT, fIRERBIETH 5,
(BIfR) 2uuy, + 200, = 0, 2uuy, + 200, = 0 ZEL DIF EEFL, #2256 Cauchy-Riemann @ /iR %
fioC

Uy — VU, = 0,  vuy, +uu, = 0.
) y

()=

£ 2T, 2N 1 KGTREADRBATINO1THIZ

i3

w-u— (—v)-v=u®+0*=C%

C=0%6Fu=v=07T, f=u+iv=0 bEH, C#0%51F(UTHNZPTT)u, =u, =0 T, %
¥ Cauchy-Riemann O SBRAZE) & v, =v, =0 DEPI, u b v BEBTHS, WAIZ f=ut+iv d
ER, — COBEDTBIBLNR LK) B8 T 5

() HEE v=0 L VI ETHED 5, v, =v, =0 in Q. Cauchy-Riemann DR u, = vy, u, = —v, >
5. up =uy =0. WA w IZEBIBTHY, f=u+iv=u LEBHKTH 5,

(4) IREFu=0L,) I ETHENH6, uy =u,=0in Q. Cauchy-Riemann DR u, = vy, uy = —v,
5. vy =v, =0 WAIT v BEBBIBTHY., f=u+iv=riv bEBEKETH2, m

BRE 57. f(0) =cosO0+isin0=1+i-0=1, f(2m) = cos2n+isin2r = 1+i-0=1TH 225, f(0) = f(2n).
fl(z)=—sinz +icosz £ V. |[f'(z)| = /(=sinz)2 +cos2x =V1=1#0 TH 205, f'(z)#0. |

fRE 58.

Up =Vy = Vy, Uy =—Vp=—V,

s THGERE 0, V b ot TEE, wi=v-V I
Wy =0y — Vo= (—uy) — (—uy) =0, wy=v,—Vy=uz—uy, =0

ZWirzd O B TH B, wZIZ (3C € R) (V(z,y) € Q) w(z,y) = C. WA v(z,y) = V(z,y) + C

((z,y) € Q).
v IE (vg,0,) EVIRZ PABORT VL v LTH SN S, QO WOLEDE (a,b) REET 2 & 5.

v(z,y) =v(a,b) + /C (vpdz + vy dy)

(z,9)

DD LD, 7L, Cuyy 130 (a,0) ZIAKL (2,y) ZHAET 5 XTHIIC Cl o Q NOWMHETH 5, %A
Uy = Uy, Uy = —0y 1K D

v(z,y) = v(a,b) + / (—uydx + uy,dy).
Cla.w)
CNRDLATH S, (1) THAEIIT, LB EERILZTDOANEIND 5D T, v(a,b) FEEERL THUL
Rwv, §4bb

v(z,y) =C+ /C (—uydz + uzdy) B

(=,y)



BRE 59.
(1) Laplacian DEFRIC uy = vy, uy = —v, 2fUAT 2 &
DV = Vg + gy = (02), + (vy), = (—uy), + (us), = —tys + gy
uwld C? TH 2 DT, RIT DM IR TH 205 Uyy = Ugy. P I Av=0.
(2) u lE v OIFEBABRCIE A, EBE U =0, V=u 5 L.
u 3 v OIS < V 25 U OILAFIMBIE
SU, =V, U=-V
S Vg = Uy, Uy = —Uy.

ZHUE v % u DIRRIBIBCTH 2 5 up = vy, uy = —v, ERTOEDE S, TORMADFEIFICKD 7O &
TDE Uy =vy = —Uy, Uy = —Vy = —Uy D upy =uy =0,v, =v, =0 PHRSENZDT, u & v DMWY
EEEIBE WIHIRFREEE LR \», b AAER TR HEFNBEBOMBIEFELET 20T, To ¥ u DIk
REFFIBIE = w D% v OIEFANBILL 13 —MRITITER D Vi,

B 60. f/(v,y) = (uz uy> THDHD6. det f = uzvy — uyv,. v DIREREETET &

Vg vy
det f' = upuy — uy(—uy) = ul + ul.
v DRERETR T L
det f' = vyv, — (—v)v, = v2 + U§~
f1(z) = uz(z,y) +ive(z,y) THEDG,

