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Z2{K (cursive letters, script letters)

Fourier Z#i%2 25D TF 3L 2A WA L), 2PN EHDOZ LRV (9 FCHTFRLTY),

AB CDEVF G H I J K L M N O&P QR S T UVW X Y Z
A B ¢ ©» &§ F ¢ #£ 9 g K L M n o » Q2 R S I U Vv W X Uy z
o B € 2 & F G H I I X L M N O P 2 X% S T U VN X Y Z
» ~ =
FUIvPXF

XYTYEDOT N7 7Ry blE, 24 LEDPS B HS>TWE, KLF, /INFE, RT3 0—<F,
wed (JERE, KA. FERLE) ZATITRT,

A« a | alpha TIT 7 ®lfo

B | b | beta N—% bi:te, béite

Iy g | gamma | V< g&emo

Ao d | delta TG délto

E|e e | e |epsilon | 47> 8 | épsilon/-lan, epsailon
Z | ¢ z | zeta X—% VANESS

H |7 e | eta I—% {1to, éito

© 16,9 | t |theta =% Oi:to, Oéito

I | i | iota Ax 5 foute, aidute

K|k k | kappa 7 N k&epo

A A 1 | lambda | 7 4% l&emdo

M| p m | mu T a— mju:, mu:

N |v n | nu —a2— nju:, nu:

=& X | xi 73— gzai, ksi:/-sai
O|o o | omicron | A 2 7 B ¥ | fumikron, oumai-
II |7 @|p]|pi NA pai

Plp,o | r|rho 7 — rou

Y |o,¢ | s |sigma Ve sigmo

T |7 t | tau 57 tau, to:

T |v u | upsilon | 7 7> v | jumpsilen, jurpséilon
® | ¢, o | p| phi 774 fiz, fai

X | x ¢ | chi 7 A kai

U | p | psi 7 A psai, psi:/-sai

Q| w o | omega | A XN 6umigo, oumégo/-mi:-

FY FTCTIEV XY LTF AN H20IE TF) oy F EXT, THRT 2L, fakty + T
5, ERpIIEKTIED XD ADPITRVADLHTH S ) (EHREBZZE ( BRIHTHES D),
PLBELTBLILZ2ED 5,



HE

N={1,2,---}
7 =10,%£1,42, -} = BEEEKOESL
Lo ={0,1,2,---}
Q = MR OES
R = HEEEOES
C = #HEREEROES
KTR,COELLDERT I EDL D,
Xow ={f | f: R— C XHIC C*#k T, AW 2n OBIES (2 oXEZ T DiLE, p. 21)
On ZAF Y A—DTNY (m=n%5L1, £ TRIFIUL0)
Z R 2 OIEFRE (PIZIE 1+ 2i =1 — 2)
Rez, Imz ZNZN z DEH, BH (H1 21X Re(1+2:) = 1, Im(1 + 2¢) = 2)
Span{py,...,on) = {c1p1+ - + Cnn | c1, -+, € K} (p. 146)
f O Fourier Z¥uix, Ff, Ff, f, Flf(@)](€) 2 EDFFTET, F, F & F OIELFE, Eillk
@%%(7—UL%M%@ﬁLTm5@ﬁ@6\F<6wuﬁmfﬁtm%

MY (FEE1F Wikipedia 12 X 5 & [sipk]) / e dx = 2asinc(ab).

i —a
BFRBI {a,}nen 13, a: N = C, a(n) = a, EVI)EREALRYE S, EBIO2MEZ CY &
FT (B X D OEA Y ~OBRAKOEAE VX LB CHEEICES ), RIS, {0 .
a:7 —C EVHIBRERRE, ZIH0IH DR C2 LET,
HZTEWTEHRULWHEE

F B L (V) f(—2) = fla).

F OB YL (Vo) f(—2) = —f(2).
FDS OV E R f BRI O TR TTHE T, 2N S SRR TH 2 2 LR\,
f:la,0] — C HEBHIC C R E 13, &2 HBEI {2}, HHFLEL T,

sincx 1=

a=x9g<x1<---<xN =D,
0% e {1,2,--- N} T LT, fIZBXRE (v;_1,7;) T C* T, MR

lim f(z), lim Of(x), lim f'(z), lim Of’(x)

z—x;_1+0 TT;— z—x;_1+0 TT;—

DHFET DI ER VI,
fR—CHPES/HICC ZREIZ, TEDaY 7 FRM [a,0] 1L T, f (D [a,b] ~DHIR)
D3 [a,b] TR CHCH B I LRV,

fila,b] — C 3t v id, XOTMc Ot ik & i3, & 2 HRES {2}, BEFEL T,

a=xg<x1<---<xNy=0>0,

0% je{1,2,--- N}IINLT, f % [gj,2] CHIRTZE CTTH2 2 L LFAETH 5,
DF D x; TRAMBIRE f/(v; —0), f(z; +0) DEETZ, LI ELThH2,

FLESEER

(VneZ) sinnm=0, cosnm=(—1)", sin(n+1/2)7=(-1)".
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BoES
b b
[ @) do = f@g@)l - [ g do

LEEY Yoo, fR-C I3 T2 LS

0o Ro
/ flz)dr:= lim f(z) dx

R1,Ro—+00 “R;

5 b@ﬁﬂ%?%(/ f(2)|de < +00) = & DA D> TV B 75 6 1E

/_Z f(z) dx = Rglfm/_if(x) dx

WMAESTOMS (BH EMADIEFR) MO~ D, aba.f R, a<b a<f, F: b x
o, 8] = C 78 C" W7z 513

d [? b9
%KF@GW—AngOM(&Mﬂ)
ARG T DA IZ R RHE L WS,

@O s, [ o) do < v
Zii7z 9 o DFIET 2551
>0
d{/ F(z,§) de = O_SF(x ) de (€ € [a, f]).
(Fourier Z2HADB5 F(2,€) = f(2)e ™ THE0 6 p(x) == |of(x ;“)b)“(/ ) dx < 400

AR D ECITE, )

EXRESD (Gauss ES) N
/ e dx = V.



H R

Q>80
CTOEERIT
FESIZ DT L,
£ 18 Fourier ¥ (E8+a)
11 B (13I31EY) 2200 EEDLS . . . .
1.2 Fourier fZX (BAES) OICR . . . . . . o
1.3 A (NREZERD) . . . .
1.4 ‘RN < \E FoOR=EHY) OB . . .. ... .
141 TR o \E) OB EERSSY ...
1.4.2  Fourier DRI ANIELEETH D, (b 2EKT) REEBTHZ . . .
1.4.3  Bessel DA, Parseval OS5, seaEMlESSR ..o 0oL
15 B EDBAR .
1.6 TOFEDEED . . .,
1.7 BFV: ZOHED Fourler fBREDMAR . . . ...
£ 2E Fourier £ia
20 A VBT
2.1 Fourier ZADE A Fourier RN . . . . ...
2.1.1 FELHDBH .. .
2.1.2 WRODOBHT ..
2.2 EENX - KEEAXpoBOoNB@EMZNX ..
2.3 BRMZEEE® Fourier 2281 . . . . .
2.3.1 Fourier B¥o L DOEH\TT . . .
232 HWZDZNE 7Y
2.3.3 e @ Fourier ZH1 . . . . ..
234 B ﬁ D Fourier ZMOBIHEIIRGZ M- 0t
2.3.5 Mathematica ORI . . . . . .
2.4 Fourier ZHADME (BAAARLAY) . oo
241 BRIV .
2.4.2 Fourier 2 L i Fourier Z2H2DBE4% . . . . . . . . ...
243 SATREED . ..
244 A=V VT
2.4.5 EBEIED Fourier 28 . . . .
2.4.6 Fourier ZHaOEEEE . . . . .
25 BE: FHLAMESOXREOZED .
26 BFEU: Word (= Mol LEATOREEORR ...
2.7 BF}: Fourier B¥alni & OREISCZE/ . . . . . . .
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B4E
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BHE
5.1
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B6E
6.1
6.2

BTE
7.1

7.2
7.3

7.4

27.2  AWNEROEN S(R) &EMMBEKOEIMS'[®R) . .

BEEY Fourier it

HEHC Fourier fREL — BEZ DX HITEERT S . . . . ...
BERC Fourier 2840 . . . L
FET IZDWUT o o
331 BEERT oo
3.3.2 Mathematica CTHERL Fourier 248 . . . . . . . . ...
Bx U EEROGAE., MEBCRIEEST L, MEuksS
3.4.1  HEfE: BERL Fourier 1824 C,,, A, B, DR . . . . . . ...
3.4.2  FEEHELOBER Fourier 288 . . . . .
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344 BEBOETEZEER o
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4.1.2  guitar-5-3.wav D Z #EH Fourier 292 . . . . . ... . L
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FERDONT
431 —EEROEE
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434 o HEORWEE n|/T . ... .
435 XOKEBIT
Mathematica TOZFDELD PN . o . o

B TIVIER

SEFLEEFEH .
A RESREE LI
5.2.1  FESEEE
5.2.2 /NEDEBL

EEELIFR Fourier Zii& Fourier 7731 —
HERCIRFTE] Fourier 2288 . . . . .
Fourier 7 7 S U —0DO—%&3R . . . .

B HIAH

WFU I
BRAARDIERIVETE . . . .
BAARDEN
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742 FHRER] fxg=gxf . ... 104

743 FEAWER (fxg)xh=fx(g*xh) ... ... 105

7.4.4  ZFTFDIFFAE (the Titchmarsh convolution theorem) . . . . . . . ... .. 105

7.5 BAIAAD Fourier 2413 Fourier Z#aDfE . . . . . . . 105
751 “EEOBEC @ Fourier ZH#ADEE . L 106

7.5.2 JAMWIBE% D “Fourier 24" — Fourier REDEE . . . . . . ... 107

7.5.3 JHIESD “Fourier Z#1 — B Fourier 2056 . . . . . . . . ... 108

7.5.4 BHND “Fourier 28" — BERIRFE] Fourier Z2#ADYE .. . . . . ... 109

755 (BE) e Fourier 28 . . . ... 109

76 M EDOBETR L 111
E8E FIIINL-Taly— 112
8.1 BEWUEE . . . 112
8.2 HAREHNIA TV ISIVA L, 112
83 MIBER 74 NY— (LTI 74N =) . . e 113
84 FIR 7 4N — o 114
85 GFESOEEMEA Y VTBEE . ... 115
85.1 WMNILHIR o2 D ... 116

852 Wik v VY W EEZTCHEE . . 116

8.5.3 HEH Fourier ZHAL TAXRTZ MIVERFIN . . . ... 117

854 EWHEZAY FLTHRD . ... 118

86 TN 74N —=%MED 119
8.6.1 ZEHROUHDIEIL: ¥ TV T LT 74 NVY—ICAT .. ... 119

8.6.2 IEKWZY VIV T EELBAIBEOND L 120

8.6.3 JLDEFDORNE & ML ORER . .. 121
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1> hk0O

ZDEE

TBEEE AT 4 7 LI BEEBHICHRC DD EEZTHH Wk,

F—TEFEICHBETS L

COWEDT — k. BEEE LTIE Fourier BT CH 2.,
A E LT, BIEFUHZI) B3,

EABRICP D

FTRCZEEMNTHEEBICHIAL k9 13EZTuy, EESHS L ETIEDO WL ONICAR Y
FI2A4+2HTAHI E2HNE LT, PREDOREDEAIE L LIZ NI NSRBIl > L &
WKHEHTHATIIW, EWVWIHIRY UV ATRSL,

Fourier fi#fTiZ, B¢ LCEBEHICHMHL X9 T35 L, )L\, HRXICOMMITEOM:
3% 5T, Lebesgue B CBIBRNT 2 2 A 72, D75 L b 25 LITFLTERLDOT, K
YRICIE SEEF L IFAFLEORHTH 20 ETH 5, TN THEEAEIC X 2HLD v F TH
HT2DIIAARET, ZN2TEDIIELI L)L, REBFEL L EW) T EILR S,

—J5C Fourier f#NTIZ, BELRZDARBNIC E o TEBELZEETHD, BRI FLEETHAEWE
HELLREOLDTH 5, FEER (FEH) HEIE, R 2FEOHFE AW EDRZE ( TIRE) & 3%
B, L CIRHAE ) Oh BT 2 2 Eicho2, 290 b T, 24BN T
HEXT 4T L) AETORH T, KRBTSR - WEBHR LD OO TERIDIIAARTH S, LDF
25 (MU FaThRBEEOLEE 42138, LRVELR),

Ul

EEICDOWT

T, BB OO IC AT e, SUEEEE FET 20T, HELTH LWL, 20
LOEHICOFTH LWL ElconwTld, [HEE T,

FHEDSMC, 3 v Ea—F — 2oL TOENTL 5LV EEZ TV T (I VY Ea—
8 — & i 75\ CHEK Fourier T2 ¥ 50 BMFICH 2 ), 207D OFE (L X — 1) 2
%, 7077 Iy IEHEENEMCTSROD, TR, RANTBINHERN & Mathematica %
o> T AT T E ) THUTR VD, 3T 2,

VPR U TEERIEL L), WO SBEGEROHEEZHY L T T, ZH5IFBEENICE LA LFIHT
5, ZNEIIMHBIZES Y FTHET LI EILR S,

2290 ZEIEREBLARLT, b R MVIENT 2 EDEATESI I D R, 20D IciEL (., W Icas
WRFHHE L CTNEAEN (REE SN EBRLA RIS ),

9



BERICDWT

Fourier

Fourier (Jean Baptiste Joseph Fourier, 1768 4£ 7 7 ¥ A D Auxerre I F41, 183047 7V A D
Paris ICTHT 2) BIA A =7 TH %, Fourier iFFH VLAV ERIRRDT7 7V AANTH -7, TE
DfFENTRVERGER L GRER (1], [2]) & v )@ « R2FEER L 72 (1809, 1812, 1822), Z D TEMAETIS
DEEETNE LT, VbW 28 (GE) AR L FIENn 2

ou
ca =kAu
ZEH L 22 (B ZIEHEH [3) D 2881, 2), 22T u=u(x,t) IFEAT 2, Kl ¢ 1B 2 E IR
EE2RL., c IZHRMERED 2D OBEE (IEOTEHE AKE2), k IZBMREIRR (P iREHH cIXIE
DEREHLED) THDH, ZLTAWRFTFIRAEAR LTINS, KA TERI N LW FHE
TH 5:

Fourier (3 & 512 2 D BA DML (Fourier ##L, Fourier 2841, Fourier DB ML) Z At L
7zo % T Fourier BIFH5HEA: L 72,
ZoJEER, BMEESEAZ T TR REBAER

1
c? Ot?
WZOWTH (£5 T, TOLDICHESINLGED L HIZ) @EHTE 5,

18 ALK, MIT2IZITEEEE D AL 5T W7Dy, 2D Fourier DFHIZ LD B2 RER L
7o, EDTETHD (I — [4], §91), Fourier fEHTIZ, BIFETIX, O EEOREIE LT % 5
5 (BHFEAIC E > TREED» S Litaw),

= Au

— L WVIDITT, BENREFEDOAY X250 LT, MBS HEARNDIGHNEBINT
W3,

Shannon

20 HfdH & A %2 & | Fourier T OB SAB~DIGHBHTE E L\, X))V 7 ~—)L & L TlE Shannon
DHZEFETHRETHS ),

Claude Elwood Shannon (1916 4E7 X ) A S & A M Gaylord (A F 41, 2001 4E7 X ) A <
F 2 —% v VM Medford 12T T 5) 1, DEE OG5 23T (1948 4), [H@HoO > b
nE— [FROBMTHZE Y PR EoMRz2RH L, ¥ 7)) v e e SR L 7 (1949 % — C
U DOV TIIFRE T T 5) & &,

FFT

FFT (B Fourier Z fast Fourier transform) & (%, BfA{ Fourier Z# ( "2 X 714 74
IO HTRD, OB TORTHEIT 2) OEELE 7L TY XL T, 1965 4 Cooley-Tukey [6]
WKLo THRINA, THUTL DL DfED 2 v B2 —F — L CHFEN AR CUBEAREIC 2 D |
T Y8 WG F IR CEA 72

10



(R#R) EIiF FFT (X, BEIC Gauss (Johann Carl Friedrich Gauss, 1777-1855) I & » THR I LT
7203 (Heideman-Johnson-Burrus [7]). &I 6T 7z, Cooley-Tukey (& Z 41 & 13V PR R &
WH T LIRS, BB, WAL LI RT7LIY ALIFMIONED KD TWR S LwdS (BEIZFEHO
B, INKERAIZ NG 2 L5 72 Z 5D Cooley-Tukey DX [6] TH 5 DIFRE VLRI Z 9
TH 5,

EFITF: COEED THE

(2 ZiFFEEHRIT)

TAE H DRDEEAE e DT, BEANLHIADL o Tw 2 L1 ) D3, FEiZwb W 3B
FICT2O0 01340, AL TS L, Bog WL, B0, BEsEs, -t F v 2%
VOHZTHE (2b D), (lOTwB Ak, ECTUDFEboTwEh, Kbzl (k-
Twahrb Lz, CORITEZZTTERELEL) EEZATVRS, )

BAML L) ET2 L, DIFRRILELPHYITET. ZNTLTRLTOD D P T LEZEIC
BoRVEHEEL T 5,

7 =V TN AR IZIER RIS Z R > T3, bEAABFEOFTH RERTFERDH 5,
R DB DOREZ RS % 72 DICFIH S 5 72200 T <L RN 28 Bk (BI%, oy, DOK, £
B, ) OHRIEL - FH%Z ) 5L H9H 5,

EI0IRD N (NEDER, FHOMT) 23R, FERICITH LR VLA, 72 F 2078
MLTVwRLEIANDH 5,

IR IZ DT,

o %5, HoRAHIPATLE D HZATHIHT S, L LEEVIZL &\ (584107 5 D IR,
LTHXUDHW), BilZhs, LZLAMTEEZT 2,

o B OREETIE, M —fEHD IR, 2L 0 HIF T, fELRHERE T2580% 0, 22
Tldta % REBEOPCR (KRR, —RRIDCE, L2ICR, @ E L TOIlUR) iIcowT, KF
DICA A=Y ZF>TH6) T ezHE L, 207508 THEEN) TbH D L., xR
ARSI B 2L RBEREDORT I EDBHRS LEZTwD (WIffL Tw3),

o iHiF/ — P ORI, AEHPIEHDO 77 b 74 v, BEHADY Y DTk SN TE
CEIEEED B (L) ITL7zv-BURTIIHEPE Tw ), ZiUda2D35Ul s 5 A I EB%
VOEMELEZD5 EWIERL D DHD, EARI EVPREIZZR D0, 2N ERHETELIR
TLEZDLDOTH D, HZIX. Lebesgue T % A SEIBEAT I IZ 2 0UIZ1E L v,

11



$15 Fourierfi# (EE+a)

TBEEERXRT A7) LI RITT2EEMEPHEINTYT, 22 TCHHINZIZTTH S0
5. Fourier ##DEAN, L\ 9) DIFEMKT 5,

1.1 B (IFEEE) — 2D720FBHEEHLS

B E AT AT THEAECE (D) EE 5 LIRDIED DD, SLEDC & ichiing,

~
EE 1.1.1 (FHEFEESGLEE) f: R — C 3 2r WIS T, H2REDHS D> S 2 HF
LT L, ZDLE

(1.1) n, ::%/7r f(z)cosnx dx (n=0,1,2,---),
(1.2) bn :I%/Tr f(x)sinnrder (n=1,2,3,---)

S {a'n}nZ()a {bn}n21 %%&) % & N %&;&

Qo - . 1 Qo . .
(1.3) 5 Zl (a, cosnz + b, sinnx) := 7}1—{1010 <5 + 2 (ag cos kx + by sin kx)) (x € R)

EHLEERTIHRL, f(z) 1KLY, T4bDS

(1.4) flz) = %+i(ancosn:c+bnsinnx) (x € R).

\_ )
'HH2REDIHFEO»I ), THHEKRT) IFEHKRZED T, BEIZIZERL 22w TT &,

{a,}, {b,} % [ @ Fourier R¥. & (1.3) Z f O Fourier #H¥. (1.4) % f O Fourier K
REE ),

CDEMIZ. Euler DA € = cosf +isinf X hESNS,

il 4+ o—ib ol _ o—if
sinf = -
2 ’ 21 ’

ZN L cos(—0) = cosl, sin(—0) = —sinf R EZMEH) L, RDXHITHEHZ 515,

cosf =

12



~
EE 1.1.2 (FHRBEEBHEE) f: R — C 13N 2r OFIMBIET, H2EEDH S I Z2FF
DETBH, TDEZ

(1.5) Cp = % /: f(z)e ™ dx

T {ontnes BEDHB £ W

(1.6) Z cpe"t = nll_I)Iolo Z ce™  (z €R)

n=—oo

35 ZTERTICH L, f(z) K Lw, T4HB

o0

(1.7) fl@)= > ce™ (z€R).

\_ J

{c,} & f O (#8F) Fourier fREL. ¥ (1.6) & f O (#8F%) Fourier . (1.7) & f O (&
%) Fourier BB L9,

f DMEHR LB DY AT, HA3 T Fourier #R44, Fourier fk#Z 51T AMEZ M TE I 5, (TH
FLAT AT, TP f" RO TREICRIULR O3, #19T Fourier fBUZ il 2 56103, A
% ED 5, 6 EIFMC 2L, &, MEMEZMNET % (https://m-katsurada.sakura.ne. jp/
lecture/fourier-2022/fourier2022-ex.pdf), )

M 1. an, bn, ¢ Z (1.1), (1.2), (1.5) TED L L E, XD & z2RHE,

Qo

1 1
(1) fEED neNIZHLT, ¢, = 5 (an, —iby), c_p = 3 (an +ib,). £z o= 5
) EED neNIINLT, ay=c+cp, by=1i(c, —c_p). £7 ag = 2c.
(3) D n e N IE LT,

n n

ao : . ikx
5 + 2 (ay, cos kx + by sinkx) = kX_: cre™*.

(4) f DSFHMEBI: 513, an & by BIHTHY . e = o (BHIC ¢ BFHTHD). %7 ap =
2Rec,, b, = —2Imec,.

COEHORXDETIINTET A IIICLTEL L, AT RL, BB DIZIEL W L
EBEFoTEITIBZ LKA,

o A% 21 L L7, ZHUdAET vy INICT 570 T, KEMLR I & TRV, EEOIEK
T %AW E T 2 MBI BRI T 2 (cos (222), sin (222) ® 7% %)), 2D
BAEORBANTEHRTELZ XHIICLTEBL IEREF LW (BT 32),

o WREITRIEUI I 2 DFIBIETH 2 DT, BETHIPAIZIED 2r THIUXMTH Ko

- cos nx aton cos
(Va € R) / f(z)Q sinnx p dr= / f(z) < sinnx p dx.
-7 e—inz & e—inx

[—m, 7] % [0,27] DML D Z ENSVD, T 2T (BB, FREBOEREZ TS LS
DT LDT) RIS OWTRA [—r, 1] 2RAL,
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https://m-katsurada.sakura.ne.jp/lecture/fourier-2022/fourier2022-ex.pdf
https://m-katsurada.sakura.ne.jp/lecture/fourier-2022/fourier2022-ex.pdf

o PSR IS L 32 2 &, MRHC T & v 9 b Tl A, HIRKE (=, 7] TEEI R
7BH% f hH B L E,

f@):=fly) (eRIIHLT, yldor=y (mod2r) 27T ye (—n, 7|

TEHRINZME F (V597 TEIE. fDV I 7%MRAIAERALEZHDON f DFF 72k
%) (3 AW 2 DB TH 5 DT,

flz) = % + Z (a, cosnz + b, sinnx) (xr €R),

n=1

1 ("~

an:_/ f(x)cosnz dx (n=0,1,2,---),
T™J—n
L [T~ .

bn:_/ f(z)sinnz dx  (n=1,2,3,---)
T™J—m

LIEBTES, (—ma] T FUIC—HT DT, a,, by DROTD fUF fICESEAT
R<.

o0

flz) = % + Z (a, cosnz + by sinnz) (z € (—m, 7))
n=1

NP ARVASN
o [ PMEEHED 2 W IXHEHETH 5856, Fourier I Z N Z 1 cos, sin DA THZIERINS:

— - - 2 (7
| DMEBIEL = Fourier #Zi = % + E Ay COSNT, G = —/ f(z) cosnzx dx,
T Jo
n=1

. ” J_— = ) 2 [T .
f DEEHEL = Fourier 2 = g b,sinnx, b, = —/ f(x)sinnzx dzx.
T Jo
n=1

S, TIEBE L AEIEC < ZERUEE & o BRI « 2R AR
ZRE (BRTHEARIET D)

/Q%%ﬁmm:q /?ﬁ%ﬁmx:gfhwﬁmw
a —a 0

B EDSERITEIT S,

o (ZDHHIFHEA DHICHF > T FiE) Fourier fREUIHFES 2 RKELTHLWHET 5, HlAIL,
f R THIUL (XD —MIC Lebesgue AIFED THIUI)
(1.8) lim a, = lim b, =0

3K D 37D (Riemann-Lebesgue DEIR, "8 E X7 4 7, TR S BB D%
FINR Z R § 72w 6 7)), Fourier fEDERICR T 2 DTHIUE, —MIEDS 0 1TIL
WTH2 D6, (1.8) ErNE, DFD (1.8) IFERICRDO 7D DMEGMETH D, S5
oy & OBIR (BRIl (1.29) 2 RS &

f8Ck#H% = lim n*a, = lim n*b, =0

DRSO Z D335, T, BB S 027213 & (BT ATRE 2 M3 % 213 &) Fourier
DB Z EDITIp 5, ZOMTIRRCD, ZRISEWEDE LT

> nF(lanl + [bal) <00 = f1ECF R
n=1

ZRTELHKS,
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Bl 1.1.3 (BSHEREA. FERGREABICHT S Fourier fRBDRFIZR D) A 2r DRIE f: R —
C,¢g:R—-C=

f@)=2% gla)=22 (-r<z<n)
TEDD, D f & glERD X I IC Fourier IBUEFITE 2 (WIEMEZ K X),

2
- - 1(:os nr m cosxT  cos2r  cosdw
sin nx sinz sin2z  sin3dz
—'4 -1 =4 — — e E]R .
Z (- ) @ew

£9 f D757 & f D Fourier (DT s, D777 2 HTHE),
~ Mathematica T f 287 ~

folx_]:=x"2
f[x_]:=f0[Mod[x,2Pi,-Pil]

Plot [f[x],{x,-3Pi,3Pi}]
sln_,x_1:=Pi"2/3-4Sum[(-1) " (k-1)Cos[k x]1/k"~2,{k,1,n}]
Plot[s[10,x],{x,-3Pi,3Pi}]

Manipulate[Plot [{f [x],s[n,x]},{x,-3Pi,3Pi}],{n,1,20}]

(Mod[a,b,c] iFaZz b TH>ZRD r(a=nb+r. L, n€ZTHH, ridc<r<c+b DHIFTESR) 2

ko 2 MECTH S, )
N J

2D fATERCR RIS TH 206 #aM s, DIESBEBINL fIZ—HRICRY 2, DI

1ol 10

8 8-

6 6

= s L L L = s

X 1.1: f DT T 7 Xl 1.2: 510 DT 77

nDMEMT 2 EEBIT, 5, DT TIW f DT T 7IEDTUTKETF DR 005
RIZ g DT T 7 &, gD Fourier IREBDE M s, DT 72 THED,
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In[12)= Manipulate[Plot[{f[x], s[n, x]}, {x, -3 Pi, 3Pi}],

{n, 1, 20}]

NN

1.3: n ZZMLIE LS, f L s, DITIT72EENS

e Mathematica T g Zik7 ~

g0[x_]:=2x
glx_]:=g0[Mod[x,2Pi,-Pil]

Plot[g[x],{x,-3Pi,3Pi}]
sgln_,x_]:=4Sum[(-1) " (k-1)Sin[k x]/k,{k,1,n}]

Plot[sg[10,x],{x,-3Pi,3Pi}]

Manipulate[
Plot[{g[x],sgln,x]},{x,-3Pi,3Pi},PlotPoints->200,PlotRange->{-8,8}],
{n,1,50,1}]

J
ol

ol
4r o
2t oL

/A T S— A 5 ;
ol 2f
-4 -4r
BF -r

14: g DT 77 1.5: 8510 DT 7 7

(KfE, EEFBRTH 223, g D3AERED 72, Fourier B DTN b ABUC LT 2003 H
%5, ZDI® , PlotPoints->500 & LT, BABMEZEIE T 2 MOz e L T35, )

16




in29)= Manipulate[Plot[{g[x], sg[n, x]}, {x, -3 Pi, 3Pi},

PlotRange -» {-4, 4}, PlotPoints » 500], {n, 1, 160, 1}]

5 = r|+[[RI¥]| =
4r
/ / /
/ / /
/ 2r / /
Out[29]= / / /
/ / /
/ / /
/ -5 / 5 /
4 4 4
/ / /
/ /-2 /
/ / /
/ / /

In[24]:=

1.6: n 22LIE RS, g & s, DT T 72 AHERS

2D g EXIMICT CHILTIEH DA, BTk R, D= {2k — V)7 | k€ Z} DS g DR
DEET, g IF R\D TR C'#TH2, fit>T, 2 € R\ D IZBWTIE, oML g(z) 120D

B weDIcBuTIE. HATIE 9(“0)‘;9(“0) _ 2”;_2”) _ 0153554

WEDIZ, n DEINT 2 L LB, BFRIZEBWTHDND g DIEHISE D (RT3 503, Z Dl
MNETD fOGHEEIIRL>TVE I 05, AR (z = 2k — m, k € Z) DL T3,
WIAMD 75 7IERELRY T ITDH D, g(x+0), g(xr—0) 256DAL (HEIH > T) 23 n %
HoTHIRIF—ETH D, —f. TV LT 2HFHOMEIEIZ n IS 21220 0 1EDK,
WhHW 2 Gibbs DIRROENTH S, =

R 1.1.4 (Gibbs DEKDERICDWVWTDRE) Gibbs DHR ) LMERDIZEE L T 2205,
Gibss & D & 50 £:1F EHIC Henry Wilbraham 232 Db D FIE D Ol EZ KL T3 Z &b ill
D HHISAT S (Henry ([8], 1848 4F), Gibbs ([9], [10], 1898 4F)), Z DD HE X, FAHEF IR
Fv b [11] ZF5A THIS % (TED p. 195-196, Gibbs DXLEEDHERH H 2 DT, FILICH D5 D% 5
BHWTAZOBERD), =

RiX 1.1.5 (Mathematica TDIXK) Mathematica IZ1%, T ZE15H T % Integratel[] 23%H 5D
T, Fourier R DEHREICHIHTE THEMNTH %,

Simplify[Integrate[f[x]Cos[n x],{x,-Pi,Pi}]/Pi,Assumptions->Element [n,Integers]]
Simplify[Integratel[f [x],{x,-Pi,Pi}]/Pi]
Simplify[Integrate[f[x]Sin[n x],{x,-Pi,Pi}]/Pi,Assumptions->Element [n,Integers]]

DEHIZTHIULR > (Assumptions->Element [n, Integers] & WIHRKEZ L THEH(LTA2I L n=0
DA PN TEHET 2 2 & (IREICE ) &, FAIZ Mathematica DILERDIBEfE T Z b I Tl
BOBITNERGETE R V), LE22OWWhI R/ 717,

17



& 2 A ¢, Mathrematica 1213 Fourier ZH#AB9{R DB M0 4 HHE I LT\ %, FFIZ Fourier f &L
BRDBHT-DITIZ

e FourierCoefficient[f(x),x,n] — ¢, ZalH T 5,

e FourierCosCoefficient[] — Fourier RILHKEBDIREL. D% D MBS f 1K L T a, ZEHE
T 5,

e FourierSinCoefficient[] — Fourier IEEXARBDIREL, D F O FEAE f I L T b, ZEHE
T35,

EW ) BB H B, ¢, 13, FourierCoefficient[] TIIIRKRD NS, f DMHEBIED 5\ 137
BTHIEEIE. ay, by, DT CRDSNSZ, f BMERETHAE T WA, a, & b, B E
IROTRDLZDMEE 25,

e Tk ~

o, s £ o LI CD o pouier gt b, 12 1 oy {0
® Fourier IEZRETH 5 DT,
FourierCosCoefficient [(f [x]+f[-x])/2,x,n]

FourierCosCoefficient [(f[x]+f[-x])/2,x,0]
FourierSinCoefficient [(f[x]-f[-x])/2,x,n]

ETHUIERDSNS (HIZ n e NIZWT 5 a,, ag, by)o
\_ J

s ik 2 N

7A=Y

an=cp+c_, (MEN), ag=2cg (n=0), b,=1(c,—c_y)

23 (Leosne = 5= (7™ + ), Lsinnz =i- 5 (e7" — ™)), HIZIF

c[n_] := FourierCoefficient[f[x], x, n]
Simplify[c[n] + c[-n], Assumptions -> n > 0]
2c[0]

Simplify[I(c[n]-c[-n]), Assumptions -> n > 0]

Lk ons,
S J

Mathematica 2% a,, b, Zal BT3B ZHEL T Ul R VoI, LI, ¥ k%
IR 2TV 2DE 55, MR THHFEETL R VEAIFEBR b nwEEZTRED
725907 (FAMTIEREL, ) m

1.2 Fourier f&Z (BA#3) DULE

Fourier ik IF MERFELTH O . EHAMOMRTH S, 2% D

sp(x) == % + Z (ay cos kx + by sinkx) = Z cpet®

k=1 k=—n

L L CHEE SN BT {s,) OHIRTH S, 2 OWRASHET 20, FELEE LTS & DMK
Fle—ST 200, DLE2 ST 4 5,
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Fourier ##lZ, Bz ZEA TS, WhW 3 BEIENETH > T, Ax RIIUEBIEZ 6 51,
RHEHEIZE - T,

FOMBODEIZE (XD % DREMIIIE S IE L) MOTEROUUKZ T 5, (§1.5)
B, SAIOIGRIE, FERC TR L 275 058,

BHIIDURICIIBERBEENH S,

T3 ODIREZEENT
ZOHNZI—2HE: f b s, ?g)ﬂﬂ}q 2r TH A5, W 2r DXHE, B [—m, 7] THANUL, R
RTHRZ LIk b,

(1) (BRIUR) (BEFNERE b))
(1.9) (Vo € [-m,7])  lim s,(z) = f(z)

n—oo

BIRD D & E . {5, nen & fICEREINET 2 L0, (BRI o 2D S E {s,(2) bnen 135
SN B, 2D f(r) LI BICIORT 2. £ 2 ETHD, )

(2) (LP UR) (p RFUEKR E H129). 2T Tpld 1 <p<oo Bl THELET S,

(1.10) lim/ |85 (2 z)[Pde =0

n—o0

DI DEE, {sp,} 1T FITLPPERT S &£,
%ﬁ/ﬂmmg—ﬂMHMM\%%%%?&1&f@@tb%ﬂofm%iﬁﬁﬁﬁﬁ%o
2D 0 CIKT B, L9 Z ETH D,

/p

%T%kﬁ%Lﬂ/»Anm,WM,_</|f Vm) ZBIBCf DL VA ERER,
Ifl, bB L b BB, ) BB L,
[ lsula) = sl do = s, - 11,

THZDT, (1.10) &
T [ls, — llp = 0
EE-THBRILZ ETH B,
p=10D / |85 (2 o)|Pdr 1, ZODBBD T 7 y = flx) &y
(—r <z <7) TIFE i_;u"*li @E%a“ca’v’)%
=2 DFEDFICRL EbN D (KETHNT 2 N E DMHERR ),

(3) (—HRICR)

$n(T)

lim = sup [sn(z) — f(z)] =0

=00 pe[—m,m]
DD DEE, {sphnen & fIT—BIERT 2 L9,

sup 13 BIRZELTFSTH 5 ( TEBEANT) CHINL 7)., ERZASR0EAIE (LW HRAT)
"RARMED & ) by EHET 2 LR,

Lo L dapic, TBeAitT) oo 7z (RY ) RAIOINHIZHE L7272 1 DO L 2%, ZoiEwnid, RY
DHRRITTH 2 DIc, BIBDOES D O (BI%EER) 2RI TH 2 2 L ITRRT 2,
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TR % 72 5 IEKRMORT 5,0 EBE EED 2 € [—7, 7] IZH LT

[sn(20) = f(xo)| < sup [sn(z) — f(2)] =0 (n — o0).

z€[—m,7]

F7 ([-mm) D& BERLGHPHTER ZRD). —BITRZ S 12, (FFRD p € [1,00) IKDWT)
LPINKRY %, REEn —o00 DEZ

/W Isn(x)—f(x)lpdx§< sup |Sn(r)—f(w)l> / ’ d:c:zw( sup |sn(w)—f(x)l> |
x€[—m,m -7 x€[—m,m]

—T

EDHAT T—RRICRA—FIRy EHZ B LRV,

-

EE 1.2.1 (EBHEHI2ESHIC C' #7235 I Fourier #EUI—HFIER) f: R — C 23 27 T,
HFEP ORI CH Ik E T2, 2D L E f D Fourier B DI FIDIE 2 BAES {5, nen 1E.
fAIC RN T 5

lim sup |f(z)— su(x)] =0.

N=0 pe[—m,m]

\(f b s, b 2r TH B 6, [, a] TRINKET 245610 R 2ETHRICET 5, )

SRR BEECEEITE R (B 156 R X), =

-
EHE 1.2.2 f:R— C 2 2r T, KOWIZC e T3, ZDEE f D Fourier B DER
FDVE 2 BES {5, nen 1. f 1T L2 KT %

1m{K F(2) — su(@) dz = 0.

- J

ZOEMDORE "KM O ey 1&. TLebesgue B O EK T A D) LiED D T L
Kb, L2 PORIEE—RRICRE D b550WICETH 5208, Z20Rb D (7) 588 L DT 2 5 L9 ik
K%, Lebesgue BAMZHSDIIARE (D b2 o=, FHOHEEILIE) THDH, IO
HCEHLALHHTZ2DIE (PIED)AHEETH S, Lo L §1.3,§1.4 T (Aeids) L2 PURD
HERO Iz AT %,

-
EHE 1.23 R CEAM2r T, KOMWICC ' #HET 2, ZDESTED e RICHL T,
f(z) (z D5 f OMfRD E E)
lim s,(z) = _
n—o0 flz+0) JQF J@=0) s f oo & =),
77U
flz+0)= lim f(y), f(r—0)= lim f(y).
y—x+0 y—x—0
N )

KA O G d 2 B2 B BB E, 2 D O T Gibbs MBI (Gibbs [9], [10)) %3
BI%, @2 ITRRICEIZ L 220w,

2070, XOIEMIZE) L, ARGHHTEZ TR TH S, HIAIER @ XS RIEERLH®IPTIE. —RRIX
WLTH, LP IHT 3 LIRS 7w,

3f iﬁLebesgueﬁWﬁU“G\/ |f(2))Pde < co. T3y ROV THES LT22E0H2,

122, b LRICKL 7 6. BIROBEIZHSIC 2D . 7 0ol —53 2139400, FlEksh 2
ZEIWCFIET B,
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f RO TR T, BRI TE 28461, BBEAEOER T Fourier SAEUERDH
BT A R TRRIC e B, — T, ZOHEETIEBIHTE 05,

R 1.2.4 (EREBREDLE ?) MUCFHE D a.(z — )" FICRHOWECIE (> <

n=0

I CHMATRE — £ THWSD) TH B (1.3) DEOHEBOMIZ, 2D LI RiFohr S % —fic
FFRi2 v, BECEHBAL 2 X 9, Ml ABERIC R 2 AVH B, JHURICE ) £ EEIER
(Taylor &) 1%, A THHWITTE S L)%, & THHSRHEIC L@ W3, Fourier
WBUI AR D X 95 7%, THb MG BEICH L CH@EHTE 5, D O ISHEH?T - & )A
W, EVH)TEEREKLTVS, =

AR 1.25 HONRZ T2 L, ROWIEHZEO, 207203 moBEBAEPR OIEEZ > T
Wi Ewiriswn, HIBEERCEEZFOLDICRET S & JDH#EIFEIRS 422 2 L ICHER
L&, ETIORICBAL T 3 2OEHZMN L7, EOEMPMENTHE LW T Eidhv (&
NOSMBEBGERH D, o b o TREEKZ V), =

1.3 EXE (RRZER)

ZABABROERZEIC OV TBEEE XA T4 71 THHNAINAE-ID, DLFEL S ATA
J: 50

NREZE[ & Z2 DEAROWZ & . Fourier fRE0NE £ 2 5 (M 1.3.13) Z Lo D EEL TDH
57z

RDZEFFARETTH D, (L Lo 13 0 M EOBELEEKOELAEZRT, )

™
m,n € Zsgp, m#*n = /cosma: cosnz dr = 0,
—Tr

™

(1.11) m,neN, m#*n = sinmx sinnz dr = 0,
m e Lsy, neEN = cosmz sinnx dx = 0.
(1.12) m,nerL m#*n = / eMTeine dp = (),

( BHBEEREERT, B2 T+2i = 1-2i. e = cos(nx) + isin(nz) = cos(nz) —isin(nz) =
e—imc w@%%o )
2. 2o Z2HE)D L,

M 3. rm,neZ,m#n:/ cosmax cosnr dr =0, IXIEL 2\, 8D ?
DX WEZFELCERISGHL 27012, BEEFRLEORBEVILDEERL X)),
EZHHBOHMIE, CITIREDHRT

(1.13) Xow = {f | f: R— C RHMNIWSHT, Fl 2r o JAIIBI%)

SHBIBOEEN LTI, b ko LBIEPETES, LRLTHHTE R bW EE )P, HORFICIND 5 D
. RIS E O,
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kj—%o
Xon DHEE ZH T —f5% ARCED B 0, Xon 13 C EORY R LR (SR 1274 2,

f,9 € Xop ITRL T,
(114 F.9) = Loy s= [ 1)yl do

EBE, [ L gD L AREIZHICHRE &S,
¥ 7 ‘]EE)(Q7r CCS(HLL’C\

(1.15) 1A= 17l == V) = / @) da

EBZE, fO L2 JIVAEITHIZ VL LIRS,

Bl 1.3.1 mn€Zsg,m#n £35LE

(cosmx, cosnz) = 0.

meN &ET5EE,

cosmzx| = cos? mx dx = de =/,
2

||sin mz|| = \// sin? mx do = \// yd:ﬂ =/,

||cos(0x)|| = \// cos?(0x) dx = \// de =+V27.m

/ﬁﬁﬁ 1.3.2 (ABEORABERRLIIE) X = Xy, & (1.14) TERINDG (1) = (-, )2 ITDV
T, XD (i), (i), (iii) 236D 32D,

() fEED fe X ITNLT (f, f) >0. EEVHILT 27%2DIE f =0 B0 EA+3TH S,
(i) FEED f, ge X 1L T (g, 1) = ([, 9).

(iii) fEEED f1, foog € X, c1,c0 € CITHL T

(cifr +cafa,9) =1 (fr,9) +ca(for9).

-

FIEEA
(i) (EEOEEM 2 1T LT, 22=|2)> THB I LITHEET B &,

(. ]) = / F () @) dr = / @)z > 0.

2 (f,)=0%51F, |f@))* =0 %D f(z) =0 (ZREIALIIET, 5252 Lix N
May 50 HFEALETRTD 2y LT f(z) =0 THs, HlZIX TFEALETXRT
Dz WAL TORELWEEIE, EHEIB 0 LR—HT24 80K 2Z T2 LRy, 20l
1Z. Lebesgue Bz A58 LAy X VMY 205, T TRFHZAML THL, )

6f g€ Xor ETHLE (f+9)(x):=Ff(x)+gx) (zeR) T f+9g:R—-C Z2EDD L, f+g€ Xor. T

FEXom, NEC EFTBEE, (Mf)(x) =\ f(z) THE N R>C 2ED2E. A\ € Xox.
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(i)

T = [ fep@dr= [ Fwgw o= [ T g do = [ g@if@ do = (g.5)
(iii) VWHWLETDIIEIEZ DS DTH 5,

(crfi + cafo, )_/ (e fi(z) + 2 fol2)) g(x) da

—cl/ fila d:z:+02/_7rf2

- Cl(fh ) + c2(f27 )

/ N
EE 1.3.3 (N, AFEEM) C LOoXR7 PLEH X L, X x X CEZBINBE () 25, X
D (i), (ii), (i) ZWizT L E, X Z2NEEM. () 2 X O\ LTS,
(1) LD fe X IRNLT (f, f)>0. FEVRZT272DIE f=0 2P0+ Th 5,
(i) fEED f,ge X KNLT (9,f) = (f,9).

(111) {f%@ fl,fg,g € X, C1,Co € C c:i‘j‘l/‘(

(crfi+cafa,9) =i (f1,9) +ea(fa,9).

\%ﬁﬁ (i), (i), (ii) ZNRDOAE & -5, )
NREZERT & V) DIE, X7 FVERIPRE, BR. K232 ) TH D L IHIC, B2 EDFEME (X7 PV
DN E NEDORER) 272§ b DDA TH %,
AAya (f,g) e fEgDEFFEHMEDOLVDT, TFAMCLSTIE, (f,g) DI %R
Ay AL, (flg) DEICEKLEDT S,

() BEBED L= |l = /(L) B L. JILLADRE EWRITN 2 KD 3 Z&fEDH Y 70,
() fERED fe X /LT, ||f]l > 0. BB T 2701213, f =0 PRBEHSTH 5,

(i) FEED fe X, xeClzx LT, A =IAf]-
(i) FEED f,ge X HLT, |f+gll < IfI + gl
B 4. (i), (iil) 2256 KD Z EPEPND 2 L ZHERS K
(a) {EED f,g1,00 € X EAEHED 1,00 € C I LT
(f,c101 + c2g2) =1 (f, 91) + @2 (f, 92) -
(b) L&D f,ge X ITRLT
1f +gl* = I/1I* + 2Re (f. ) + llgl|*-

(Re I3HFH DI 2R T, HIZ1F Re(1+2i) =1.)
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RK 1.3.4 (VILLZR., BEREZERM) K LOXT PV X & X TERI N ||| 25, XD
(i), (ii), (iii) ZWi7zd & E. (X, |- DX 2/IWALEM. || Z X D/IVLEWS, LIFLIE (|||
AL X HEZ / VLAEMEVI T ELH 2,

(i) fEED fe X INLT | f]| > 0. H5DBELT 5701013 f =0 BBEITH 3,
(i) FEED fe X, ce KIHLT [lcf] = | £l
(i) fEED f,ge X 2L T
1f + gl < [If1] + llgll -
&t (1), (i), (i) % ZILLADDIR L5,

(X, (,-) DHBEERTH2 L=, ||f] = V(L) (feX) EBLE, (X, -]) &/ Va2
b5,

ZETHRVES X L B d: X x X — R PRD (i), (i), (iii) 277 & E, (X,d) %R,
dz X OFfE VI, LIFLIX (dZ2Fl0z8KL C) X HOZ2HEERE VW) 2L bH D,

() fFEED fge X 1L Td(f,9) >0. EFFVHLT 572DICIE f =g BREFTTH 5,
(i) LD f.ge X KL T d(f,g) = d(g, f).
(iti) LD f,g,h € X LT d(f,h) <d(f,g)+d(g,h) (ZAR%ER).