2
det f/(l',y) = UgUy — (*vm)vm = ui + ngc = |f/| u

BRE 61. AR OBITIEDS
Fr:fxwr+fyyru Fezfxm0+fyy9~
U z, = cosb, y, =sinh, zg = —rsinf, yg = rcosf ZRAT 3 &

F. = fycos0+ fysinf, Fy=—fyrsind+ f,rcosé.
IN%Z f, f ICOWTOEY 1 XGEAE LTHELS &,
<fz> - ( cosd  sinf >1 (F) 1 <rcose —sin9> (F)
Ty —rsinf rcosf Fy T \rsinf cosf Fy
fz = Frcosf — ng:nﬂ’ fy = F,sinf + FG(;OSH.
=05 (F 7 ARBEE DM 2 1)

Frr = fa::v 0082 0 + (fwy + fyz> cos fsin 6 + fyy Sin2 97

Fpo = frar?sin®6 — (foy + fyz)r® cosOsin@ + f,,r% cos® @ — forcosf — f,rsinf

Znrs

THDHNPD,
1 1
Frp+ =F + —Fopo = fou cos® 0 + (foy + fyz) cosOsind + f,, sin? 0
r r

1
+ — (fzcosb + f,sinf)
’
1
+ = (fmr2 sin® 0 — (fuy + fyz)r® cosOsind + fy,r? cos® @ — fyrcosd — f,rsin 9)

= fa:x + .fyy~.



BE 62. u(z,y) = Re[(z +iy)"], v(z,y) = Im|[(z +iy)"] THH. 2" 1 C TIEHTH L2056, u, v IF R? T
N TH D, 7 v 3 u OHEFNBEILTDH 5, v DHLEFANEKIE —u+C (C BEHKTH S, )m
(CAlf#) U(r,0) := u(r cos@,rsin @) = r™ cosnb, V(r,0) := v(r cosf,rsin0) = r" sinnf &,

1 1 1 1
Upr +-Ur + 5Upg =0, Vir +-Vit 5Vpo=0
r r r r

27T DT, u & vk R?\ {(0,0)} THAITH S,
Cauchy-Riemann @S5 BRAZMBERECEBLIT % &

(#) U,

L, HEE

1 1
;Ve, ;UeszT (r>0,0€cR)

cosf 7s1n0
— r
sin 6 cos
r
B L,
Us\ _ oy U. 7 v _ Ve
Uy U9 Uy ‘/9
THHENG

1
1 —
e (U)o (O YA B P e T = W
Up ~1 0 v Us o) \V
PN UT:%VQ B U= —1V,.

U(r,0) = r"cosnf, V(r,0) = r"sinnf (& r >0 DEE () ZiEiLTDT, u & v iF R?\ {(0,0)} T Cauchy-
Riemann J7FE 2 7 9,

uw & v ld R?\ {(0,0)} THAIT, (0,0) THIETH S Z &6, R?2 2T C? i Tor2HMTH 2 2 L3y
5 (ChzeZbA LT 212k, 2 LERPRLETH S), DI L6, (0,0) TS Cauchy-Riemann D5
Bz T,

fRE 64. (W&fR) WHAMAD AR E IZRD  (I)~(ix) TH 5.

(i) Va,b,c€ K) (a+b)+c=a+(b+c)

(i) (g € K) (Vae K) a+0x=0x+a=a

(iii) Vae K) (Fd' € K) a+d =d+a=0g

(iv) (Va,be K) a+b=b+a

(v) (Va,b,ce K) (a-b)-c=a-(b-c)

(vi) Flg € K) (Vae K) a-lg=1g-a=a

(vii) (Vae K\{0x}) (3a" € K) a-a"=d" a=1k

(viii) (Va,b,ce K) (a+b)-c=a-c+b-c,a-(b+c)=a-b+a-c
(ix) (Va,be K) a-b=b-a

(MHED NI (x) Ox # 1k EDILGEVDH 205, FOHERIOFKMEDERL TWw5, )
HEARWIGIE L THERT 2720 TH S, 3DDOVT0EHDIE, MTHEHrEFENTEL L,

e 0x = (0,0).

e d Fa=(z,y) DEE d =(—x,—y).



o 1x =(1,0).

1 _ "_ € -y
® Q Lia—(x,y)@k%a —(M,M>.

BRE 65. (MEfifirh)