(X,d) DEEREZEETH 5 & &, X DEFED S % 5 5 {z, fney DICRDERETIK S,

. def. .
lim 2, =a & lim d(z,,a)=0.
n—oo n—oo

I 5T X R PR THIUL, EDIEEZRTK S,
an = lim Zxk
n=1 e k=1

WEEZEZM (X, (-,) b2 EE, |If]l =/ (f,f) £BLE, (X, - &2 VAZERITH S,

. JVAZEE (X)) DB EE, df,g) = |f—gl (f,ge X) £EL L, (X,d) (ZFEHE
ZHETH 5,

fiifal, WREZERIIE / )V LB E ARSI E ks L, =R e A2 T I bk, »

DX HICEDT Xy, 13 C EONEZERITH 205, ZNPIMNTEERUE N XL 7 F VD4
wCN b C EoNEZERTHhS, CVN NI

) (@y) =Y a5

TEDLDTH -7,

BT Xy, ¥FE L L TEHEBEBIE 2 A 7295, FEBMEHBDOAZEZ 25 2 L bHKD (e

T, cosnz, sinnz I TRE2H 046, ZROHRVS LLkV), ZD5E 3B DIZE
fliffnAEZEZ 2 Z Ik, W () &

(h9) = | Slgla) da
TED. (1), (ii), (i) FRDHDTESHAZ 5 ((ii), (i) PED> TS, ),
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-~ R EDOXZ FVZEEONED A ~
(i) D fe X ITNLT(f,f)>0. FEPHLTE7-DIF f=0 DBEDTH S,
(ii) fEED f, g€ X ICHLT (g, f) = (f,9)-

(111)7 FED fi, fa, g€ X, A, 0 €R WAL T

(Arfi + Aaf2,9) = A (f1,9) + X2 (fa, 9) -
\_ /)

4 M
EE 1.3.5 (R LORBEEMA, AE) R Eox7 bLZE X o, (i), (i), (i) 2%e7 () %
FOobDHsLE, X 2 R LORBZEM. () 27 X DN, EW8, FEM4 (1), (i), (i)

\%Wﬁwﬁﬂkwgo

J

RY I3 R EOWNEZEHRTH 5,

R 1.3.6 (BODZEDEZIRDIR>T) AR FAEDE, CVN ONHEZ (1) DX I CEDDLD
WZiE, FERICIEPIZ R L 8@ E - Tws, AL E-27%6

0) @y) =3 w,

THENETIRAVD (EYUFORIIEZLL), bLZITEE, WEOAH (i) (@, 2) > 0 1R 7
P, ZNERRY T EOITE, ) DEIICTELIMNUZEAERD LI R0nEH->TYH,
AN L 72 BHURIE e D I A Bl o Ty ) WOHOBBUER ENVITIHZ 15 L x> TE, #
BECETIEIRNIEOZEMEL D b, K 6) PREBHCORT, 2RZ2HICOT 2 &) IKFEn v
6. HAD 0) WAL TWnZ eahrsiine, bOHDOHAZICHIBZ I F>TLNTH
ISR R o 7 X 9 AT 5, ZNTHE>TE L,

AELBOREZORIUTVR ZETHL, ESVWSHBEERODOS (AE) TH3. n

ST, UTPTIELIESC X &2 Xy, ICREET, C £33 R Lo BONEZEME TS, (Hlz
EX=C"®RX=R"E:0wIHIZLbHHZ3, )
PNHEZ TR ThL2 2 EO2NRMTE S, LI T EZHMALTH S50k,

-
e 1.3.7 (EYISADEE) X FNEZSERT, a,be X £T5%, a & bWEHE (DFD
(a,b) =0) & 53,

la+b]* = [lal* + [[b]|*.

K(lﬁﬁazﬁaﬂéf‘ci\ PRI = L7 + 07, b2k, BAIBT M = # + B

GEEA AR EHE T
la+b||* = (a+b,a+b)
= (a,a)+ (a,b) + (b,a) + (b,d)
— (a,a) + (a,b) + (a,b) + (b,b)
= |la|I* +0+0+ |b]*
= [la|* + ||b]|* =
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M 5. XD Lzmd, WE%EM X OHEE o, (n=1,--- |N) DHEL 2 2 ODDEHEP TN HE
RT5%61E (n#m = (pn, om) = 0)s

N

>

n=1

DD LD (B 3T ZADEBDO—L),
R™ > C" Tl

2 N
2
= llenll
n=1

(@, y)| < [l ly]]

L3 R (Schwarz DRGER) DELTH 255, FiE SHUTTNTOHRBHIC DL TR T 5 R
ﬁf\% Z) o

- N
%8 1.3.8 (Schwarz DFER) X # C 723 R FONMEMET L E TED f,ge X
IR L T,

()l < IfN gl -

(EHIR DU, [ &g 0 KRERTE S LIE A TH S, )

J
SEER  (RAARICHS> TO2FEHZEBECTEL, ) f & g WIXEETH 256, —I3MiTDO R A
7—f%E LTERE, iEHITREAERDOMIPEL L R EBT o255, ZZTUTTIE f
EgBIXKMNITH RSB R EZLL, TEDNcCITRNLT, Af+9g#0TH305,

0 < IAf+gl> = APIFIP +2Re A(f, 9) + 9]l

(F,9)=|(f,9)| € ZWE7=F 0 c R DBEIET 5, t ZEEOFHBE LT A=te? LB ELAf,g) =
t1(f, 9, ReA(f,g) = t|(f,g)]. ®WAIZ

0 < |fI*+2t1(f, )l +lgl*  (t €R).

tIZOWTH2XADDNICIEE 30T, HHIZATH %,

(£9)l” = LFI% Nlgl” < o.

BHTLE (ol <IflIl gl 5%, m

(R EOWREROEE, EHIE» R DS Y TVICBREDEN (o THAL I 2D — %E
DEART PIVDOBEIL, FEEETOHNING 2 035 %), C LoNBEEROSADEHIX, |k
THZXIIADLAEHETH D, A=t EELDEFFS BV ELRDPRDPZADTHEVTHAS), )
6. (M WVEERZTNERH > T 5 EEHEEH]) NEDORBD ) L (1) Db DI

(i) fFEED fe X LT (f, f) >0.

LD 0 X ) RW(DFED (f,f)=0TH-o>ThH f=0 LIRS0 BLIFLIFTEN
%, Z DA Schwarz DAERDSEEHTE % 0>,
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-
EE 1.3.9 (BEXR, FHERXR) X %2 C £413 R LOWREZER. {¢,) 2 X OEEDE
ERCE

(1) {pn} »* X DERRTH 2 L1k, KOG (), (i) BRYZDZ LRV,
(i) (Vn,m) n #m = (¢n,om) = 0.
(if) (Vr) (on:n) # 0.

2) {pn} 7’ X OERERRTH S L 1T

(meagpn) :5mn
B DO LRV,

({ipn} DEZTR &1k, @I (1) 210, () BEH LAV, o#ETIE () IR Lo 2

ELEHLTHL, )
N Y,

ZZT 6y VI ELEIX

1 (m=
(1.16) 5mn_{0 i 2

TED 515 Kronecker DFILY TH %, MIBRBICH TR EBON L2, ZoERTHHED
FTH6 9,

#l 1.3.10 X = CV, e, = FEnlod 1 T, ZNLUNDETIZTRTO THB N XIGR7 b,
ET5EE, {e,)) 3 X OEMERZTHS, =

Z DT, Gram-Schmidt DEELEZHEEHL TE ERWERI D, ZRREKHITEE S Z
EIZL T, BERdticitED 5,

IERIESSRDEISRTH 2 2 L3 Can 208, BBV H -7 & SITIEMIERSRZES 2 L8
k2,

27



-

-
W 1.3.11 (ERRICH T ZRBEFESOMRE) X FABERT, () BZONELET %,
(1) {p}1F X DIEZRT, feX M

N
f = Z Cn¥n
n=1

tRINB%61E

(f? SOTL)
(¢n, ©n)

Cp =

(n=1,2,---,N).

KR THED 2D, bbb

lim
N—o0

N
f - Z Cn¥Pn
n=1

DA RYAS RN 4 f:chgon DEFET DL,

n=1

(f7 ©n)

Cp = )
(¢n, ©n)

2) {on) & X OTEBBELRT, feX B

N
f = Z Cn¥Pn
n=1

ERIND%5I1E

Cn:<f790n) (’TL:LQ,,N)

S (1) 2RO

(2) BUZ D (IR LB B5). (1) BT

WEERTXFREZT, f= Zcmgpm EESELTHRY (MBELE)).

EEDOn (1<n<N)I ﬁLT

w21

N
f7 Qpn = (Z CrmPms 90n> = Z Cm (9077% Spn) = Cp (me Qpn) .
m=1

frn)
(¢m> on)

n —

M2z, D, ED n IR L T, N>n 279 NIl T,

(f7 gpn) -

N 300 £T5EZ,

Cn(Pns Pn) = (f, 0n) — <Z CmPm, ‘Pn> = <f - Z Cm@ma@n) .

m=1
N
- Zcmsom — 0 EREL T 5D T, Schwarz DAZERZ HWT
m=1

[l = 0.

N
> cmem

m=1

N
(f—zcm90m>90n> <||f-
m=1
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@ % 1 (f,n)

Zep =" m
(¢n, Pn)

Bl 1.3.12 (EED Fourier fEICIHN D IERR)
{1, cos z,sin z, cos 2x, sin 2z, - - - , cos kx,sin kx, - - - }
13 X = Xor DIELRTH 2,

(Vk € N) ||coskx| = /7, |sinkz| =/

Jeos(0) | = I|L]| = V2.

{ coS T Sin X cos 2.r sin 2x ~cos kx sinkx }

¢ Xog O)IE*EIE&/\ ‘j@%o

AR IS
{1’ ez:c’ e—z:c7 6221‘7 6_27'96, 7ezkx’ 6_ka, }
X Xy DIERLZRTH D,
{ 1 1 T 1 —iz 1 2ix 1 —2ix 1 ikx 1 —ikx }
17 €, € y T —6 7, € )T e, € y T
Vom o A2m V2T 2T V2T V2T V2T

ROGEIZ TP > TLEZRMHTH 205, HEWICHETH S, ULHEIZEELGNS X HIC

oTEBL I E,

e ™
W8 1.3.13 (EXRICLZRBICEIFBRBORE) X 2 HRAH. =) cpn ET 5.
(1) {p,)} DERZTH 272513,
(f, on)
' = T
( n) ¢ (@m 9071)
(2) {p,)} DIEHERRTH %% 51F
\_ )
\ZREH

SEEA ERAOBA. DROEHBHEIC R 20T, 2 TIFAERMN f = z}wm®
n=1

3%, EEMOLEOIEHIZ, 8 C1oMmEC1.2 THZ 5,

(1) fEED n 1T LT ((om, pn) 13, m=n DHEZRVT 0 THSH I LITHR)

N
f SOn = <Z mem,¢n> = Zcm (@m;@n) = Cn (SOn,ﬁpn)

(©n, 0n) (#0) THIAZE > T
(f5on)

Cp = .
(©ns @n)
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(2) (f,0n) =n(Pn,pn) FTIE (1) EFEICT, (0n,0) =1 THEDPS, ¢, =(f,0,).

5 1.3.14 (Fourier R DFRBDREL)

+ Z (a, cosnx + by, sinnx)

n=1

%
2
ETBHLEE, neNITHLTE

T 1 (" 1
(cosnx,cosnx) = / cos’ nx dr = 5/ (14 cos2nx)dr = 5 2r =71

—T —T

THDHN5,

(f,cosnx) / f(z)cosnz dx = 1 /7r f(z)cosnx dx.

(®) n = (cos nz, cosnx)

b, HIFRKRIZKE 5,
—7i. apg/2 1% cos(0x) =1 DIRETH 505

(0x)
% _ (f, cos(0z) / f(z) cos(0z)d
T2

2 (cos(0x), cos(0x)

= %/_ﬁ f(z)cos(0z) dz.m

5l 1.3.15 (#85 Fourier fRBDFRHMDRIEL) X = Xy, pu(2) = ™ (n € Z) £T 5L ZE,

(Pnyon) =27 THHDT, [ = Z Cnon, THIUZL,

= silf;n - 21 / f eznxdx - / f(x)e—inxdx'.
5l 1.3.16 (BHl T @ Fourier {REDIFRER) AW T OBIE f D Fourier i
%o N 2nmx . 2nrmx
flz) = 5+Z (ancos 4 b, sin )
n=1

EVIHIBELTVwSE, TOZLZROTET, a,, b, ZROTHALI, neN &T5LEF,

2nmx 2nmw T ongx 7721 + cos 222z T
Cos , COS = Cos T dr = de = 3

T T —T/2 -T/2
2 2 T/2 2 T/2 1 — cog dnmz T
(sin mm,sin mrx) :/ sin? mmdx :/ — T dr=—.
T T —T/2 T —T/2 2 2
Wz
(f, cos 222) 2 / 2n7rx J
n — T €T,
(cos 2’;”” cos 2”” T
; (f,sin 2% 2"” 2 / T/2 . 2n7x g
= ) sin x,
(sm 2’;1”” sin 2"” T /2
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—J.n=0DEE

9 9 T/2
(cos mm,cos n7rx> :(1,1):/ de =T

T T —1/2
THHBD1H /2
1 1
@:M:—/ f(z)dz.
2 ]-a]'> T -T/2
W Z Iz
9 T/2
ag = — z)dx.m
o=/,

1.4 “ERMEiEH < EE” (ROR=EXHT) OFRIE

2T w LIRS (—ARIVIC) N2 C DGR Z2 9 5. Fourier fRELDE T MIERSR &
bOICAE-STVRBE I E, Z0UF (NELSEE 2/ VA TEEZ M Z5AHIC) R OIS 725
25 2L, FREREISROMRZIMEL TS 50wy,

HIffi CNREZEA L7203, 22\ 3 & Fourier S EU IZHIR ZXTENA XA =301 F o, #
N (BT 2)RITH2ZE2RTH o 0kn,

DT IR Wb S 2 21875 T, RICHNTLAEL L2 20 (REHAMD 7 010) HH T
000 Lt \ndy, EHIE S TEB L TXBA X =2 % D0 AT L 1,

N () DH BT, Vs (B |If|| bAEZHCT, ||fll=V(f,f) EED S,
R TEZREINS Span(pr, -+ ,on) Zv Q15 -, ON "G‘?EB?L%EFB?&”}&:

-
—

(\.SV

N
(1.17) Span{py, -+ ,oN) = “p1,...,on DIEREAERE = {Z CnPn
n=1

cl,...,cNEK}.

ZITK=R F£FZIEZK=C.

1.4.1 THBE < EE, OFRBEERHE
=

“o0fx (1FRT20% SIE> T %),
EMV Bichwli £,V Ecdh s Bl g, f 25 VICTALLERE V LD A
HV EIZRwR fV BEiChH DR g, f 25 VICTALKLERE V EDRM h.

M 1.7: V=14

X 1.8 V=nr
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TgZ2 725X fICES L, IOIEVE h D320 55 ?

KFELZ E2HRICE VYIS &
PRIt IR < TEE

BEZI L E, BRNICZN (bL\V R h) 2 E)EBT 202 BHETH 5, BHOMEE
ZRENMLTEL,
BLD ¢r,...,on DDV DELHEEZR S IX,

N N
h= 2:%1 o (ERESHEETHIUL b= 3 (f,pn)pn).
n=1 ’ n n=1

hDZE%, fOV NODERHE (H5VIFIEFHTE) LS, (FoWERMTIE, f 226 VITH
5LT-BBOR VAL, ANICIZKIFERECHRDED, ERBHEOERRED S BRI N
TRBEDT, 2O50NH 5, )

TEERERIE & EH)

BVnltzRl Y% & TR < ®E) TH 2505, IEMEISENS ERXRDERICK 5,
~

/EE141%KL@WﬁMQX@% TEMV E feX, heV LT

hid f DOV ~NOELHE < h Bird f 55
DEDRD2OPRD LD, 7L || || BNEDPSEEE ) VLATH B,
(1) f=h LV £%% heV BHIu, ||f—h\|:;1€15||f—g\|.

(m|u—huzgyu—guatéhtﬁﬁﬁﬁ%ﬁﬁﬁéh)ﬁ%ﬂ@f—hLV.

g

- J
FHuE (FEET 2% 561F)) EwID, ERERD 200 Litk\w, BiboEE 143 2R X,
ZIEEA

(1) (Ef=MAF AFGH ORZH#i L, ) EED ge V ICNL T, €937 2ADEHD

1f = gl* =117 =al* + llg — Al

DL Y DT, WA
1f=gll = [If =Rl
U ||f — bl PIRAMETH B 2 L 2R LTV 5,

(2) BREOEGRNAT 7 =0 2 29, [TED% X
Igl=|If—gll’ (ge€V)

TEDSNLBA T 23 g=h TRAMEZ S, £\WH T ETH 3,

TG heV THEDE g—heV THY, IEDS (f —h) L (g—h) M2 T EICHEET 2,
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vEV OIEEOILET S, COLEMEED e KINLT, h+tveV THb, IREICK-
T I[h+tv] > I[h] DK D 2D, Tl

F(t):=I[h+tv] (teK)
TEDTEB F D t=0 TR/NIHRDIEZ2ERT S,

F(t)=Ih+t] = |f = (h+to)[|P = [|(f = h) — tv]”
= |If = hlI* = 2Re [t (f — h,v)] + [¢*[Jo]

Thh, Flit=0CRIMEZIND Z &5
(f_h7v):0

PN D,

ZNzRdoll, K=R2K=C2»THaZ27 7% @ETIEIK=R O5EGZTHHT 5
Db LN,

(i) K=R D& (ZOEHEIE Re 1ZME L [t2=¢* THH ., fliHIcR ), EEBD 2X
BA%
F(t)=|If = hlI* =2t (f = h,v) + £ o]
Dt =0 ChRAMEZIS DT, 1 RDBEIFZ 0 TH B,

(f —h,v)=0.
(i) K=C OH&E. (f—h,o)=|(f —hv)|e? (0 eR) ELT t=se? (seR) L& &,
F(t) = [If = hll* = 25 |(f = h,v)| + % Jo]|*.

INEFELEH s OBBLEAD L, s =0 TRAMEZIS DT, |(f — h,v)] = 0. BRI
(f —h,v)=0.

BT (f—h) LV REN-, n

EXHEZERDH B

% 1.4.2 A K FONKEZEM X OE32M V ’ELER {p,} TRoNTWS, DFD

N
def.
V = Span<9017902a T 730N> - {chwn

n=1

cl,---,cNEK}

ThHhUL, LD fe X LT, fIRLIEW heV Id (—BINICHFEL )

K(Fourier Wz P TH B> 72859 b 13, ZOHPHNTE > &b fITIEV, )
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EIEHH heV THrHhro, 5 C1,*** ,CN 7173\@@[/‘(

N
h = Z Cn'Pn-

FORRAEZEDS, f-h iV EERTEDT

(f=h,on) =0 (n=1,2,---,N).

N
(ﬂ%ﬁz@&w=<zywm%>=%wm%ﬁ(&Ob@%%@%@%otﬁ%ﬁ&ﬁ%}

J=1

(fa QOTL)
(¥n, ¢n)

E%lAﬁ(bﬁDﬂbME%)t@&fiﬁ@ﬁﬁﬁbéﬁé\px% EORIEET 305, V
DK TEO B O, T RIS ATET B & XIS 7o, 507 RS2 (Hilbert 22 o
ER A 2D B I, T SIS ETET B & 0 5 SEH (BHSSER, fH62 D1 220 L) 2%
3. HEIGEOBAIE, DTFICHIT 2 £ 5 Il ind 5, o

Cp = u

1.4.2 Fourier fRBDEAMIIERFEZTH D, (HBEHKT) REELTH S

Emmwﬁﬂ X, BRIEFIZLLDT 7V 2= a vPd 5 (2 OHE TN EREZ O
RED), NS TNTH, ERFR {ou) ICE D, EEICEZ 5N f 2.

Z f><10n ©n

“— (¢n, Pn)

EWVI)ETRT (ZDHEZ [ D Fourier I LML), LWV IbDTH S,
Z DR DE A

k. HIED A I2—T %, 2% D f D Fourier B DD MNZ. f D

V= Span“pl? P2, a90N>
EARGHETHD . WP SEE S/ VA o = /(p,0) IZDWT
If =snll = inf If —gll  (RERNORE)

iz, EWV) T EBTLoTDIITH S,
Fourier tEUIHERKE 2z DT, IR, GIRETH b o7- & T OEAEMEICR S, DF DI

N
(ﬂ) SN = ch(pn

DN =00 DEEZE fFIINHT LD, B2 f—sy DREZIFEFENS VD, LWVWH I ETH
2. FOFERIZ, BEORIAND 1 DDRWEIZR > T3,
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Bl 1.4.4 f O Fourier SE DB HI

N
— EO + ; a, cosnx + b, sinnx)
E, f D
V' = Span{cos 0z, cos x, sin x, cos 2z, sin 2z, - - - , cos Nx,sin Nx)

NDEXLHETH 5,
f @ Fourier D731

X, f o

o
(b .
o

i0x iz _—ix 2ix
V = Span(e™ e e7"" e

NDEXHETH S, =

1.4.3 Bessel DAZEI, Parseval DER, TLIEHRERXR

Fourier fEIZ 2T, Bessel DARZFER & WIHIIERFICHALALZARDLH D . Fourier fED IR
DX BIERNLGRECIGET 5, ZoERTIE, ICRORBEICIZH EFNEAD LG Th 3
DY, EEDOWMND S, T THHT2DO0HARTH S LEL 2 (MR AL AT 4 7 TSN

ETHOT, @HE VI LIk,

a N
8 1.4.5 (Bessel DARFER) WHZEM X OERLR {p,} LEED fe X ITHLT
N
zﬂﬁ@ﬁ 171
n=1 n
DI D LD, SERE OB A (BRER % B> )
3 I IJIC w’ﬁ <> (Bessel DR%ER).
n=1 Pn
FRC {,} PIERIERR D541
N 00
DI <A DI el < I
\ n=1 n=1 j

SERR 0, h, f ZTEHN ET2EAZABORZH, ©2 37 ADEHD»S
I1BI1° + |1 f = RIIF=[1£]*

W Z 12
1B < £
EHEFRIEYhEY T T ADOEMED
Y (fe) | Fen) | (f. ) (/. 00)]
h 2: y ¥'n . _ y ¥'n N n . n
1] Zﬁazs@ > | <¢¢n‘ enl? ;;HM
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N
I

Zﬁﬁ </ m

n=1

“APBCR {cosma}mer,, U {sinna}uen ¥ ERIEBBIBCR {7} ez 1220 TE, EEDBIHK
f D Fourier fkBDOANE fIZFE L v, T 32D K ) BEIEGRIZ5E4 (complete) TH 5 & b
N5, ZITIE, XDOKITWNAETELEL TEL,

a N
Ex 1.4.6 (mﬁrf‘) X 22, {potneny Z2 X DERLRET S, {p,} DTTE (complete)
Thb LT

(1.18) (vfeX) Jim | —sn(f)| =0

DO DZ L ZEZ WS, 22T

(1.19) sn(f) =) (E;: ‘fp’i) ¢on (N eN).

\_ J
EomRLZzX )i, ki

sx (I + 11f = sv(HI* = 11£1I?
DD DD T, {0} DHEETHZ L L,

(1.20) Jim [lsw(H)]F = 17
DIRY DT L RAMTH 5, BEDFMI

(1.21) (Vf e X Z ( ﬁc’%ﬁ — P (ERROBE),
n=1 $n
(1.22) (Vf € X) Z|f¢n = |IfI? (EHERZDOEE)

ELHEIT S (0% D Bessel DAFNTHEFVIRLT %), F (1.21), (1.22) 1X Parseval DFH L
XN %,

DL EDS, Fourier f8D L2 BEmDIHH TH S, THA LSBT, Lebesgue AT A EI 72
205, L2 BEmo#l & R E Ry SFiHk7 L B9,

1.5 WMo EDER

f:R— C XA 2r OFABIET, H2BREDES I ZFFD LT % & Fourier IEUEFDNH
*5,

(1.23) f(:n):%—i-;(ancosnx—i-b sin n) _Z_ e (z eR).
22T ap, b, 1T f O Fourier 1R%L, ¢, 13 f D#FE Fourier fRETH 5, ThsiFwInd f Ik
T HDT, ZNEN a,(f), bu(f), ca(f) EBFELS T EITT 5,

an = an(f) = %/W f(z)cosnx dx (n € Zso), by,="0b,(f):= %/ﬂ f(z)sinnz dx (n € N),

cn = cu(f) = %/ f(x)e ™ dx (n € 7).
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ZOLE, (1.23) OMEOREZ B L CHIK BB (ERI L7 s k80 &L f/(x) 135
LW2A 9?2

(1.24) Z Z —nay, sinn + nb, cosnzr) = Z inc,e™ (v € R).

n=1 n=-—o0o

WAL (1.23) 1ZIR L TH, (1.24) FIORT 2 LIRS wvwdd, RO LH iz, A LFFOERTIHIE
L\,

M EIEETR f @D Fourier #{FZIERIM S U cihk#id. f @ Fourier M TH S

(1.25) f(z) ~ Z (—nay, sinnx + nb,, cosnz) = Z inc,e™.

n=1 n=-—o0o

FEER, RDOEBDIKD 37,

\
eE 1.5.1 (B Fourier ff#) f: R — C ZAY 2r o BWIRS T, i) D [~ 7] T

Xz Ct k3% & %,

(1.26) an(f') = { gb"(f> EZ iﬁ? , ba(f') = —na,(f) (neN),
(1.27) co(f) =ine,(f) (n € Z).

Thbb, ff O Fourier fBUE (INKT % L IFRS Z0203)

[o@) [o@)
E (—nay, sin nx 4+ nb, cosnx) = E inc,e™.

n=1 n=-—oo

N J
cn(f) f’ W TH % Fourier 21D 5D EMZ LT F([f](n) EXRT I EICT S L, (1.27) IFX
DEIICHEMZ 6N,

(1.28) F[f(n) = inF[f](n).

Ziud, B THTES Fourier DY & @ﬁ_ﬁg[f](f):ifg[f](f) EFL, EFEZA6N5,
FeEN LLT, f 25k T 280

(1.29) Ff*)(n) = (in)* F[f(n).

DFED, YfER)INMMITEI L= Y(FfI)in 2 1RPTFEILE", THDE, 2D Fourier £%
By OBk, 1Tk b W TR AANDIGH DS 72 6 IS5 (LG R, B TR R E
RIS ING), 20U >0 T, BT 2 FETH 5 (IRHEICRBEHIUT),
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REEA X9 f O ROLAOIEHEE

an, / f'(z) cosnx dx = ) cosnx]” / f(z)(—nsin m:)dx>

1

;
—n—/ f(z)sinnx dx = { :
/f )sinnz de = — (f()smn:z: " /f ncosnx)dx)

= —n—/ f(x) cosnz der = —na,(f),
™ —T

Cn(f’) — %/ f’(x)e_inl’ dx = % ( —mx _7r / f —ine ma:) )

=in- —/ f(x)e ™ dx = inc,(f) (n€Z).

F AR T [, 7] TRAIE O o & 313, 5 {ax), HHHE LT,
— T =< r<---<TNy=T,

Flin rog & CH#TH B, PAEDS,

s N T
Cn(f/) = %/_ f/<x)€finz dr = Z %/ f’(x)efinx dr

N

—% ([ Je / fla me”””))

k=1

i (f(xN)e—in:L‘N _ f(xo)e—inxo +2n/ f(x)€_mxd.ilf)

T o
=in - % /—1 f(x)e "™ dx = inc,(f).m

Bl 1.5.2 BEICRDZ 2R L ThH b, f(r)=2 (-7 <z <7) D Fourier FIEEFIZ

2 cosle cos2xr  cos3z N >

m
L C I

g(z) =2z (—7 < x < m) D Fourier MRBURFHIZ

sinlz sin2x sin3zx
g(x) =4 1 + 5 + 5 +--0 ).

fliEEofmE 151 DIREZ L, f/ =g ThH 5, Fourier fREUIMENICAED FEIRT 5 K 9 I
%HoTw5, m

fivd 1.5.1 & Riemann-Lebesgue OEMZHAGDLE 5 &, X2/ 5,

a N
% 1.5.3 (fe< SAMPHRES & Fourier RBUIESRETS) f: R — C 28 CF > A
o %% 6 1%

an(f)=b.(f) =0 (n_k) (n — 00),
(|n|_k) (n = +00).

o
3
—~
~
N—
I
Q
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SEFA I HL 23R Fourier fRE(D 77213 8, il 1.5.1 226 ¢,(fW)) = (in)ke,(f) PIED LD,
—J5. fR X TH L5, hrf Cn (f(k)) =0.WZIZn—doo DEZE

1

@QLﬂﬂMﬁZ%%UW%%Q

n—Fk
ThbL c,(f) =0(n*) (n— +oc0). m
B 7. a,(f®), b,(f*)) & f O Fourier fR¥%E H\»T£E,

R 1.5.4 EiF, f PHEEBOEE D LD (1.26), (1.27) 1ZHAZT % (b H AAGEHIZED % 03,
HHEBERTIFFAIL LD FA2), Lo, EELOQICHRDIDEEZTL Y, =

Bessel DAEADL D V227 51X, Fourier 128 ¢, = ((J’ gfp")) . n—>o00DEE QICIET S
eI %, Fourier fREDKE SITPYL <, ’F’éﬁﬁo:ﬁ#é ZEtEFEDTEL,

8eint ) k PEEBIHUZ. (in)ke™®. ZHUTK L T cosne & sinnkx OEBEUZ, fliH2ATERLIZ W, (cosz) =

k k
—sinz = cos(z + 7/2), (sinz)’ = cosw = sin(z + 7/2) KT &, (;i) cosx = cos(x + k7 /2), (;i) siny =
sin(z + kr/2) LI AREMGD, BTINERM LGN ZIT .
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; N
fnE 1.5.5 (Fourier (RELDBEFRMYE, B=M, Parseval DFRX) f: R — R M 2r T, f &
(—m,7) CAETTH S LT 5,

an:%/_ﬂf(x)cosnxdx (n=0.1.-")
an%/_:f(x)sinnxdx (n=1,2-),
CnI%/_:f(x)e%dx (n€2)
EECEE, (1), (2), (3) BN O,
! o ol <5 [ 1)
an| s |bn| < = f(x)| dx,
T Jx

ol <50 [ Is@lds
RS |f(z)| < M BSRYIZD & i
la,| <2M  (n=0,1,---), || <2M (n=1,2,--+),
el <M (ne).
(2) (Riemann-Lebesgue DEE)

lim a, = lim b, =0, lim ¢, =0.
n—00 n— 00 n—+oo

(3) (Parseval MFR) f 2% (—7,7) CTHEAEDTTH S (|f|? BUETTH %) Lty

o0

. ("‘3’2 £ (Jauf + |bn|2)> = [ @),
n=1 -
D SN T

n=—0o0

slEEA

1 ™
la,| = ‘— f(z)cosnx dx
™ —T

1 [7 1 ["
< - 7ﬂ|f(x)cosnx|dx < ;/W]f(xﬂdx
b, | DEHI D [FFETH %,
. 1 " —inrd < ]' " —inx d < 1 " d
ol = |z |t dnl < 5 [ |f@e e ar < o [ @)

2 |f(z) <M %5
/|f(a:)|dx§/ M dx =27 M.

(2) BEEEXT 4T T2k (5L\0), TITREMWT 2, PLEMEZM LT, |f] DS
HHE e Yf1E. Bessel DAERX (H 2 0IFRD (3) 26, —MIH — 0 2¥EIT 5,
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(3) =ABIBCR, IHEBABCRDEaN 2580 % & Parseval DE

Tk ij%wuw zﬁﬁﬁ

n=1
&
/|Cosnx|2d$:{7r (REN /|Slnnx| dr=m (n€N),
. 21 (n=0) o
/ !em‘”‘zdx:ZW (n€Z),
&%, =

[T TESLLE, n— oo DEZE, Fourier fREUFIE ST 5 2 L3> 7Dy, ZDRGH &
L C. Fourier SR EWIUEZ T2 Z EEIT S, flE L TROEHEH T 5,

EIE 1.5.6 (EFEHDOEIMIC C! FRODOBEED Fourier #&#) f: R — C 285 2 @ FHWIEI%L
T, ORI C k7 61X, f D Fourier #EUE—RRIR L T, Al f ITF LW,

SEER  HIEOD. f D Fourier B —HRIKT 5, L) L ZALITHEHT 5, 202 fITHL
W I EDFEBHIE BRI CER C.4.1 Tf @D Fourier fEDS—RRPCR$1UIANE fI2—3T %, |
P. 149)0

#3 Fourier it DG EIZAEHT %, inc, 1& f/ @ Fourier fRETH 205 find 1.5.5 ZH\1 5 &

27 Z line,|? —/ |f' ()] da.

n=—0oo

1
> el =5 [ @) dr.

lc,e™| = |c,| TH D,

1 1 1 [™ T2
§ :|Cn|: E ,(n‘cn’ﬁ> < E n2’0n|2 E ﬁ:\/%/ |f’(1:)|2da:- §<oo.
n#0 n#0 n#0 n#0 -7

Weierstrass @ M test 12X D Z cn™ IF IR T 2, m

n=—oo

COam e T 5 &, XS, ke N ELT, f A CFRTHIUL

e}

1 ™
(1.30) Z n? |e,|* = %/_W ’f(k)(x)fda:

n=—0oo

PEPND Z EVRTNDE, n— too DEZLZGEIZEERT S n2k ZFTHIHRT B L) 2 &,
Co WHELIETHIEZEKRL TS

RIS, TNETEIFRIC, f D Fourier DS S BIET 22 612, f IXE o v igH: % R
DIEBRZE D,
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4 N
MR8 1.5.7 f: R — C IZ#EfE» D 2r ¢, % D Fourier 1R a,,, b, 25, H 2 HARE k 1Txf
L<C

an (lan| + 1bn]) < 00
n=1

\’E‘?ﬁ?”:?‘ E95, ZOLE fIFCFHTHD . f D Fourier kB k [FIEAIE S AEETH 5,

REER (L) IED S Z (|an| + [bn|) < 00 TH 5D>6 ., Weierstrass M test 12X D | f @ Fourier
AL

% - nz:; (a, cosnx + b,sinnx) (r € R)

BRI L, Rl f(z) 1IC—3T %

Qo > .
flz) = ) + Z (a, cosnx + b, sinnz) (z € R).

n=1

1<(<k LT, Aotz RWic ¢ BIENES T % &

(1.31) f:nz (ay, cos(nz + € /2) + by, sin(nx + ¢ /2)) .

n=1
ZZT

In* (a, cos(na + (m/2) + by sin(na + (7/2))| < 0’ (Jan] + |ba]) < 0* (Jan| +|ba])

an (lan| + bn]) < 00
n=1

TH 505, Weierstrass M test 12K D, (1.31) 1&—RRICRT 2, W 2 ICHERIMGIIE4S{LE D,

1.6 CDEDIEEH

Fourier i3, R CEZRI N Z R E T 5, BAHIZfAIcd By, DINTIE 2r O
HIZEHT 5,

R TEZRI NIz, HHEEN ST, A 2r 2B O 2% Xy, EBL, f,g€ Xop 1K
L <.

mm:[ﬂmmm

TEES (f,9) Z f & g DNEETS, TNzl Xop 1Z (NEDORBZ7 T D T) NHEZEM

ThD, fO/NVAfZ =, f) TEDS,
{cosma}, oy U{lsinna} o {e™}, o, 13 Xop DIERERKRTH S, 2 DELINEEZ AN
B2 T {pntneny EES L E,

(i) (Vm,n) m#n = (pm,pn) =0

9 T B RN S by 1XIEH LS, T O ehlI T BIREIE E A LD T, 1] TR O fy T
HY., ZOLEIESEMEEMTZ T, i3, Lebesgue M7 %2 A5 LHETE %5, TLebesgue AT R[S (|f]? 23R
31 EVIIFEBT DT, 2 LESAIR Xop 13 L2 (—7,7) EEpi, SEfE R NRZER (Hilbert 22[H) 1274 2,
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(i) (Vn) (¢, en) #0

(fa SOk)
(Prs k)

(iii) (Vf € Xon) nh—glo Hf — ;Ck@k =0, ¢ :=

v 3ODMHZFD,
WZIATEED fe Xop LT, #Hafl%

N ' (f eikx) 1 ™ )
SN(I') = E Ckelkxa Cr = (e”f;—e““) = %/ f(l‘)eﬂkx dx (n € Z)
k—_N ) —T

TEDDE. N 500 DEE sy 3 fICIET 2

dm [f syl =0 FTabE  fr) = D e (v ||| 12 X BURORERT).

ZOEADIE % f D Fourier 3K, ¢, % f D Fourier fR#E L WEEDTH %,
BI% f @ n JHH @ Fourier fR¥% F([f](n) £ £T L Z
Ff)(n) = inF[f](n) (n€Z).
IR LD, TS f DL DREHITTE 513 L, Fourier iRBOICRH B (# <) 52 &
Db,
Fourier f#i3 (FEFRXITZEM D DFER D T) (A4 L EWROPRBEZ 51 5,
B Z 1%, f DX M O fch i, Fourier # U f IC R E—RRINET %,

lim sup |sy(z) — f(x)| = 0.
= zeR

N
AU LT, f BHUC [—7, 7] TRIHNC CL #TH 2 721 T, Al DR T 25613,
f(x) (z 2% f D)
lim sy(z) = _
N=os flz+0) ; F@=0 ) as £ o)

DK D LG . Fourier fREUIIR L T—HRINK L 22\ (Gibbs BRI L %),

1.7 &FlF: CDED Fourier {RE D fh5H

WS DPRDHGAEREZ SN S,

b &b & Fourier #EE, BT TR ZB ZZODBERELTHELLILELHD ., FMDTT
BAANDICHDIEF ICEDTH 5, £ 2T, WA OMIEZ L T Fourier I DIV T5 12 EH #H
T5, EVIDDBHEHD I DDFAARXTH D, H5H0IEd o EAVITHRRZZITUL, 7 v —
[12] ZFHODODBIEL Wb L (BIRDA <A F DO THEET LV =R T URFED 058
B, FREELTINE ERVDETE),

—7J7. Lebesgue 77, Hilbert 22[i] (BB DER A = 2 —TH %) Z2 AU, Fourier fF( D L* B
METS, EWVI)HALEZSNS, ZDEA, Lebesgue #7 DEFHRIIZR OIRRID02> 5 DT (I
HZ Fourier ##ATIC & EF 520D T, 2z ASMlifEIZ T 0icd 228 IHF 2 LT Hilbert
2RO (BB AT 2268505, Lw)DbdH b E-9,

(GRBRI R ER 1222 LT 5 & Lebesgue 877 — BAEUENT (A1) — Fourier f#fr, £ %5 TH 5
V. BRAIHEHASIE, BAEENT OWIH — Lebesgue 7 — BN (F L5 L <) — Fourier
fiEetit (R HNCEBIE), LW ) HF TR L 72, BV LWL DZBRXDBREICK > X ) BA
DL THZR, )

43



2019 F 8 A%H EBRE RICZOEDERMDFHZMH < & U 72 AN2id, Hilbert 22 D158 2 #10
THI, EBEZDLXIChok, HELLIEPS, THVIFEEIHHASEL AN S Z L
BhotDdT, KOL B, BHE, FERUS Theofy HT 2909 A2 5 2 L iEAFH
IS 2 (THDLZ ) TID ) RIFFER3EAEDIFICZ ) )iz LnlZidne, 20
I3 Z DBOMBLIHAD ML EiE 4 (FREBNE»ICH) 12, RELWEL L5 27 (LRI
KoTRI V), BEHLELTE, FHABAT LIS WA, BEH - B - §5 [13) 280 TH <.
ZNTHA BB OMHIZZ 0 L EDOREN 2 LD30,
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F£2E8 Fourier Tt

2.0 A4>bhAO

FROIE LIS 2H, OiEED HINIE, Fourier T OIIERIE %2 (55 UM 2 @M I2) BEiT %
ZETH S, BEIC Fourier #8% figdi L 7253, Fourier T 7 7 2V —I2iZ

1. Fourier f%#X (Fourier fR% — JABIE DI SR)
2. (F@ED) Fourier Z8# (AT 2\ BIEDRR)
3. B Fourier 2241 (FIAES 2340 K)

4. HERORFTA Fourier 2846 (JAIHRY T2 BB R)

EWVH) AN L, BTHETEZ0, 204 ANTHiivE W) 2 Ik 52, ARTDOMTTHAH
— BT RHIVIZEL SN 0ehrd Lt ndy, ERNRE T2 e 0»,

ZDETIX 2HFHD Fourier 2% FHT 2, ZDOWEIIMD X v N—=b Ko T 3 EEDEL\»
DT, 72 & Z Fourier Bz Db D& flib v

BIEL f D Fourier 244
1 o -
Ff(E) = E/_ fla)e™™ du

(¥, Riemann B OHMHTEZ L) T2 L, LKEHTTHS, 2% (oD, 2 TR f
X R &t e L) .
_ 1 : ’ —ixg
gf@>—'jﬁ¥hgﬁm)_RJﬂxk dx
DE I, AROFFHATET L TEWTr6, MRZINS 2 &% 2 (b LY f 2B3NEF L 5E1E,
S O 75 HMRREDS NI 2 B),

C DRI E, S TIEIOR L 22\ (Fourier Z2H#IZFAE L 2 \0), B2 f(z) = 1 (E5B
) TH-oTH, JABEBEFTIINCRL 2w 2 LITHERL £ 9 (BEBIEAEINT 1 @ Fourier £#i2 % 2 %
CTLIRHESED, SITRZDILICVEBALRY), INEMTZIORT 272912, v — +oo DL
E. flx) DY “AIEL 01D L) F A TOEMGEZHRT 2 L3% 03,

% 7-. Fourier Z#ICBIT 24 DAXEZFEHL L) L $2 L | fIZDo0T, I 5ITBEMTSEMA
ZATEPEL 72D T 5, Lebesgue 2 W5 & a4 DI fHICR 508, Z0TH WL
DOAREN 2 EDE

COiE TEENEE 7 =) 28, Tk, ZOUDHHE TSIV HESDHBL I EICLTWVS
(Zo3FEIE, DR ZH LIRBREICECGALH 20, HETIE, ZN2HETROEVD
D7), ZORDOFERZNMICL THHEIRE I ENLSIAHD, 290 T EICHEREZ YT,
L) TR T 5,

1773 =DEDRA v N=3 TFourier B2, EMEEINZ I E3HZDT MEHED ) 2033 HBRVL L,
2 TCHRZAEO) BBy £7203 T8I, T2i@h ., AN E ) T2ih, 2x2=40,
ol bl lim f(x)=0 THL Th, KERAAUIUET 5 LB 5,
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ZIW I DI T, PR, Fourier Z2#17% i 9 ANlX. Lebesgue M7 E2FA LRI, FEHL
ZEzEhD 5,

Lebesgue B3 2 ffib 310, BE BiEmEZ AT T X A P S DLV SALET 5, Fl 2 IXHEH [14]
ZHITTEL, ZORI i%ﬂuﬂ LR H 2 DT, ESBEDOERPLUICANTE L T L2 BEHD
5,

2.1 Fourier ZDE A, Fourier DRKEEAT

RoOFHW L, HMooPiWzHEL 2, GERTREHFZM ) X ) ITh o7, Bl ZEHEA T4
E2HLIEHOT S, )

2.1.1 FUB®D:HA

(2018 FREDIHIE, SR TUT O LI BRI E2FHL Tz, 20194, ZL x D7 %o
Zri. bEb L Fourier th#. Fourier Z#alx "2 EX T+ 7, THoKIZTHDT, HA (A
yhudyrrav) FEATOLIET, LAV ETLLHo T, 212 DNEZFIHT S X H i1t
DEEZT, )

Fourier fEERZ BRI & LT, ZDMfR & L T Fourier Z#a%2E5 A L, A4 7% REAT (inversion
formula) ZE Z 9,

[TR->CRBHLBERSHET S, fIFFAMBETIEZR, 2020 DIC, f(z) 1d 2 — +oo
DEZTITHELPET S (0 ITRT2) L5,

LT AT A7 EED (> 012U T, f Z2KH [, ¢ ICHIR L TEZ T, Fourier flAE
flZz L6, {00 &7 5,

Fourier fECDOWTHroTWA I E6, EEDIEE ¢ I L T,

- / f@)eFde (nez) EBE fl Z ene T (3 € (=0,0).
MDWIERE: f(—0) = £(0) BIRD D EBIRS BVOT, ¢ = £0 EREGR I 3, )
DRI (c, 2D V2rl ETHEEWZ 3)

¢
¢, = \/i_ﬂgcn = \/% /_ef(x)e_infxdx 2 S

oo

f(z) = ozl Z et (z e (=L,10)).

n=—oo

4 [eS)

7] = 00 DEE |f(z)] = 0 LIRELTHZDT, qu\j(%wa%\/ Ci/ IEWTH A
-/ —00

3)40 ?tﬁb%

1 > —i€x
fie) == <= / f)e e (€€R)

= f(n%) (n€Z).

S

£ o
41im/ :/ BIK D Eo 5,
{— 00 iy — 00
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z)|dz — 0 - FAIT 0 1d

BDD: |, —f ’ fx)e " Fdx /

( Vo A < U5 oo

BT WD T, n(/ DV T—REEBIZZ > TV E DT, )
DRI ko T

mg;ceéx':, %; (nm/0)e T e

':\/—2_# / F©e&de (xe(~0,0)).

200D = 1. Af >0 BHh S xi /1 £)de = Aggj (nAE) BIR D V1D = & %

fz) =

ﬁ\

n=—oo

Wiz, )
DExtwst

- 1 = —ifT 1§x
Fo= o= [ fwetan e ene i == [ FOes @e o)

ZOFICHOTEL L, REIZCDHENZ VDT, 2 e R THY D EHIRFFL TR,

20D ((i) [—4, (] TOMEZT% R TOMDTERT 5, (i) oMz EoriEfld %) %
TR TH 203, FI fFICBHT2HELRIRED D & TERDBED EDZ EBThro T 5, @“tc
bb
(2.1)

o~

'—L b x)e E% dx P T
f(f)-—m/oof() ir (C€R) EBLE f F/ Fe)dde (xeR).

Z % Fourier OREAT & "5,
— M ICBE S f T LT,

(2.2) 7o) = # / Zﬂm)e-wﬁdx (€ €R)

T [AEESLEE, 2N% [ O Fourier ZH# (the Fourier transform of f) &MES, G f — f
D Z &b Fourier it (Fourier transform, Fourier transformation) &FFN, F TERT T L%\,
Ff=[fTh3s,

FIRRICBEIE g: R — C I2xf LT,

(2.3) g(x) := §)e™ds (v € R)

1 o0
\/—Q—W/_OO!J(
TgDBEFHLE, 2z g DHE Fourier B L TR, BiR g — g DT & HHE Fourier &
LN, 7 CERTIENL L, Fg=3 TH 3B,

OB EHwSE L, (21) IFRDLHICHESHZ 5N 5,
- Fourier D REEAT ~N

<O)ﬁlil\ ﬁi)i\ﬁ‘zk)joo

(2.4) G (Ff)=T.
F-MEfkICL TRABBEN S,

(2.5) F(Frg) =g.
NS J
D% D, f % Fourier 2L THh 5, & Fourier 219 2 LILICR % ([AfkIC, g 2 4% Fourier
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ZHaL T 5, Fourier 2195 & g IZRS), DI L6, H& Fourier 2410 Z & % ¥ Fourier
T L HIES,

EoiE#IZ, WOWBFENELE L V) DT, KEARGLIHTE b TR\ L 21HER
LTEII, FLIORARIMEMFTHD ZOoDITTlE R, BURIREVPDETH 5, T D
TiE, ZNODFERICOVTIEAD LRV LT 5,

R 2.1.1 (Fourier ZRDERDTE (1)) Fourier D ERAIZ, 7F A Mk EHELT
Hb,

(2.6) fo-o [ " f@)e e, o) = / " g©)eds
ET5HD,
(2.7) &= /_ " fa)emr, o) = /_ " gt

ET2b0, 2oftrr H 5, (EARICIE, (2.7) DIEED, Ax 2 RNXHEERICEE 5 D Tlf A
THDBD0, 21 7 SAELRBERH ) LT, WilllT 35cid iz, )

B X T4 7 ZEHEIN TR TEEAEL (2.2), (2.3) ZHVAIRERHAL W2 (X9 T
H5),

WTNOFRBOEA S, KIEAR F*Ff=f, FFg=g BEDIOEIICLTHB (5LV), =

R 2.1.2 (Fourier ZMMDERDRIE (2)) Fourier 2D EZOXIIF LU TH, EAZ2 EI VI
HRIZE 2D L W) TUEDE DD B,

Ra
(a) f(&) = 5 %ggw \/ﬂ/ e " dy T, . f(x)e” ™ dr 1% Riemann %) (Riemann I
fifR) & LTED 5,

(b) f e L'R) DEAICEZ 5, Lebesgue ) & AT,

=) - LE A~ > S - —iz€
(©) € L2(R) DBEIIHEIHL 2. BIAE FlE) = Jm / Fa)e= ™€ dy (HIRIE L2 IUH.

00 1/2
?ﬁbE\LQ/wAH¢Mf:(/ W@WM) BT 2 MR TEZ 2)

(d) HEIETEZ S,

COMETIE, ZORIFIESEN) IELVLTHEMT 5, DL 'EILTHIE-ZIHIETCH ¢k
BN 5, Riemann BT DIAEME T &) Vi (a) £ A TEL (Lebesgue BRI EUI R,
DFEDH S 2 0IETEDPSE), — ZOLI)BMPVI EEEDLRVOL D TH- DD, 2016
FEOEEZ L T L ST, EPSEMAN T, P LEHNT 20E R 70T, ZIIcEW
TELARETH S (A% L TR AERECEEY ), =

R 2.1.3 (Fourier #i# & Fourier Tz RLENR D) XKEILAFE, Fourier ZHAD R 2 Hi T % B3,
Z DERE T Fourier fEZIRDIK->TEI 9,
JM 27 DBI%C f: R — CIZX LT, f @D Fourier f23 {c,}nez %
1

Cn 1= 5 f( Ye "™ dx  (n € Z)

SEIX, 5D Wikipedia DFHETH H 5, ZDRUTD W TITBIE VW LS,
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TEDFHS, DS f @D Fourier ZH f(£ \/_/ f(x)e ™ dr (€ € R) IZHMST %,
Z LT (Y75 N C) Fourier &A=

= i cn€™  (z €R)

DR D SLOD, TN Fourier KEEA f(z) = \/% /OO F(&)e®de (x e R) ICHINT 3, m
T J—c0

R 2.1.4 (F ' T 7 LEBCEA) U5GL 1T F ! EHFFRIZHIEDN, Fr LT
BADS G, « (LW, EEAEEETOIN LS TH ST, HE, EREE RO T, 20ff
WM 2 F A LHERT 2 L. WERICAS AV L L H D, WERIC % 284 b 2 O
ISR S, 29I b, MEHEL IS F I SV RVOL EEbNS, Ik
4% Fourier 24 & WA TE T, P> T W2 L E3, 20D Fourier DY (WE
B Ich b, LWwHIETHS,

B 213 Mm%w% FOEWCTHEE S BB LE LA(R) TEAS L, F: L2(R) = L2(R)
BRHHE RS (S HICEFERT, WHW5 unitary £ie 72 %), VLR 5 L LRI
FIh B,

—Ji. BB EZ B L, IR S (FMIEEIEORE) KN LT, F: 8 — 8 ASERIE
T, T F T OWEBRTHS I EDHHITES, ThbETHT oD LTwa, BERoOH#ER
%9 5DIEHEIE

2.1.2 E&HODEHA
(2019 FFFEIX, §§2.1.1 DD DITKRD X9 ZdtH%Z L7z, )
9 Fourier (B2 HE T2, H2HEZOO»R f:R-C AT %51F
1 (T2

(2:8) =[O =51© =7 | @ (neZ)

EBECLE (TR e, DI LR fin) ® Ff(n) EBL LB, )

(2.9) f(z) = Z €T (x € R)

DD SODTHH T,

JIFARIE T2 f: R — C 2 LT, MIDIERFICRZ WA TEZ T, BURIRED S & TU
TOXNEIT S,

(2.10) 7le) = Ff(6) = m/f e dy (€€ R)
=1
.11) fa) = o= [ Floeta wer)

6f @ Fourier ¥ cn, 2 f(n) EEL DD 2, 20HSHE2THE, & V){L){“Cbiéiﬁc‘: ﬁ?%o
2, BIERECTIE, 1750 A = (a;;) @ Hermite 4% (aj;) & A* EEHL DTH o7, FOHEIE, 1751TH
BIEEE O EORIBIERZETH D, ZOERIMEMBEOEREZ BB ITIE, PR TFHEB1H2 S 0)“( Z I TIIAIET 5,
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(2.10) TEZE 5 f(z Ff) % f D Fourier £ LS, BAR F: f — f DI &b Fourier 24k
W5, f O Fourier Z8#1% . Ff(2)](§) LW IRFTET I LD H S (T CHERTEFIZ M- THH
33),

(2.10), (2.11) ODEADOFLIEIERL X 9,
—HIZ, BB g: R — C TR LT, g DA Fourier £ g (= F*g) %
o) = 'gta) = o= [ )t (weRr)

TED D, B F*: g g D &AL Fourier 24 & M5,
ZoitsrHws L, (2.11) I
(2.12) FGFhH=f

tEZHZO5NS,
(2.11) % (2.12) % Fourier REEAI & -5,

SEEVREESTVEDT, bt uhrd Ligwny

Fourier REUCIE Fourier DN U. Fourier S ERICIEIREBAXNH T %o
(2.8) 1 (2.10) 12, (2.9) 1% (2.11) IKHHET 3,

WY EED S LT
(2.13) F(GFfH=f F(Fg) =g

N AIRVASR

ENHZT Fr=F1 LEZTI, ZDd, H& Fourier 210 Z & #3 Fourier Zat
MRS, AYiE, MERL2EZ 5L ZIE, BROERE, Kz lE->2 )3T, 2 THs I L
ZELALMERT ZLENHEH, T TREZENEZYTR->TVBE I E2FRELTEL,

Rk 2.1.5 (BEEEWCOWT, TIITHTHRSEEZRVWHULTHET ) #pR% <, L5175
U 7% unitaty 1781 & (X, U @ Hermite 4% U* = (uj;) DU &> Tw5, &) Z &, Fourier
ZHE unitary 2 EFIIN D DICHHS>TVWS, =

2.2 ERRN REATHISTSNSENGZAT

7% 5N\ CEE 2 72D ZOHEDOIDICH A > TEW LGB RWARZHNT 5,

a N
i 2.2.1 (ERN - REAXDNST/ESNBILR) (4A213. Fourier ZHPMLIADIAHET 5 7
DDFM2ELXNETHEH)

(1) Ff(x) = Ff(—x), Ff(&) = F*f(=E).
f @ Fourier 244, f DA Fourier Z#l3, A \WIcfisz “PrDRL 7" HDIZFEL W,

2) g=Ffe f=F"y

\f@gzgfégdﬂszﬂ-
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EEAbEE fliHLl L2 NnE, BiLLZ ) DT> hEHT 5,
(1) B Fourier ZHADEFED 6 (H g LFHS D% f £EL)

* _ L OO €
?f@)wﬁ/;f@k d (z€R).
Fourier ZH#ADEFD & (HB, B OER % o, BMDOLER % ¢ LHSDEANEZ D)
Y it
?ﬂ@—\@;/;f@k i (z €R).

D200 E RIS &
F f(x) = F f(—x).
HI) 1 ODHIF THRICRENSG) EE-2oTHRVL, 212 —¢ ZRRALTH R,

(2) (=) RIBAX F(Ff)=fIcg=Ff #RAT B L, f=TF".
(<) b)—DDOMEAN F(Fg)=g T f=Fgz2fRATELE, Ff=g

(B) g=TFf &T2L, (2) XD f=TF%g WAIT f(=&) =Fg(=£). (1) £V Frg(=&) = Fg(&).
P ZIC f(—€) = Fg(c). m

2.3 EBFHGEED Fourier i

2.3.1 Fourier ZaEDDOZEHWA
Fourier ZHaDEHE X HE L >,
WERCATENE JWLETIC. —EHTTEOO WD Fourier 2%, HITRDZ I L%
ML TAHALI) (v Ea—Y—DEZ2541F, avE2—Y—TRDLILHHEAR L),
HOTEZTH6 0D T, GTEIHL C 2 2MHOFHITH 2 TEMET S,
Z DRSOV TIE, Fourier ##X (Fourier f2%) ZilHE I 256 L3, RELE VD 5,

ARNE, BEL S IEE T 20T, EBEICIZEL BB D Fourier 2k o T3, o
FEERHNI S ZAHZIDT, A HEZLDIZRETH S, HEBBGHOEEGHE%Z W TEHA
TE2bDbH 20, ZOLEOREE CIEMICHE T 20 ZARICEHRBTIIR Y, ~EHE-
b0, REPICHATEWT, HELALLEIL, 2R 7LEERARDOVT, / — b oARZ KR
T, ENIET AL 50BN THS ) (FhFZHILTwET),

A L ZIZ, (D% 0D T) EH 232 0AXPE T2 L) ICHE L TEborb Lk
Vo Z AU BR,

53 230D LA T 2 FEICEN 72 BI% D Fourier Z#103H1 D 72 W&, BEUUELR (F1 21
Mathematica) (Z=#42% DDFHEEENE I H

2T, HBERICHETE T, BERO2ICHOH 5. B LWHIZENT 2, BIHES Z
N DICHETH LD, ZNoDFRIELNE T 7=y 7 OFEEIERDEH 5 EEZ TV,

R 2.3.1 #OBELISA D, BAMNZBIED Fourier 2412 5K 2 DIZEEL W 2 3% 0LAH,
DFOFRRIZBEICEHIN TS, 2L T, 2o z2HEok "RARAE BESHTW %, Fourier
ZDYrG, METEARD - FHII - —# [15], ¥ <13 Churchill [16], Bateman [17], [18] 7 £28
b5, DT, 952Ul Ins onREZMEC X ) ICEbN b TH S, ik, BED
BRBIA 7794 - Tl LciEHEbo/ k)i, AE IV E2—F— -V 7727
TEIWHLLTH A ) (BSMHb N OOH ), EEZA TV,
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2.3.2 BABINETT7—UIZT

fiifize 7 —Y) M DOHI %2 5 OfANT %, MSHLDOBTHIZANTE ) (HAFTEHTE S, Ik
MEICHERL T 2. RIFEDIEZHATE W TH TR SAZ ANER W ETH 5, FX4),

4 N
EE 2.3.2 (VAY—IFANZE Fourier Tif2) T a>0 LT3,

(1) F [ (&) = \/252%1@2'

(2) 7 {ﬁ} (&) = %\/geam_

1
1 — (-a<zx<a)

Byﬁ—w(w%?&béf@y{Qa EBLEE . FE) =

1
2a 0 (NS Var ag

sincx =

Sﬁx %ﬁﬂx%&\.yf@):\ér
(1€l < a)
(1€l > a)
(€ = xa).

sinc(ag).

—~
S
S~—
| — |
wn
—
=
—
)
S
N—
| I
—~
o
SN—
Il
§
S
X
=~ SN
@|" @|H

N J
(CoXEFEOHTS, ZOEMHDIGHPELED 5, BIZITHEI w2 L, )

ﬁ§233(5$®ﬁ%)ﬂ)ﬁ\ﬂ@ﬁ=€”'ET%E%?ﬂOZ\PZLFZT%% txFE
BLTV3B, DD Ff@))(€) T FF(E) #ELTVS, ZOTERALEbATLE0T, R
T 2L,

PI7z & 9 2 F1E 1%, Laplace 217z Elicdb H 5, Hl21E
1

s—a

L [e"] (s) =

a FEHTHY . | | NOBIBOERZRIXFE st THEZ % THERLTHLSTHaD
DZ\) EWVnIHIbITT, BEOMOE- -85 EIXE 2%\, Mathematica Tl

FourierTransform[Exp[-a Abs[x]],x,xi,FourierParameters->{0,-1}]

FourierTransform[If[-1 < x < 1, 1/2, 0], x, xi, FourierParameters -> {0, -1}]

D& DR CH 2D (ZOBAE x) I8ET S (29 ThVLE IV Ea—F —IChATERL),

|

COREICENTY 59 b Ic D REE RO TH L),
Fl:ﬂ —‘QK
(2.14) FIf(=2))(§) = F f(=E)

(LR L TH> 5 Fourier 241 L 72 D13, Fourier 2L THrSFRL b D & —ET %)
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DY D Z L=, (ZOFXDLEAEALZIRFATZABL DT, WL bH TR AXZ
AT 2 2T, HEUuRHEEZLTLHE), LWIHMETH S, )
(fR) LD E e RICKHL T

Ff(~))(€) = %27 / " ),

BREM y = —0 21T, de = —dy. v = —00 IZ y =00 D3 o — 00 1Ty = —o0 DMIET LD T

1 [~ ity — [T e ) = [ e
= / Sl = /OO F)e (i) = —— / Iy
_ % / F)e M Ody = Ff(~¢).

WZIZ (2.14) YLD 2D, =

BEERIFBEIE 2 . EIRBEIE L =AM TEZEL GHET 2 A3 in s, HREEEED
FFEERETLIL2ED 5,
a N
iR 2.3.4 (BHREABOMED) (1) acC ET2LZE () = ae™.

(2) acC\{0} T2 L%

/ erdy = S L0 (O RS,

a

(3) a>0,beC\{0} £EF2¢LZ

‘o 2sin(ab
/ e dy = sn;)(a ) = 2a sinc(ab).

sin x

7272 L sinczx = )
x

- J

%8 2.3.4 DEEEA

(1) BT 2 (EEEBEBEZ LD L) ITERL TH DIk B8),
2) (1) 69 T9 5%,

(3)

a ibx ] L= iab —iab :
ae s e B 2 e —e B g ) _, sin(ab) .
/_a e™dr = { = L:a =y % =3} sin(ab) = 2a e 2asinc(ab).m

EHE 2.3.2 DA
(1) R>0 t¥5¢L
R ' R ‘ —(a+i&)z 1R | _ —(atig)R 1
/ e~alelemiag gy — / e~ (T gy — [ ‘ : ] = — — — (R — +00).
0 0 —(a+1i&) |, a+ i a+ i
8l Z 1L e 1Y = e%(cosy+isiny) DEFRTHIUL a = a+if (o, B € R) & LTe® = e [cos(Bx) + isin(Bz)] TH 5

D5, (e*®) = ae®®-(cos(Bx)+isin(Bx))+e® - (—Bsin(Bx)+if cos(Bx) = e*®(a+iB)(cos(fz)+isin(fz)) = aeletiH)z,
— Wit T LEZ T
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—~

ZIT, |eletiOR| = emaf 5 0 (R — +o0) £ 5 2 E2fliol?, )
ADHMIE v = —y EERZEM L T (BBEHETIFA L7 MICEHELTHORVITNY)

0 R
. , 1
/ el gy — / e~ Wesdy — — (R — +0).
R 0 a— 1§

1 _ . 1 1 1 1 2 a
— el e g — — + — | = Y —
V2r ) oo Vor \a+1i€  a—i& V2m &2 + a? &2 + a?
Tbb
fa\:v|
\/7524—(12

1 —zx§
g[ﬁ%—oﬂ] \/ﬂ/ x2+a2
BRans, Z OB O FEHREAEIIRE & v, HEEREEGHZ Hl-> Tl EE s %
FWCEESGIRTE 2 (§§2.3.4),

FFZD (2)1F (1) DERELTHE, 2D LRI &, 221 D (3) 2T, fEad
Fons,

i 2.2.1 @ (3) IF, AT 2HDTHRVLDT, 2IZTREH ) ~EPL->TALI,
Ff=g THNE, Frg=[fTH2RPr5, —fMITRY LD Fg(§) = Frg(—¢§) 2T

(2) ERICHE) &

Fg(€) = Frg(=¢) = f(=¢

2 a
Ao P k5 1o p— — ]2 waae
(1) THoTc k)T, f(z)=e EITBHLEE Ff(E \/;€2+a2.@m
2 a
g[\/;a:ZjLa?
fEi \ﬁarf [%] (€ ThEMS. MHELT
7 e+ a

7 |t @ =1y 5o,
(j2] < a)

® f(a:)z{ WA } EETT

—zx§ 1 ‘1 —i€x _ 1 . : _ —
Ff(& \/ﬂ/ f(x dx—\/2_/ 25 dx_Q\/%a 2asinc(a(=§)) = N

(&) = f(—€) = e~ =8l = g7alél,

Y2=z+iy (w,yeR) ETBEE |2 =[] = |e” (cosy + isiny)| = /(e cosy)? + (e*siny)2 =e®. ThbH
|€ | — eRez

o4



(4) TNHRHIIIE TFf =g B61E, Fg(&) = f(—E) DD D) ZHOIUL X\, FEEE (3) T
RL72X9IC

F | g o] (6 = = sinad

THHD5 . . ]
F {\/ﬂ sinc(ax)} &) = %X(fa,a)(_g) = %X(—a,a)(f).

W2 I ]

F [sinc(az)] (&) = \/%%X(—a,a) ().
(RHR) X(—a,a) 1FETHINC CH AR TH 5, XTI CF e CANERE 2 BI%L f @ Fourier i
BN,

(19 (€ 5 J DHL)

EWVWIHIEHENDH - 72, FElT Fourier ZHUZOWTH, TN EFBEOEHMKNT A0, ko,
IEHEICIERD X9 Ik 5.

+ (—a<&<a)
F [sinc(az)] (€) = V27 x + (&= +a)
0 (&l >a)

(5) THUFPPHEL VOTRI (2.3.3) IZHT, =

R 2.3.5 (sinc DAY IY) sinc ([siyk], the sinc function, the cardinal sine function) (&, Woodward-
Davies [20] (1952 %) I8 W T

(2.15) sincg = S0T)

T
EEAS I, ZOIGETIE, BT TOMEE (Mathematica b 25 5 ZEH) ICHE> T, sincw =
A W E A N (2.15) DX HIZEFKT 5 D% “the normalized sinc function” & M-S (8%
BRI 50 TS B 5O ABA Y v — 5 L),
[20] 26 EALTWAB LD Z5H ~

Sampling analysis rests on a well-known mathematical theorem that if a function of time f(t)

-

contains no frequencies greater than W, then
ft) = Zf(r/QW) sincWt—r) . . . (24)

where sinc z is an abbreviation for the function (sin7z)/mz. This function occurs so often in

Fourier analysis and its applications that it does seem to merit some notation of its own.

I\ J
Z3UTH| EHZ sine DEEICOWTIHRRTW S,

WOkfgD>, HH - I 19] IS D -7 &k 9 %3E1 D 5, MERLTBZ L,
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~

Its most important properties are that it is zero when x is a whole number but unity when z is

/ sincx dr =1

[e’s) ) . . ]_7 ’I“:S>
/ sinc(z — r) sinc(x — s) dm—{ 0, r#s

zero, and that

and

—0o0

r and s both being integers.

v

“abbreviation” (M, FAEE & V) BERTH 2 (BRD7D),

“whole number” X, WHDEFDARTEHIZ» DS Z L1370, BHLEWIEKRTH S, D
£0 le=0DEEsince =1 &HLIME, o DEBD & E i sincr =0 TH 2,1, BIEGROER
pitEpcbBAELAD [ Tldr—g 26 [ sincrde =125,

—o X —o0
sinc IZIZEFUIDIAC b 1% 2B DD % (Stenger [21] 236 4 7% 3CHR), =

+ sign (€ + a)

5 ERT, M a<p

REX 2.3.6 Mathematica 13, (4) DFEHR%Z \/g sign (a = ¢)
BHFEB o, fITRLT

7213
sign (€ — ) +sign (3—¢) ?Eiizfm ¢>B)
2 - 1
; E=a,p)

DD DD T, a=—a,f=a ETHNFIELWI L2350 %, =

2.3.3 ¢ % @ Fourier it
e (q ZIEDER) DO EZHII TPV LIS, ZOBBUIEN L THEETH 3,

1 ™ .
2.16 F |e—ax? = —/ e W e Ty = ——¢ " a
(2.16) @ == a =
ZARTIEDHETH B, BT D Fourier BHIAIS TV, Ew) T LIk B,

R 2.3.7 (BAZBIFICHRBIDBELNEBWVWTE) a=1/2 DL ED, FRICHARKRET, JLEHEL
BIEIC 72 5

T [675}32/2] (&) =e €2
BVIRAB L, f(x)=e 2 IE, Ff=f %W, f 1 Fourier 42 F o, WA 1 1CET 3
BEHBTH D, L) T EIZhD, 2D fliF, FH0, 78 1 DIERZAR (BHEIERSAR) O
HEII ——e  ORANCYH 2, HRHIENTO AL, ~ROBADRT, S

T
MTE2HODOFR 1 ERZBZERVWTHAH, =m

WS i, YK 02 O IEBI G ORER R SRR | exp (f <m*m>2) Thb, m=0,0=1DEAICENT 2,

202

V2o
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iEEA (BE) 2 XADVT55ek
. N 2
—az® —ir = —a (xz—l—gx) =—a (x+£> —ﬁ
a 2a da

2 2 1 & i€ \2 &2 1 & 2
F [e‘“m ] (&) = e i e (o+58) dp = ¢ 5 e " dx.
V2T ) oo V2T ) oo

BB OEZIFREGRD Cauchy OREMHIC XD (HHIC?)GEHTE S, 2ITREDHATR
DB ERTEZ (DLBETIHEHEZHCTELD, COMBOZHENZNEZEET LT IFERL
),

X560

AN

ZRDIUT (ZHUIME T 5 72139712), BHEH Jar =y 2T
o0 2 & 2 1
/ e dr = eV —dy = ﬁ
: a’ Va

W Z 1
(2.17) F [e*aﬂ (€) = ——efa.
(#IAK) ez / " oo+ ) g — / T iy 2T B,

o)

EREO X >0 1L, BEPFRET, 48 -X, X, X+ £, X + £ X 2D TRHA

2a’

7ZEAIAR Cx (BIEESTE) 122w T, Cauchy DT EHD 5
0:/ e dz
Cx
z/ e_“Zde—f—/ e_“z2d2+/ e_azgdz—i—/ e dy
[-X,X] [X.X+i L] [X+is,—X+it | [-x+if,—X]

X 2 2 X i€ )2 2
= / e dx +/ e dz —/ e_“<$+2a) dx —|—/ e " dz.
X [X.X+ik] -X [-X+ig, —X]

X —oo & LAEE, AN, FATED 0 IPORT 2 2 L Z2RBIXR Y,
z=z+iy (z,y €R) £T 5L E,

2
—az
€

|dz| < edaemaX? % =0 (|X]|— o0).

<

[X.X+i k]
o0 . o0

/ oa(o+5) g — / e 4y m
—00 —00

oo 2 o0 oo
12(/ ew2d‘”> :/ / ef(ﬁy%df”dy:// 7 drdf = 7 DT — b 2B OB 7

/ e dz
[X.X+i L]

>0

- 6€(0,2n)

HThs9,

o7



BUEERR AT OB LR DIEP AR E ) b DR EIT R 505, Z ZICHZ L5 L, (BFE
BIgGam % o) #l L i 23HTH 215,

- —ax? —ir€
g(&) = \/ﬂ/ooe e "*dx
EBC L,
L —a:c —wf
\/_/ dx
- —az? zzfd
B W e
_ S —az —ix€
= "5, \/%/ e "sdx
_ ¢
= —%9(5)

& OE BT DIEMIFE L < v, )
E=0 DL ZIHMEIFMHICKRE 2,

I e DRV D
9(0) 2m /Ooe o 21 Va  \2a
W 2T, Y = g(&) 38y iAoy ERdE

%? ix Y@)-%i
DfFETH 5, ThxfRoTRD B L L
9(&) = o=e
(BDT 0 T:—%Yib/ /gdg C &R ﬁﬁ(&b’(logY——i—Q%—C “nm
5Y = 5¢ §m.)l
234 & z 8

Z DOHEERIH X, %ﬁ%ﬁ%ﬁk MDA Z HIPE & LT \ndy, #HEEEGR o WY 2B MNE T H
DT, —INEFLTEL,

a N
iRl 2.3.8 (BA#GERH S DATNEN) P(2), ( ) € Clz], deg P(z) > degQ(2) + 1, Vx € R
P(x)#0,p>0RYIEDEE, f(z2) = 2 jEBCL

/ f(z)e'? dx = 2mi Z Res e’ )
Ime>0

- J
(fIZOWTOREIR, BECTESZET L, TR ETTRELHAT, THORBITFORBED b

BRI [22] 1IC#i> TOGEHEZEZEL 2D DTH %,

o8



1ML EREL, i ETORB0ICES RN, EWHZETHD, Fthp>0 1 3REEINPTL,

EEzZzHETELEIA, )

SEBR  GEHHIZ THEERIEL OiEED. B/ — b, D50V EBEEGRO T XA M 2RI, =
Nn»ros

(2.18) / U R

o T2+ a? a
DBRoNS (WiRIE DB ELT =0 TR TR Z EIERL £ 9, AR OMITE
T NOWTICIIERPBETH S, ),

(2.18) MFEEA € >0, (=0, <0 ICHBBETITLTGIHRET S, £ <0 DEAIE. >0 THSH)
5. find 2.3.8 BEBEHEHTE T,

o0 p—ilx ei(—ﬁ)z ez
/ ————dx = 27mi Res pia | = 2mi :
x? + a? 22+ a? z+1ia

e

—o0 z=1a a

£ = 0 DB IEIABIEDS tan o THET, RS L TH2 I LRT O35, € >0 DBAE
a

o0 e_ixé oo eigy 7]-60'(_6) 7"'6_015
/ :c2+a2dx:/ y2+a2dy: a  a
—0o0 — 0o

—alg]
PERODEZEDIC ”ea LEES, m
Wz I ’
L[> e 1 [r .,
ﬁ/mwua?d‘r:&\ge E
Thbb

2.3.5 Mathematica OFIH

Mathematica (Z1Z. FourierTransform[] & % DiZ i InverseFourierTransform[] 23HE &
T3, L2L, INZ2Z0FEH->TH, RITERL 7 F[f] DFFEIZHEER W,

I3 Fourier £HADEFRICIE, X LIESH D (REWITIZFA U b DD 7203, Ml 2 A0
#7% %), Mathematica D7 7 4 — )V FE, EOEE (BFEDTFAFTIEIRS AT EHDT, N
RAEDHERETHRHAINTVDE) EiF—HL TuZw,

THIHIIN S % vy, Mathematica ITI1X, Z 9 W ) TiLEDE W 2 B 2 72 0 OB LT 2R
ENTVT, ZDOHERDOWEIHE > T Fourier ZHZEH I 51213,
[FourierPara.meters—>{O,—1} ]

EwIiA Ty aviEbziulXnl,
DFE D, K fx] TEINLEEUD Fourier B2 LT (EBE y £T5) 2KRDBHITIIRD X
)T 5,

“Mathematica (%, 7> a vEEEL BV & \/%/ f(x)e™de ZF1HT 2, izy DEZADFFE5EEZT, —ixy
T J—c0
LT IUET R DIT D3, 29 S¥ 27 DIRED FourierParameters—>{0,-1} Th %,
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FourierTransform[f [x],x,y,FourierParameters->{0,-1}]

FIf(2)(y) %3k 121z ]

0 (20U} T &
T, 7% AU Mathematica Tl j

f(x):{l (—5<x<5)} s [2sin5E

flx_]:=If[-5<x<5,1,0]
FourierTransform[f [x],x,y,FourierParameters->{0,-1}]

72 S AD Fourier 2% 5IH T 52854, 18] ,FourierParameters—>{0,-1}] Z & < DX HI{H
DT,

ERIEER L T,
[myF [f[x],x,y]

ELTw3,

[myF [fx_,x_,y_]:=FourierTransform[fx,x,y,FourierParameters->{0,-1}] )

2.4 Fourier ZRDHEE (BHAHUN)

BHAIAB (EFIIERD) & DBIFRP, Paresval DHEN, O TEEANDIG % £ OEELFED D
L5, ZNSIREILICLT, 22T, HRWERICT» 2 EE 20 %, BUN T, Fourier
IR T % 7o D DM &L M WIRE IZEH D T ISHER O ATl R 512,

2.4.1 #BEH
(2.19) F(fi+ o) =F i +F ),
(2.20) FNf) = \F £,

IS IR LD TEHIET 5,

2.4.2 Fourier i &3 Fourier TIaD R
FTTIfE> TV E3RARTH LD, ZD7-0,

(2.21) F[(&) = F"f(=9).
FEBE,

Fgla) = # / " ge)etde

gl s T OIS 5 L 7-Bi%d Fourier ZHAT[RE, #MIE L 7298 Fourier Z2an]gE. oD b
Hkz, 4, EBRETTHI0E, 200D DEMELPHBEICRZTE, Z2H90)DEMOBZTWETT S, 2T
WED L 203 THL, R3E00oTH 625 LI, BIZOF3XREAELHLEDH 5,
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ThHo7h b, X .
Ff(E) = \/_2_7r/_ fla)e ™ d.

Ff(—E) = % / " fa)e € dr = F ().

w2

ry

2.4.3 F1TBE

(2.22) Fflz = a)(€) = e Ff(©),
(2.23) F [f@)e ] (&) = Ff(€ — a).

FR, B E, v —a=y LEIAT S L, (—00,00) IT (—00,00) BRIEL, 2 =y+a,dv=dy T
HHN5

F[f(z—a)] (€) = \/LQ_W /_oo Flz — a)eEde = \/%7 /_°° ety

— —ia€ 1 /OO —iy€ — —ia€
o =3 fy)e™dy = e F f(§).
BELFKRTH 5,

2.4.4 Rg—=U2Y

aA0ETBEE
(2.24) F[f(ax)](€) = % <§>
Frlca=—-1¢ 72L, TDRL E 77—V ZEWPZTHAAEE & »
(2.25) Ff(—2)](§) = Ff(=E)
PDALD,

FRE, y=ar EEIAT S L, (—00,00) IZ (—00,00) BIXIEL ., dy = |a|dx,x:g“6‘?)%7b>%\

€= [ eetae= g [ st
y)ew€ln gy — Loy (5)

lal a

1 [ee]
m—z—ﬂ/_m”
(BT DI Wi ? a DFFTEHAEDTIT LIBT3 DT vl ?)
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2.4.5 EE#D Fourier &t

(2.26) F L (@)](€) = (@) T f(&)-

(2.27) (VkeN) T [fP()] (&) = (i&)*F f ().
FKEE, HBEBDSARI R 2 &L f(x) =0 (Jz] = +o0) 2D B &

Ff'(2)] (€) Je dr = lim —/ f(z)e " da

R—o0 \/27]'

[z
(O
Lo
i

%“K (z)e ™ dr = itF f(€).

2.4.6 Fourier ZHDERIEL

_ 1 /
I R

lmL

R—o0 \/%
7=

d

(2.28) LI1E) = i [/ )
DR T L .
d
(Vk € N) (d—é) FIE) = (—) F [+ ()] (©).
H. ot s TDOWMa 2l b &,
d 1 > —ix _ L > 2 —ix
d_ggf(é :d_f\/—Q_ﬂ/ flz)e ™ dx = \/%/;ooaé (f(2)e ™) da

m{dx

SCIA

= _i\/%/_ooxf r)e " dy
= =i [z f ()] (£).

2.5 HF: EFRLEHBIOREROT LS

FORARXDOGEHIZEE L WA, AXARIEIEZLTVWTH A ),

Z DD RIE, BT DR (POR) 2RI, N FICEEHTE 5, AXEEZ AT %
EDi3, BOTAREZEH T2 L)L TBL I LZ2HD 5,

(Fourier 2D ERICIT % LIESH D . TS L ICAKOMER R 5, D DFEDO AKX
ZIEMICHZA2 X0, ZOLTARXZELTES2X)ICLTECDRRY, )
EDE)BRERZT 20, £LOTEI ),

o HRIITET

o T DEBZA (IEHETT)

o Iy & B DIEFFALH (it s N DY)
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Ciaxivay

b b
/f%M@M:UMWME—/f@M@M

COWHRTEHE D HORVD, n ERIOBAR

0
[ L) i = oy do = [ @) 7w dx (1<)
z :“C Q13 Q DEF, do ZEREFR, n; 13 QOB LD RUTE T 2 74 S ALK 7 P b n
BT ERT,
RO OZHZR (BiRED)

(i) ¢: [0, 8] > R & C ik, a=gla), b=p(B) LT3 &

/f m—/f

(ii) ¢: D = R" & C* D DHS, Q= p(D) LT 5L

/f dx—/f ) |det ' (u)] du.

FRZ, a, b ZEBELCa=au+b £T5L, (i) £D. a>0 DA

/Zf(x)dx:/2f<au+b)-adu.

/_Zf($) da::/oo_oof(au—i—b)-adu.

RDEIICHS L aDFFFITL S B (20D (i) ISHIET 5),

/_:f(a:) dx:/_Zf(au+b)|a| du.

W L/ DIEFRE (BAES TOMS)

0 0
éaéﬂaﬂdx—lk%ﬂmﬂdw

T2 [23] % Lebesgue f&57 DHAIB & 2,

a <0 DGHE

2.6 HFT: BSOS (= MAATEEN) &EHFTORREDER

(CZIEWTHL I EZHW/ETHLLI EF R0, SEELLTEI BV E-S T L)
Fourier I#CHMHL 72D LR X R VR DI, Thbb

Fourier Z#112 X > T, 603 (= Moy rlaerE) L&) COWBEMEIZALNIZT)I DD E),
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DI ESZFRTEI Y,

BOOIHRSIZZIC LAV EICT 2, LS5 TH 52N, §24 TRALEMT, 64 LKE

EELLEI BB, RETEL,

(1) || 28 R CAEBITEL 513, 7 f BHAD ML, |7 /]|, < If],-
ﬁﬁhnﬂuzigﬂ@Mmh:/wW@Mm

(2) |f| & |zf(z)| 28 R TIAEETWRER SIX, Ff 13 Ct T d%f}”f(f) = F[(—iz) f(x)](€).

(RANET) RO ke NITN L, |f] & |25 f(2)] 2’ R TIAEBE I WRER 51X, Ff 1 CF #&T

(i)iﬂK%:9K4@W@ﬂ@)(¢%im)

dg
(3) [ & || BIRHEREI WD lim f(x) = 0 BB, F[f)(E) = iEF f(€), Ff(€) o(ﬁ)
(& — +00).

(L) fEED E e N ISR LT, f 28 OF fiT,
) , 1
Bo, F[f®] (€)= () FfE), Ff(€) =0 (—k> (§ = £o0).

FO| (G =0,1,.... k) 55 R CI5 ks iTHE

IS 200, (2), (3) 2L TH< L

(i)27zgﬁ—mﬁx}, 9(ﬂ)k=@®Wf

dx dx

N5,
oz 400 DEFD f(x) DIWEMEIZE, Ff1dk D% < DM HFK2
o fNEDLL DMK SIZE, € — too DEFD Ff(E) DML

EV) T EBTD S, TS Fourier B THRL LI BRI LD o7,

AEBIE, 209 bAHRICE S b Livzwhs, & CAE B2 [24] (Riemann 2D AR T DH
PH-Cigam L T2 %) 2. P [25] (Lebesgue T OHIPAICTikam L T\ 5) &z H 2 L R, (21
BleE LTHILZER, EHE5THHENEDSR, )

PLbZ i, EH2.32 DfRZBIKRL THL I,

(1) f(x):=e 9=l 1% 2 = 0 CHII TR TR VDY GEEETXATINIZ C k), 2 — +o0 DL ED f(z)

@ﬁ%ﬁﬁwwofmﬁzﬁﬁx?%EﬂDﬂ%ﬂm®&§®ﬁ§@EDﬂ5ﬂMK%@%

A[RETH B 03, [EF f()| I ZIAFBEDTATRETIE 2\ 18) 23, Ff 13 O #kTH 5,

Y DHLCED &, f D7 SAMITELIZE, Ff OEFTOMEIME G, F7. [ QWA COWEIHIZ
Y.FfER S A TE S,
TR B BB DI 1L H >,

BIEF (&) ~ é THDH ST HE TR,
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1

(i) f(x) = { 2% (:I:”; IO TR TR WA (FNE 2 A0 AR8ETH 2, KM O #k
0 (x| >a

?@%%ﬁyx—hmomaﬁwﬁﬁiﬁw(amiﬁ i DT TIEEEMNIC 0 I8 L ),

FF(E) = T x Sméag) D € = +oo DEEDWEILE (559 LT 0 WBBHT 228 |F ]
ZIAEREATTRETIZ V1), F(€) 1Z C® #Th 5,

(i) f(z) = e 13 C= BTHD. o — +oo DL ZOWHERH G, Ff(E) = EH x e O
€= too DEFOMWHIZHL . Ff 13 C* HTH5.,

%BHIEE, %BI13E, BEHIZ L - DR DIFAERY (B,

ME: )—AL GEHLE) ELTEHFEZE LA LIRS ZETHATRSZDDBH - T, 21z
SEHDIEF, RELDLDZRES>ZLELTVRRELDT S, ECETHHT 20RO E L v,
Znt, BOOWNKROERICEN TR WEEICH 2 NEFEICZ ) W) azlErEs L, FUEl&E
INB L) REDT B,

2.7 &FIF: Fourier T = DRIEZER

(RLTEPTOLDIER0DT, MMCHECTHE I E2MBICH D ) LIFLABAVLTII WY, )

AL (BEITTRWEIS) T, Fourier DREAXRH DT, EDHAT F =F1DLIH)7%
LD (?), F P F OEREPHKBZIZoZDED TR VDT, ZNoBRPEHNTH 0 E
YT 5 TERV, L) X, RERUINOFESFEwRILZ L7,

Fix, 3 ODHFARBEERM L2(R), S(R), S'(R) 23% D, Fourier 24, 1% Fourier 2411

F: LQGR)—+_L2GRL F*: L*(R) — L*(R),
F: S(R) = S(R), ( ) = S(R),
9”:8’(11%%)%8’(1&%), S'(R) — 8'(R)
EERTE, WINLEHHICRD, 7 =F 1 2D 7D,
FEFIST > Z D LA R D 2D, DU, ffRICEBEBEEMZ AL L9,

2.7.1 5 (HE) IRIBHMOZEMR L*(R) & Sobolev Z[ H™(R)
Fourier fk# D & Z D X H 12, ZRAEZEIE D =M AT v,
R EEZRI N /BB O2EEZ [2R) L35, ThbDL

(2.29) L*(R) := {f ’ f: R — C Lebesgue AJHI, / 2)|* dr < +oo}

BB ICIE, COEAET, ELEALERED LIS -HT 2BBUIA—HT 5. LT 3,
frg € LA(R) IR LT

(2.30) (f.9)se = / " f(@)9@) da

ZIAEE DR CTlE v (Bl L 25),

wﬁﬁg)EWifaF\ﬂ%?%%ﬁ\smgo
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EBCE, THUT L2(R) FOWMEICZ D L2(R) (& Hilbert 22fIC 7% 5,

Fourier 224, L% Fourier £#1l1k, &: L2(R) — L?(R), *: L?*(R) — L?(R) % 254 L L TEHE
Hik 228, HIFRHEHTHY ., F*=F 1 DY LD,

FELWT I, Bz, P [26) 2R X (24U Lebesgue D7 ¥ A FTH 503, LP(Q) DM
B LP(R) (p=1,2) TD Fourier ZH#UDOWTFEL CFHAIN TV %),

W iz ) Gé ik, Sobolev 22
H"(R) = {f € L*(R) | [¢]" J(©) € I*(R)}

é:b)’) %)0)%)1'2

(: mEZZO)o

I 27 2 R&,

2.7.2 RBNEBEOZER S(R) LBEINBEBDOZER S'(R)

L. Schwartz (1915/3/5-2002/7/4, 7 7 ¥ A ® Paris I F 41, Paris I2THT %) 1X. Sobolev ®
IAFEBB oM &% £ v Mo, B (distribution) EFFIEN S bDEHZH L 7,

FRICHIEMERE L VW) b D2 ERT 5720, UMK 2 2B o220 S(R) 2 EAL
7oo THUINS ZBIBEERIT, B EBIN BB TI ZICET 2 DIIL kv, HIZIE, A
N Z Fourier Z#1D & ZATHIFTIBIEKD ) b,

1 1 )
P %x(_a,a), sinc(ax) (a > 0)

eia‘xh

FLTFNY SR) ICRBEE R\, E—2OHTL 7Y e DR S(R) ITET 5,
NS ORI 2SR X, 2DV W E, DU OEEIMERE L D22 S'(R) B8RKEL &
L05TH 5,

4 N
E&E 2.7.1 (RRNEE, SR) R LOERINLBEK f: R - C B2BNTH S L, f 23
CoTHY, TED n € Zeg, EED k€ Zog LT

lim z*f™(z) =0

|z| =00

BRSO LRV,
R EEEI N 2N DO 2EEZ S(R) EET,

J
feESMR) T2 LZE, f D Fourier £t F f, f OHAE Fourier £ F*f 13 L 12 S(R) IKET
5DT, F: S(R) = S(R), F*: S(R) = S(R) &A% 2D, FIFLRFTHH, F=F ! DK
URVASH
# Z1X, $23H [24] D VII§6 (pp. 136-) I S(R) IZE T % Fourier ZHaDMHE OHIEI 2 REHH DY -

TWw3,
(ORI RPNy P 7 — 065D 5, https://elib.maruzen.co.jp/elib/html/
BookDetall/Id/SOOOO46844 7 7% AL T, PDF @ 148 *—=Y HDIF%, )

(k,n) (& (kpyny) (m=1,2,--+) EFFZDOTF N5,
S(R) &

sup [ £ (2]

— = 9- m  T€ER
d(f:9) Zzl 1+Sup|ack’"f”m (J})‘
zeR
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% PHEE & 9 2 PHEEZRENC 2 O | AAHEE RIS 2% 5 (S(R) OINE, 2 7 —FeiE I35 HRIC% %),
S(R) ko 2B 2 IR & W5, 2ok z

S'(R) :={T | T: S(R) — C #ifed >}

LB,
F: S'(R) = §'(R) & F*: '(R) — S'(R) X WS TH 2,
(L)

LIEL&EIN (BVED)

Fourier ZH#1lZ DWW Tk, BAHIAA (XA L TR WHEE) & OBIfR & v ) IER I EE 22 G678
DS TWBED, I 2T Fourier 2D EREZ T HY) - T, JGICBERL Fourier 234, it HRF[E]
Fourier ZHaD#EN%2 T2 Z LI1ZT 5,

(S ERDVTDH, KE THERL Fourier 241, Tl SEBBDGE TN Z X 5 1T, KL,
IERZ#DHZ TEE)) 122 Tws, CORETHZ)ITHILENEZONS, FHE TFA L
Lo TIRZIV) ZEIIR=VZEH TS, S0EDZ)TrRICHENZDIE, TATEER
INA T ABPDR>THBEDIEL ) D> ?)
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FE3E EfEEIFourier i

JEH] BB B Fourier 2D ER & R LMEE 2N T 2, v 2 BEAIIEEE & B ARE
TH 5 (HRMED T — DFGT, WHRDEE (i) 1303 kv, ZOEKTIZ, &L 5 Fourier &2
WmEDSHPLTEZD, 2IRL7DE, ¥ TV I LIBOILLETZHUTR 205608 L
R\, )

HEH Fourier #0113, i Ze 7 )L 3 X L CTH % i Fourier 244t (Fast Fourier Transform, FFT)
D3 B, FHl i%mﬁT %,

HES Fourier 2413, Fourier 1824, Fourier B DR L L S 2 %,

RABDFE MBI f 2352 L &, MIEL THEONS (L) &) BN BERT —% 2 H\»T
PURIZ Fourier MBI Z T2 Z %252 %, %étﬁgﬁﬁ N ZHWwT, FAXE%E N 9L

N E5 R LOBEUE {f;} 2»5 Fourier fR%X ¢, = —/ f(x)e ™" do DOWERUE C, ZRD B Z &

272 BB, R % BIIICERIT 2 D28, Z 9 L“Cf%‘c%znt (G} X N oK
Tdh 5, Eff%%
Jfo Co
C
cV s fl — ey
Iyt Cn-1
3. BB Fourier 2# & MR XN 5, T UIKRIEEAR T, ZDRBLTHIZ
1 1 1 e 1
1 Wl w12 o W (V-1)
1
_ 111 —2.1 —2.2 o —2:(N-1)
W N | w | w w
1 w*(f\.ffl)l W*(Nfl)-2 cee wm (N=D(N-D)

(W 1% (n, g))ajz/\z» e & X 1l)

72770 w=e/N LBni, 7

1 1 1 e 1

1 Wl w2 o ol (V=1
w-l=|1 w21 w22 W2(N-1)

1 wN-D1  (N-1)2 WN=D)(N-1)

(W13 (j,n) Biardy w00 ©d 2 1741)

U =V NW (% unitary {751CTH % (T 7%b & #EiL Fourier 24, FEMIC (BT % HHT
UZ) unitary ZH#TH %),

EH3142FETVRBE3TXIA NI LU LIk,
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3.1 BEER Fourier R¥ — BEZDLSICEET 5 H
551 T TlE, Fourier #k#z % 2 % FIWIBIB O I 27 & L72d3, S 2 TIE—MRDOIEDE T 34
WoY&aTHHT %,
FRCHPEMT T, BERFERCROEEE TS (ZoHiofTICROMEIFE Z R\ w2 i
T50D),
I 2
(3.1) Cp = —/ flx)e ™ T%dx (n€Z)
T Jo
EBELE (TNFET[-T/2,T/2] TR LED, [0,T] T LTHHEHLUMEIELNDS),
(3.2) f(z) = Z Ce T (x € R).

L RIKE [T % N %99 % 2 L1 L,

(3.3) hi=—. z=jh (jeZ)
L j:o)g\ Z; T‘@{E
(3.4) fi=1[f(z;) (jeZ)

DI B VRIS {15 2T {e,} DR {C,} KDL,

B DY clx, B8 (55) Oz HlE T 2/ h 0 2 £ 2927 VIR (AR,
sampling period), Z D Wi % DI LY TI TR (EAENEE, sampling rate, sample
rate) LRSS, FRMEL T {f;} 25 LzY Y FIVT (HERL) LIS,

FIARE B I ] Lo OB fEEH R ICIZ, B2z HV2D08RWEINS (o> THhD L

S50, LIFLITEENGERBE SO NS, BIED X ) LG TRANICIEREFZ 2D TH 513,
BEZ )L X, T TEBHEEKT S, ),

R 3.1.1 BRERKICELN, avEa—F—BHARTELLDOH-EDO TR /520 7D
s (AR PMER ITHL > T 7D TH B 03++) 12, Fourier REDEIEEZS v 7V v
HICRIE T 2 70 77 A0%8i> T T, B0/l 235 52 (BOWHT 525, Ziuddihve (FTFL
ZR)RDTITH D), B Fourier 2145 Z LA LRBHIIN TR S E W) TEN? EITH
(LMD VH R 2 RAERTH, AFHIDNEYTHE, EHATEVLTRLY, =

BRAIDOHRA (FICHBERDIBE) —BRICEks

I:/:F(t) dt

CNTARIBHIE . {t;}, % [a,b) D N FoRELT, [ %

IN — Zl F(tj_1)2+ F(tj)h — B (F(SO) —|—F(t1) +"’+F(t]v_1> + F(;N)) 7 h = b]:/va

Lf SR 27 THDEDT, {fitnez & fian =f; (j €Z) ZWiZeT., THLLEAM N oFHESITH %, > T,
{fitjez WO B, WL L 72 N H, BI213 {10 2 eandt+acd s,
MEREDORZIESESTEE, 2HIVIFKRAELEYLET,
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TEMT 25D TH LD, F 23 b—a THHUL, F(ty) = F(a) = F(b) = F(ty) TH 2D 56, X
D k) R AR E I N S:

N-1
(3.5) Iy =hY_F(t;) (FMBIEICRT 2 GI).

J=0

(3.1) zHBIBHITIEBL 726D %2 C, BT ):

1 N-1
C, = Th flxj)e ™
7=0
— Si%Eh _ 2mi/N 2_7T :2_77.122_#
(3.6) wi=e e (. T TN N)
i SN
e—m%:p] _ e—in%jh _ w—nj
ThHDHP5,
N-1
1T
Co=ro o> fw™
T N =
TR0 RDRRADIR ) 37D,
1 N-1
(37) On = N fjw_"j.
j=0

%z f OBEEY Fourier fRELE WSS,

4 N
fiRE 3.1.2 (1D N FROME) Ve NIiTxfL T
W = eQm'/N
EBSEE, XD (1), (2) DD LD,
(1) wix 1 DR N FER, TabbH
i)1<m<N-1 = w'r#1
(i) WV =1
Zim7z 9,
(2) ¥m € Z 1K LT, KA D 2,
szlwmj: N (m=0 (mod N))
< 0 (ZhLIH).
N J
slEEA
(1) meZ ITRLT
W = ei%m

TH2D56, m=0 (mod N) DEZE, ZDELEEDAH W =1 DY D, FFIZ1<m<N-1
Zhi 7z THERED m I LT, wm#1,w¥N =1THsb I LEITHEET S,

70



N-1
(2) m=0 (mod N) DEZ, w"=1TH506, FED jITAHLTw™ =1. ®ZI Zwmﬂ‘ =

i

=0
1=N. 29 THVEE, w41 THED5, SHEFIOMOAR LD
=0
N-1 N-1 N N\™
. . — (M 1 —
T Y el 0 St G S
. , 1 —wm 1 —wm

DT, ZOfficid, 2806, m 23& HI1c# *5(’(%0 {=m (mod N) TH23ZtzHIZl=m &
FHCEWHT 2, 2R/ — D PDF 206, ABRERE L7+ b efliblhwni, =

DR DET = ICRZTLED J:M@%o)“afi%a‘%k.&(;%zktfci\ %_i“cfﬁ%%)
"C;’g:b;...)o

MR8 3.1.3 (BBl Fourier (REXDME) AW T oM f: R - C & NeNIZHL T,

T . ,
h = —, w: 61Th:e2m/N,

CHERL Fourier fR3 {Colner ZED 2 £, DTD (1), (2) B 70,
(1) {Co}ynez B N OREEFICTH S: Coyn = Cy (n € 7).

D fenl < 00 BIKD DB S, AERD n € Z IS LT,

n=—oo

(3.8) Co=> Cm.
7272 L Z X, m =n (mod N) Ziii7z T I RXTD m e Z IZHLTHZHS Z & 2EK
¥z,
\_ /
FlERA

N— 1 N-1
—(n+N)j -nj _
n+N - N Z N . fjw ! Cn
j=0 7=0
(2) fl@)= Y cae™ T THBYPD,
fi=fa)= Y cue™ T = Z Cad™TFN = S 7 e
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| V-l | V-l 00
C, = N Z fjw_”j = Z (w_”j Z cmwmj>

1 ’ [e%s) N-1 ! ' 1 o
:N Z szw(mfn)J:NZCmN: Zcm..
m=—oo j= m=n m=n

COMED (1) 26, {Culuez kDL, FERESNFL S HF LA N EH, HIZE {0V
ZRBEHRNET 2 TH L (ZNDULER L2 EERV) 2 L3005,

00:Zcm:C0+CN+C—N+CZN+C—2N+"'7

m=0

C, = E Cm=C+tc-N+tciyny+tcron+Crpon+--0,

m=1
C= E Cm = C_1 4 Co1yN + Coi-N + Coiqon +Coion 00
m=—1
Cy = E Cm = C2 + Co_N + CoyN + Coan + Coyon + -+,
m=2

Cy= E Cm = C_g + C_oyN + Coo_N + Coyony +Cg oy + -+,

m=—2

H B0
C, =c,+ Z (CnapN + Cnpn) -

p=1
ROMZEZ XD,
Cp 13 ¢, DRWERUS RS> TS 9 ?
(bbbl e, DIz RkO L) E LT, ZOERADMITZ, B E W ) BUER T A~ T
L7ZbDW C, THEOIED, ARKMIC C, B e, ITEODIZ, PO ZBEND S, )
HBHHEEKT Yes TH 2, IEMEIIE,

TEDOneZ #EET S L &,

lim C, = ¢,.
N—o0 " "

HE%}:\ h, Zj, fj, W, Cn IZ. N cz—ﬁkﬁbf‘”% ¢ CCHE%}:\'@.—J:O Z'K%Ci\ %ﬂ%“ﬂ hN, T4 N, fj7N, WH,
Cow ETHECNELOTHE, 29T 2L EORM lm Cuw =c, THZ, Thbb, eN T

FEIL
(Vn e N)(Ve > 0)(3In' e N)(VN eN:N>n') [Con—cul <e.

RIZEZTHHW0TLDIE,
Coin=Cnain=ci+coiyn+Ce1oN +Coipon +Cormon + -+ THDIOIFED, Tk ey,
en_1, T NDUIE R ?
Cn_1 1& ey DERPUSH > TV BD, ey_y DERITIE 7\,

lim (c_i4n+co1-y+coipon+c1any+---) =0
N—oo
THHDH, WEDPIT lim Cyn=c .
N—o0
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fER. Ch (In] < N/2) 1 ¢, DIERLTHZ, LELDOENDETHAI, [n|=N/2DEEIF, K
BEZ D7 ) L 75 5,

4 N
EIE 3.1.4 (BB Fourier ZHICET DYV TIYVIER) FW T OB v: R — C 23, HIR
Fourier #&%%

M 2
u(t) = Z e T
n=—M
TERELLE, T4bE u D Fourier fREL {c,} ITDWT
n|>M = ¢ =0
DD EE, N >2M %73 NI LT, N EHEEL Fourier £33 {C,} )24 13,

Cn=c, (0<n<M),
(%) Cyon=cn, (1<n<M),
C,=0 (M<n<DN-—M)

T, (FRc, &2To (0 T&\) Fourier f83 {c, }M_,, &, B Fourier (835 {C,,}) )
L 5RES, )

/

COEME 5 BOEH5.1.1 GEEOY T v ER) EHRTHAS E RN,

#l 3.1.5 M =1, N =10 DEA.

Co=cotcotcntcagtept - -=c+t0+0+ - =co,
Ci=c+cot+ci+cpot+en+--=c+04+0+4+-=cy,
Co=cot+caitcagtcnteytent ~=0+c1+0+0+--=cy,
Co=cp+cgteptcegt - -=0+0+---=0,
Cg=cg+cotcgtcpt---=0+0+---=0,

FIREIcL T 2<n<8IZRLT, C,=0.
—H. M =5 N=10 D&

Co=cotcorotcptcantept--=c+t0+0+-=cp,
Ci=a+cotentceagten+--=c+0+0+--=q,
Co=co+c1+cgtcyn+cgt+cecoag+-=04+c i +0+0+--=c_y,
Co=co+cg+tcpotc_ig+--=0+04+---=co,
Cs=cg+cotcig+c_ia+---=04+04+---=c_o,
Ci=citcet+cutcigt =ca+0+04+--=cy,
Co=co+cutcgtcout - =0+ca+0+--=cy,

CZETRIHTF2R G, LA
05:C5+C_5+Cl5+0_15+"':C5+C_5+0+0+"':C5+C_5.
05265 £3) C5:C75 %)ﬂibfﬁ’:ﬁb)o
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HLFEZBE, M =5ThoTh, N>10 THIUE, I £ 1T () IR D ILD) T &30y
D%,
HBHEBEVTEZD L, N>2M THIUL (k) DD, =

SEEA TR L& I I
Cn = Z Cm = Cp + Z (Cn+pN + Cnpr> .
m=n p=1

0<n<MTHIUL,
e n+pN>N>2M>M THHD5. cppy = 0.
en—pN<M-N<-MTHDDP5L, Cp—pn = 0.

W21z C, = c,.
O HERICL CAEHTE %, =

3.2 B#EY Fourier i

(hE: FEFICE, COfIICHVTH S 2 EDIFEFICHIA, EL W, EIZAELC TS, f[fEh
HELThowkw tlloTouT, o A2BEBIEL Twd, 13 TS T, SEFENL 50w
oTHbH625TLED, )

ZIHhBIE N RILR7 PIVOZRBDGET, MRANIEEE T, SBRBDGEICL 5,

Jo
Ji N - Ty . oA 1N_1 W S 2
f = : € CN Iz LT, Bffk Fourier fREDKX C, = NZ [; TEEIND C =
: =0
N1
Co
C
.1 € CN %, f OBEEY Fourier T LIS, 7B CY > f— C € CV HBE Fourier
Cn-1

THLILS, ZNEMRERTHY, HD N REHTHZ»ITE L TERHTES, 20750
WEEZFHEL S BRKS,

BIERECTIE, X7 PRI 1 226 F T 5 (TRHOFZFIE 100000 5) D3
W, ZITIROD»HBHB I EIZT S,

F1RY P ADOROBST R ET OIH Y, ATIIO OB EET DI (i, )) By EIET
2 2 EDB0D, i IFBEHMERTRHS E L THORWDT, 22T, X7 MO RO %
RIDITH j T, D RDET 2R T DIT (5, k) RAZEET 5,

Zo Qoo Qo1 ce Qo,N—1
x 10 11 T a1 N—-1
w=(r;)=| . |, A=(a)=
ITN-1 aGN-10 AaN-11 aAN—-1,N—1
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4 ™
R 3.2.1 (B Fourier TDRBTINEFDFEITII) N e N ITH L T w = 2™/V,
wo wo wo wo
wO w—l w_z w_(N_l)
T 2 4 —a(N-1) R
W .= N w w' w' w ' - N (w )
WO (N1, (N-1)2 w—(N-1)(N-1)
LB LE,
fo Co
f=| || @
fnaa Cn-1
WZRF LT
1 N-1
(3.9) anﬁ fiw™ (n=0,1,--- ,N-1) & C=W§f (HoD).
j=0
W IEHIC,
wo wo wo wo
wO wl w2 wN 1
Wl — WO w? Wi 2(N-1) (w]k:)
WO N1 ,(N-1)2 (N-1)(N-1)
ThbbH
1 N-1
anﬁzofjw"ﬂ (n=0,1,---,N—-1) & f = ZC W™ (j=0,...,N—1).
N\ J
COEHOIHD -1 LHET 5,
e , N
iR 3.2.2 (BREHEABOBRERMYE) NV e N IZHL T w =/,
wn-()
' wn-l
pn = (W) = ' (n=0,1,--- ,N—1)
wn-(Nfl)
EEL L
(pj 1) =Nog (j,k=0,1,--- /N —1)
DL D LD, BRI {1 1E CY DERRTH B,
_ J
Sl 0<j<N-1,0<k<N-1THI»5j=Fk (mod N) & j=Fk»RH DI EITER
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ERCR

N—-1

(pj, r) Zwmwnk = Zw —nk — Zw”(j’k) = Njj;.m

n=0

IR 3.2.3 (BEREVEHMOEREREERIER) L > 0, h = %, z; = jh, pn(z) = LT &
BLLE

zn T 2ming /N nj
On(z;) =" =e IN = ",

©n(20)

n(x
O = ¢§1) (n=0,1,--- ,N —1).

Qpn(xN—l)

(o} 1 (0, 00) = Ly, .k € Z) % ifite TERBMFRTH - 7208, 2 OEA {p,} B0 H il
SRR S TOL 2O, (FEHICE) A CEL 5N, 0

4 N
% 3.24 (W ODIRI MVDERE) N e NISKLT N RIESTH W % w = e2/N W .=
(]if —ak) CEDD, W OB kIR wy EBCEE (F=0.1, N —1)

(wj, wy) = Noji
DI, b TL/)O %c: Wy, Wy, *++, WN-1 biﬁi%f%%o )
EEEAR
w*O-k
1 w—Lk 1 o ., i
wg = N Nsok; (ERELEXT b))
- (N=1)k
THDLHNE
1 1
('wj?wk):( ‘Paa ) ~— (@), Pr) =2 N(;k—ﬁjkl

R 3.2.1 DFEEA1 (BN P ADESRTH 2155 DWATHIDORD T — EHl L HH) W D Hermite
e we & W ORI

wy
) wy \ 1 1
W*W = _ (w we - wy_1) = (ijk) = (Néjk) = NI.
Wy _y
WA NW*W =1 THBDPE, NW* & W OMT5ITHh 5,
T . ,
W= NW = N ( ok ) _ (W) = () m
L, STOWRNR (f9) = [11), f2)g(x) do TEESNBIHALONETS 2 (FH2H 5 b L LoilE

2T W),
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MRE3.2.1 M2 C cCN BEEICEZoNLELT

C—Wf
Zii7z 9 feCN 2k k),
C 13 {w,} OMAEEGTH S, FEEE
o
C=Wf=(w wy - wy-1) jjl =wifi+wefo+--+wyo1fya
faos

N—-1
=Y fiw;
§=0

WA (HASRIT & 2 BRI Ko 2 A% 8 L 70)

I
Cowy 2 OWT
fi= e = w*Cy,
(w]’w]) N k=0
i
W= (")

ThHHrIEZRLTS, m

B 3.2.1 DEEBA 3 (F i) Ao (3.9) BITFIOBOEED S T a0 5,

W@Nnﬁﬁ%? % i TdH b,
2O WIT, (4, k) DS Wk TH BETH (W) 2HD ST ATHD (n, k) BATIE

Lok LN e L[N (ken=0) 1 (k=n)
N JM"N;;J j_N{O %hu%)_{O(%hu%)

N-1
= Okn.-

k=0

CNBREDREATIITH S C LR RT. Thabb Wl = (wh). =
b B IIBSEIICTH 5 C L DI, 2022 TIEHTINC 4 5 C & 2 DD IUSE L,
BB ERTBEIAOES (ToF ) LA, L0d AD% <, G 3 OFHREL Ko

T, G, 2 2 FH W T AL,

N-1
%ﬁ3z5%%#%ﬁwf\%ﬁf@%%bfu%%ﬁﬁ\%tﬁ:}j%w%@%%zaﬁﬁ
n=0

LTHDDT, IR ZIRE T UL, MDNEfT %2 5L <

N-1 N-1
= g E cpw™ = E E Cpw™ = E w’” E Cm, = E wvC,
n=0

n=0 m=n n=0 m=n
EHERET, 2 W O Wit TH B LA, W OWHEIFEIE f L3RBT, &
DIAD ST IR NTH A ), m
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EE 3.2.6 (W 25 &> EBIET S & unitary {TAICERDS) U= VNW LB &,

(3.10) szzz%v(w_nﬂ, U‘1::;%§VV‘1==;%§(W”0
b, u=w L IZEET S L, U D Hermite 5 U* 1%
Lﬁ:?%Qumyziﬁ@ﬂ):U#
Fhabb U I mitary (79105 5.
(LA I3 4RER) @ 13 Fourier R 1%
L S R
o

LEFRINDD
1 2m —inx _ 1 - nT
Cn = E/o f(z)e dz, f(z)= N _E Cn€

&%%Lﬁbf(:mmmﬁﬁﬁi{j%aM}@@%Lk:am&%LJﬂwc%me%ﬁmem

REEED S L, BTl LT U BEHIr N2,
EDXIICERLELZWERDBHZ2TINE, BiLTA2ABHETEZ LEIDTROHTEL,

ROXIICHEELTELDHTBLIEILTS, =

% 3.27 ME321 D2 W £T2EE, U:=VNW =
chs (DFH U =U" Zilr7),

(w™) 1, NFR7Z% unitary 17

%\H

ROBRONFIZ EICEZEL DT, 209 bHIKET %,

Rk 3.2.8 (MR Fourier DA LDEAEZTZRICLTH, BEANICHBWERUSEZ3) Fourier
AR G

o0

1 T —ine o nT
=g | @ dn f@)= 3 e

n=—oo

& . Fourier 2 & IKHEAF (Fourier Z#1% 3 Fourier 2443 5% L JLICEE )

Iy 1 - —iT. _ i R i
fio)= o= [ f@etan g = o [ e

DRI DOWTHEICEE L TH 523, BB Fourier 248 & Z O KHRA T (BEEL Fourier 28 #1 7% i #
Fourier Z#19 % L JLICEE 5)

1 .
Cn= g 2 1™ Zan

BRAXWIEL TS, &L A, Fourier & D /YT 2D RWEHAIZ 72 > T T (f 13 AIBE%L
T {c,} FMRBINITH 505, {f;} & {C,} BAMBINCZ %), &L A5 Fourier £l T3 &
bEZ 5,

F I Fourier Z#a, ¥ Fourier 24113, L*(R) I2E T % unitary ZHE I b DIZH>T0 5 (¥
TETRTHB LKL %),
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f1 w™!
f g f2 R (Pn = wn 2
fol wn-(N—l)

k%< é:\
N-1
f222%¢n

huE, CN DESSR {pn} 0Lk D fF OERICKR> TS, EEE,

N-1

(Pns Pm) = Z Wmi = Zwmw mj _ Zw n—m)j { ;m

7=0
T%%#%(’ ZAHE 312 DRICLTELAREDR), {p,} BEZXRZRTHS, ZL T, f =
E:aynkﬁﬁt%&%®ﬁ . ERRIC X 2 EROREO AR XU

n=0

o e BN A
" (ensn) N N &=

BDEPENBICHETH LD TH S, »

3.3 FFT [CDWT

3.3.1 EHZM

HEHC Fourier 22481213, FEFICHIRDOE TN Y XALDVEET 5, 2N %2 & Fourier Zif
(the fast Fourier transform) &FFY, LIXLIE FFT EWEELT 5,

BN 7L 3 XL OFHBIZENE S 2 (K (28], [29] & &z H X)),
i EOEEAEZBRTEL,

o FFT 1Zifll7e &2 L T a biFTldZe <, SR IN 2 DB Fourier (REEZ DS DTH 5%,
MR I DE DT, bRV DidETH 3,

o HEL N % “72 S A" DREBDOMIC mm%aag EELTE 5,

JRIZE D3 N 232 DFEFE N = 2™ (m 1FHARE) OBETH 5 (ZDHA L EH L Tk
RKOLWVL, ZOHELPHES RO HRVY 772 T7bH %), 2084, iTERIZ O(Nlog N)
Th b,

o FOIDY 7+ x 7T, B Fourier a9 % &, FFT i s LML TRW2S, HE N
@ﬁm FEEITRETH S,
LA, T CD TflEibNTWEY v ) v BN 44.1 kHz TH %53, 44100 = 22 -
32527 (broLEZ),
44100 + 1 (FFEH T, EPMEIZT,
L IC 272 b 22 2 U, 44100 X D B2 216 = 65536 DR,
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o (JEHICEHZ) BEHL Fourier 113 Fourier fR807%2 IR O T L 15035, Fourier fRE 5
F R L OB Z K % DITWEER Fourier Z2#8CH D, ZNHFE L 703V XL T
IND T EIERT 5,

3.3.2 Mathematica TBER{ Fourier Zi
Mathematica DI Fourier [f] 1&. BHED Y A+ f={fo, f1, -, [n_1} T LT

N-1

\/Lﬁgfnw”j (j=0,1,---,N=1)
(ZWMiR72) A b)) ZFHET 5 (2 07d3 Mathematica DBERL Fourier Z2#iDERK TH 5 ),

Wi InverseFourier [C] TIT7% 9,

ATRE 22 555 13 EE Fourier 2248 (FFT) Z2flio TEIREIN DT, ZEVBR L2 IFE2HIT 7%
WEEFIE N DEICERTRETH D),

Z DL DR Fourier ZDERIC T 2R 2T 2I1T1d, RO K ) A 7> a Y 2IHET %,

[Fourier [f,FourierParameters->{-1,-1}] }

3.4 HBFE: REBWBDIBE. RERKEHR, BAIERER

(L, S8R L TH 2 ZIRBEETIERHHT 2 IR BIE W ER ) 23, ISH EEH DT, £
DO LTEL, )

MO KT #5697 1213, #83E Fourier DG A T 23T U+ E ZEZ THEL TW 53,
FEERD T — ¥ B % T 28541213, BB D cos, sin ZHOWABEPEELRGALDH 5,

3.4.1 #Ef@: Bff Fourier 2% C,, A,,, B, OEER

[ R — C 3o OFMBA%E T 5, ¢, DEHEAZ (HIXEZ N 58 L 7)) GIAXTIE
PIL7zbD% C, EL7LHIT, a,, b, DEERZAEAATEM L bDZZNZN A, B, &
Bl

(3.11) A, = N Z fjcos(nx;), B, := ¥ Z fjsin(nzx;).

7272 L
h = ]\7;7 xj = jh, f;= f(z;).
ny by, ¢ DBIFRETBRIC, BUF D Z EDRD 32D,
(VkeN) Cyp=(Ay—iBg) /2, C_p=(Apx+iBg) /2, Cy= Ay/2,
(Vk €N) Ay =Cyp+Cp, iBy=C_p—Cy, Ay=2C,
(Vn € N) Ao, i (Aj cos kx + Bysin kz) = i Cre.

2
k=1 k=—n

{A.}, {Bn} DI N ORIBESTH 5,

f MEREZECTHIUL, B, =0 THYH., C_p =Ch, Ap =20,

f BB THIUE, A, =0 THDY. Cy = —Cy, By = 2iC.
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3.4.2 ZEEMBOBEE Fourier T

f R — R (ZFM 2r OIS E 5, f DEBUETH 2006, HOIT Ay, By € R TH 523,
TEEERL Fourier 213 2385413, Cnvy =C_1 =Cp EWVW I BB,

ANy = Ay, By = —bBy.

ZNTHAZ 72 (R A

N 753\{'%%&0) L& A07A17 Bl7A27 BQa T 7AN/271a BN/Z*I) AN/27
N 753\%?%&0) L& A07 A17 Bl7A27 BQa T 7A(N71)/27 B(Nfl)/Q

THD (N BHEBDEE, f2MTH>TH Byp=0ThHs I EITER),
% Z ¢, N JHEER Fourier 2% XD Xk 5 I1EET 5,
N DMEED L &,

N > (fO?flv' o 7fN—1) = (A07A17B17 T 7A%_17B%_17A%)7

N-1 .
2 2mny N
Anzﬁjz_;f]cs N (TLZO,]_,"'7?)7
N-1 .
2 2 N
Bu= 3 f~sin% (=12, 5 —1).

N DHEHED L %

N—-1
2 2mnj N -1
A, =—= = —
n N . f] CO N (n 07 17 ) 9 ) )
Jj=0
N-1
2 2mng N -1
Bn = N f] S1n N (n = ]_,27 s T)

11. OS B SlIl — 0 1 c N 1 .
( C N > (j ? Y Y )

(CT7nr 7 az2HESGA NORD int THIUR, N SEHD & &, N/2 Dt L THB, N

DMEELD & ZIIMEDDRUC0ISHRD XY DMEKIC 7 5 2 & Z2IKHAIT, By, ZitlEd 22580 R
THZEICTUE, N @ﬂ%%\ﬂii 5. for (n=0;n<=N/2;n++) & % \>|F for (n=1;n<=N/2;n++)
LG L— FOMETUSE . AR RETH B, )
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3.4.3 BEEIRBRZETIIR

KT IcE#RERR S,
(for fr,--- fn) ERNPLSEZ ot b &

(3.12) A, = % (fo +2Z_1fj cos%j + (—1)"fN> (n=0,1,--- ,N)

EEE, ZORTEZ ZER

(fo, f1, -+ In) = (Ao, AL, AN)

% BHECRIGZTR L WSS,
Z3UE RV p 5 RVHL AN HEC, Wi

(3.13) fi= <A0+22A COSTJ-F( )jAN) (7=0,1,...,N).

(3.13) DWEHATH 5 Z L%, [BEERT 2 2 & D AMRETH 523, Hilfili £ CIZEIH L 72 BEEL Fourier
EHat OBARE IR T, 2N ofRE2ER TS L1275,

FiF A, 1F, f & |-, w) [EBIBIER L 7220, B 2 OIEE%E LT R IR L 72
B%c% 2N JEEERL Fourler L 780 oY) L

A, =20%N) (n=0,1,--- ,N)

EW) BfRICH B
f:[0,7] =R 252607 E &, 2R k91 R &FRIHERT 2 &, f 13EHH 27 @ IR
. oM TH B, 2N HEHEERL Fourier 211 X 9,

2T T

h=on=5 =il fi = f(xy)

LB,
2N HDBERL Fourier £24% C,,, A,,, B, 12X L T

Bn - 07 An - 20717 An—|—2N — Ana A2N—n - An

DD LE, M2 bDIE Ay, Ay, -+ Ay BT TH 5,
wi=expt LT D, fonoj=fj=f;, w "D =W THEN5,

2N—-1

Z Sy~

N-1
fO + Z fjw_nj 4 wa—nN + Z f2Njw_n(2N_j)>
- st

==

2| =

fo+Zf] iy ) (—1)%)

==

- f0+2jz:;fjcos7rjvﬂ+(—l)”f]v> )

82



O HIE, i 3.2.1 ZHWT

2N—-1

=Y Cw" =Co+ Z Cpw™ + Cy + Z Clon—nw N =7

Jj=0 n=1
1 N-1

=§<A°+;( )
1 : nj
:§<A0+2ZA COST-F( )]AN>.

3.4.4 BEBUEKZ I

INHHRMEIRTDICEREZIBXRS,
(fi,--, fvo1) ERNUBEZ ot & &

1 .
(3.14) B,=-—-Y fisin—> (n=1,2--- N-1)

tEE. COATEL 2EHR

(fi, far -+ fno1) = (B1, Ba, -+, By_1)

% BERRIE SR ZE {0 & 5T,
ZAUE RV 6 RV ADRHGC, Wi
ply ™mj
(3.15) fj:;anmT (j=1,2,---,N—1).
Fix B, &, f%& [-m 7]l ’%Bﬁﬁt#%ﬁttﬁé 2. R 2 DJIREEE LT R 2FICHERL 72

BH% %2 2N JEEEER Fourler Bl 780 oY) L
B, = 2iC,

V) BfRICH B
f0)= f(m)=0%Wi7zT f:[0,7] > RVPEZoNEE, LITBXRZ LI IZ R LFICHEET 2
&L f IR 2 ORIIHEIE, oA TH B, Tk 2N THEERL Fourier 2481 X 9,
2 s

=N W
& B, 2N HEE Fourier 124 C,,, A,,, B, I LT

l’j:jh, f]:f(I]>

An — 07 Bn - 2ZCn7 Bn+2N - BTL7 BQN—n - _Bn

MR LD, EHIT Co=42 &1 By=0, Bon-y = —By &0 By =0 8%, #iF, Mizk
bDIE By, By, -+, By B TH 2, fo=fn=0, fonoj=fj=—f;, w "N =0 THS
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. 2N-1

B, = 2iC, = % Z i~
(B S )
N1

~.

N <
7j=1
2 Nflf g
= — sin ——.
N 2213y
7=1
I. fidE 3.2.1 ZHwT
IN-1
=) Cw =Co+ Z Cow™ + Cy + Z Con—pt N1
7=0 n=1 n=1
| V-1
=5 Z (Byw™ — Bw™™)
n=1
i ™j
= B,, sin ——.
2 si N
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B4E FFEIESOD

2R E NS RER

(T ZiE, FEBRIZ Mathematica Z{# > T

KL AaNoib I L2HELTCHWALTH S, KX
FATH, RS OhonvitEbns, )

4.1 FIP->THES
4.1.1 %\

(1) COBED WWW ¥4+ 96, ¥F—DFDED WAVE 7 7 A )L guitar-5-3.wav Z AF
L2, B2 AREIA (FAZ by TEpA—LFT 4 L2 MY 4 E0) ISRET 33,

—IFNVTAFLT(LDLIL) TAZ by FlcaE—

curl -0 https://m-katsurada.sakura.ne.jp/fourier/guitar-5-3.wav
cp guitar-5-3.wav ~/Desktop

(2) Mathematica Z#EEI LT, ALV F-T4L 27 V4% (1) DT4 L2 FV4ICT 5 (F—2A
T4 L7 bV A IR L GBI T B0 e ),

HEW R a< v FiE, BIZIET A2 by ZIRE L 25613

~/Desktop (ZT&H)

[SetDirectory ["~/Desktop"]

FileNames[] EWIHI A Y N T, ALYV EF T4 L7 M RICHET 7 ANZEBRFRRININS,

4.1.2 guitar-5-3.wav DEF Z & Fourier £#9 %

(ZZONFEEFHDBBETH S, BAALT0D /=7y 7ONRETNULH S, )
BUF DFBRONFEIZ, BB LA L R—F (il [30]) i<k <,

WAVE 7 7 A )V Z GERIA T
fname="guitar-5-3.wav"

snd=Import [fname, "Sound"]

INT7 74 ) guitar-5-3.wav 2 A% snd ICHAIAL (snd (X sound DO D), K7 v z2Hfid
HOHETE S,

'https://m-katsurada.sakura.ne.jp/fourier/

2HENREL TR TH . snd = Import["https://m-katsurada.sakura.ne.jp/fourier/guitar-5-3.wav","Sound"] ) X
912 URL Z$54 L T Import K225, HTRHC Ry MEGIDSLE RO T, AN L Th  ODENTH 5,

3212, Safari T, EFILADS 7Yy 7 LT, T Y2807 7 A VENZLTY Y v a— ) ZER
LT, FAZ by 72BERTIUIR L,
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Frr IV (1HBSE) TN 2BLATLE) T =Y DRI ZMERL - ITUL, XD LI I
TIUTR WA,
Fr v RNVEB T DORE (Vv 7V OHER
ch=AudioChannels [snd]
len=AudioLength [snd]

YT v T THBEEIERD K ) I L THEFTE % (st (3 Sample Rate D2 % D),
VAUV RN Ck S 3

sr=snd[[1,2]]

( T Z ﬂ@i 7\— T A e ]‘ U V4 7 C. <<"Units‘"; sr=QuantityMagnitude [AudioSampleRate[snd],"Hertz"] & 75)\
sr=Import [fname, "SampleRate"] & 2 /iNBITHELR DS HILL\»DH3-)

“guitar-5-3.wav’ DYH, 44100 £ %213 TTH D, HHMH CD LEFU, 4.1kHz Ew) P
TV 7 L—rTERELEIEZRLTVS,

AT =F13RD LI ICHET S, JHUIAT LA DEA T, samples ICEF ¥ ¥ IV D,
rsamples G F ¥ YV FNVDEBASL, €/ 7 NVDEAIL, rsamples=AudioDatal[snd] [[2]] I¥X
77—l 5DT, ZNUFAIET 2 LR\,

g AL T — & O .

samples=AudioDatal[snd] [[1]];
rsamples=AudioDatalsnd] [[2]];

HH0 I

{samples,rsamples}=AudioData[snd];

4
(fhic b samples=snd[[1,1,1]1]; & 7> sl=Import[fname,"SampledSoundList"]; samples=s1[[1,1]];
DEIBFEVBD S, )

samples 2°56 3MFDT—F 2O ML T7ay FLTAHLI,

s3 = Take[samples, {1, 3*sr}];
g = ListPlot[s3, PlotRange -> All]

(v 7V v TRRPEEDY st Hz DT, 1225 3*st T, 3WFDT—F L) T LIZkD, Takel]
GV A6, HELLHEHDO T -7 20 MIREETH 5, )

Take[samples, {62800+1, 62800+sr}];
ListPlot[x, Joined -> True, PlotRange -> {{1, 1600}, {-0.3, 0.3}}]

TG D IRD 5 D1 62800 FHIAD 22642 DT, 2 I96 14T (sr x 1s = 44100 D7 —% %)
IO HLTx &L, ZDJEH 1600 f#4r (1600/44100 = 0.036 #47) vy b LTH, ZTidtak
AL THRDSERV,

[ListPlay [x, SampleRate->sr] ]

ET2E. MOV LT =% x DBEZRLT I EDNHEKS,

4pudioLength[] DFEHIZHANL (samples) 23DV TW T, Mathematica TOHAML DT \NTT &2 HI S e\ & I b K1
72>, len=QuantityMagnitude [AudioLength[snd], "samples"] & L THUfIZHIFRT 522 L3 TE %,
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BIERL Fourier 2241 L T, AWEBR D ZTARTHA L I,

¢ = Fourier([x];

ListPlot[Abs[c], Joined->True, PlotRange->Al11l]

x DB Fourier 248 ¢ 23R, MiiHitiz 7'vy + Lz, 206 BERO A HATE S (137,
Abs[] DRHDIZRe(], Im[] £ LTHLD (G Dz wiine, C, =Cy_, DBRVHZ % ?)

o

~
(* n1~n2 OHFPAT |clln]ll 270y FT5, *)

graph[c_, nl_, n2_] := ListPlot[Abs[c], Joined -> True,
PlotRange -> {{n1, n2}, {0, Max[Abs([c]l]}}]

graph[c, 1, 1600]
graph[c, 120, 140]

Manipulate[graph[c,nl,n2],

g {n1,1,Min[Length[c],2000],20}, {n2,1,Min[Length[c],2000],20}] )

HPHZ XY > TRRNT 52 LT, E—27 2L TARL (AN O TEMZ T THT), FEfhc
HCTRTELZD, 7o/ 702F0CHEET2 2 EbHLAVWTHS I,

E—2713 130 HEHTH %, 2% |Cla| BIREV)I I ETH S, (VAL ¢ D1IHFHDOER
c[[111 12 Cy THH. VA LDHEEDFHFS & Fourier REBDA T v 7 A1 $NTW5B I EITH
BT5,)

CHE I DX Y —DEDHEARR WA 129 Hz ( FORPEEL 131 Hz 138 — Ko7 D) TR WS,
B LN (PREDEE) OF 2a—= v IREb b7 - EEAS, ) THHI EE2EKT 2,

FIRDOREIMOE (7 /7, Va—F—, ) ZASTHEREHERS AN, L TAHA LI,

i Fourier 2L CILIZIR 502 ?

x2=Re[InverseFourier[c]];

Norm[x-x2]

Fourier[] L7 7 —% % InverseFourier[] § % &, JLICRS 13T TH 5D, ADRAIC L D5
BIF—HLRVOPEETH 5, FHCHET - ICBRS 20D T, thr A a5 2 ¢
DBH b, MEEICFER T —7I12T 5701, x2=Re[InverseFourier(c]]; & LTH 5,

RDH UL https://m-katsurada.sakura.ne. jp/fourier/mathematica-memo/node13.html
BHTALY) (BORBEEDOEZ Ay F T2 — 209 bIZETLITNY),

Mathematica XE
(LEH)
o In[#] := LE) 70y 7 McHLT, a2y FEANLT, BIC [shift [+ enter]
o 7B TAY TA Y NILT BV B,

e Mathematica TERIFADEIR - EBDOLHENE TRKXFTHE S E\VWIHIL—ILZE5F> Tk
HTH 5, Pi, Plot[], Fourier[] % &4 L, HEBDHED O &k 24011, %4 DHFEDIEIHE
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https://m-katsurada.sakura.ne.jp/fourier/mathematica-memo/node13.html

D F% RKXFIZT %, InverseFourier[], ListPlot[] & 7% &, 2 —H =2 H TEE -
B2 E&RT % L &, AHIDOLHDO X FE/NLFIZT % L, AHTOMEEIIT %,

N=1 L L7682 L», — KXFIEPOTn=t DXH)IT/PNLFICTEE, (FERE N ©
AL TBOEPUEZ KD 2B N[] EHETBEEL T» 5, )

o 4 = Import["Wave 7 7 4 V4", "Sound"] T Wave 7 7 A L& atAIAA TEEUTIA
T&E5,

e Mathematica Tld, X7 F)LRfTFlEY A TR, x={1,2} &£ a={{1,2},{3,4}} & &,
x D 1EITIE x[[1]1]1 T, a D (2,1) HiTid al[2,11] TEE %,

e YA b list D ni~n2 EHRZHY HTI21F, Takel[list, {n1,n2}] &£T 53,

e c := Fourier[x] T. 7 M (BfED ) A b)) x Z B Fourier Z244 L 72X 7 bV (BfED Y A
F) 23 clifdoinsg, ZOMEDTUEICADE 5I2ld c = Fourier[x, FourierParameters->
{_1 > _1}] k j‘ % o

e x = InverseFourier[c] T, X7 M)V (BHHD Y A ) ¢ Wil Fourier Z2#1L 72X 7 L
(BHED Y A ) ¥ x 16N 5, ZOFHRDIMEICADYE 5121, ¢ = InverseFourier([x,
FourierParameters->{-1,-1}] &9 %,

o ListPlot [ZfiHY A F]
TAHERC Fourier A TR HMEY R P29 £ &, ADIREICE D KRFEETH 2 H DAL
DI LD (BWOHANED /NI W) BRI >TH) FCMBTE R, ZDE F

C x = Re[InverseFourier(c]l] ]

Dk ICEBEIS (EHBE 012U TT5) &R,

e ListPlay[#(fiiV A I, SampleRate->Y ¥ 7'V v ZJHIk#] THAETE 3,

4.2 PCM IL&BDBDTIVFIESKHR

T EFELRN R T M TH D, THD D EE JIEDE D0 & E D) & FHE IR 2L
T2, HHEE )05 LN 2 BE & WL, FHORMZZ 38T 2 2 & oF 2 it (BT Bk 2,

PCM (pulse code modulation, »$V AFFSEH) &1k, 7Fn 2ES HREEBOBE) 25724
MEE (BEREBOBE — $5) BT 20D 1205 ETH), HFHRACD, ava—¥—
DTTYYN - F =T 474, 7YY NVEHFEEEENLEA E LoTw s, BAENICIE, RO DIk
<,

(a) —EDRHHMCETDOMEZFHET 2 (W TU2TT5, Lwv))

(b) BEZDMEIFARKTOBTRET 2 (BFET S, L))
RO 2 X[E 2 ZERFR I > T, o & HEWEICHD 5 2 & THEET 2 L &, LPCM
(linear PCM) &9,

N 2 THEZER () T80, BERNAETICEIN TR 2EELL (T e S
BEDPSTYIIETITEHT 20D T AD Z#t (analog-to-digital conversion) &9 ), BUfili % frdk
T52LIXi%%,
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YUY ITRABEE &, 1 BRIy 7Y v 7T haEKLTwE, 7Y v TR
BEIZE, XD ECABERO SR TE S L) 12k 5,

B CD (1980 412 SONY & Phillips I & W B LS 1172°) Tl ¥ 7)) > VT 44.1 kHz
DEH I N,

T 7 v TR 44.1kHz k3, 1@ﬁm@mmE®%—&%%ﬁ?5&m5:am&%o
DA I N B ENIE ISR OB IC

(a) AMEDEERC 2 LK 2 H DAL 20 Hz ~ 20 kHz L FEbNTWV 5

()ﬁ/7U/7H&Wi BAELZZVROEHCEDRBEBD 25X D RELT2HENDH 2 (2
FE TR T2 YTV IER (EMS1.1) 2BILE T2, LEHINS2Y, EH 3.14T
HE2ZEBHHEES I, ),

DF D, A @EICEC 2 ERHRD F 2Rl - ARSI, v 7Y v IR EIE
2x20kHz =40 kHz X D &< T 24088 H 5,
AVEL—F—TUHT LI 2HE25 L, TAERKOHK, 13, FEL 2EEOERITO%, &
W) IR B, %@W@ﬁﬁ(ﬁxkﬁ)%é?mehﬁaﬁg

SE Y MDA 28 =256 B, 16 € v F DEAIE 210 = 65536 B CERBLT A EIck b, F
:ﬁﬁiCDvCi\;EE%KE,/Fﬁkka(\16E/1Fﬁ$ﬂﬁgzlto

P TTEHEREBETLE Y FEDEPRKEVIZE, TOEFICE YV EELTFT - BELN
LB, bBLbAAT—YDRIZFNZTHART 5,

% =

R 4.2.1 (CD 7L —V—RHFEHRO/NY AV EKITOMRIB) &2 CD T, A7 LA (2ch) 2
e D T, 1 BHHY .

441k x 16 b x 2=1411.2kb = 176.4 kB = 172.266 KB

DT —=F VN5 2 LIl b, 17HTIE, 2D 60450 10.0937 MB (2 2T 1 MB = 1024 KB &
V) ER) DAL D T LIS B, 1982 4R REIC ﬁ&LTthA—A7w&ﬂ%ﬂFﬁwT%%7

By EP— - FTARA7OKEIZ12MB BREL>LDOT, 1 7OEEESZHERT I, 10TV
TRy E— « T4 AP ELE S57-2 L &%o_hfiéﬁimmfi&woCDkw5%Lw

AT 47 (74 TRERSRHKR S X 91295720, 740 MB OF®EE o 7%) DB - 7 DIFY
RO ETH D,

ZIUTLTH, 016 FEHE, 7uvyE—T 4 A71FbB2A, BHHCD S Z2bHFEHHICLA
(> TLEo7, ZOMOEMOUIDZFHD ) DI ITEL W,

%@%%&Lkmm3@u\5%m;of\?—&@ﬁ%ﬁ%i%ﬁﬁi@&%(?%:aﬁﬁ
KB EHIchot, m

4.3 HERODH

4.3.1 —EEDEZ

(CNETHVERIZ ¢ LB ENSDok) SHEEL2ER 2 L X, HOIEHIIL %D
T, 22Tt EFEHCZ LT B,

EEOMZOLDIE ¢ TEOTHS, DFVEEE 2t) ELTVRIARS VDT, 2ITH2
TUHED

SEEMD CD 7L —Y =IO THGEI N DIE 1982 FETH 5, UL I 16 EY F CPU w78y 2
UITHIRENETH o7z, IHFEEEEE L TE, 1.2MB OFEDO 70y E— -« T4 AZBIAL bt T,
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JAEH T OFHABEE 2 R — C 1ZXD X 9 1T Fourier #EEEIH K 5,

(4.1) 2(t) = Z €™ Tt (L €R),
(4.2) :—/ e FLdL (n e 7).

HE OB, MPlOWE f =~ 'Ci)é 5 on HO R ﬂ BB n|f. no FEEDOR
BE ngf ICRIET 2Dk, n=+ng @Eﬁif%%o

—JAWIXHE [0,T) 12 N BRE (v 7V ) T8, VTR T, =T/N, ¥ 7)) v
TIPE fo =5 TH 7V 452 LIlks,

X[H [0, T 0) N E3R t; = jT, TD o O x; = z(t;) 2%, 2D & ZHER Fourier fR%L

C, FXATHEZS5N 5,

(4.3) C, = % Z a:jw_”j (neZ), w= 2™/
g7 — ) R 8 {C,.} iﬂﬁﬂaﬁﬂf}’)%@’( Wi d 2 N H{C ) Zkonudt+oTh b,
HEle 7 — 1 ASHK {1
C, = Zcp
p=n

Z 729 (Z X, p=n (mod N) Z2iii7z T I XRTD pe Z IOV THIZEA, L)l L),

p=n

{C.} 226 {z;} Z2RDBIC WBEEL Fourier Z2H#1 3 1UX R \o:
N-1
(4.4) rj=Y Cw™ (j=01,...,N-1).
n=0

4.3.2 SEODOERFTIE

VTV TR s =441 kHz TH Y TV U T LT =806, T =1s 7DfES (N = f,T =
44100 fEO%E) ZHLH L <, By — ) =& HaL 72,
JHH T =1s OIES £ A7 L T Fourier BB L 722 L1274 5,

4.3.3 |0, (1 <n< N —1) BREBHH
u DSFEBAERE R DT, & = c_p DIRD T, S [eip| = |en]. FEBE

o / ety gy — / e e E = / (e T
n = — z(t)e ™T = — z(t) e T = — z(t)e =C_,.
T T J, T J; ’

—~ -~

(CF. FEBAEBIRC f D Fourier 24 f 12t LT, f(€) = f(=¢) AIRD 7D, )
FIRRICHERL 7 — V) ZfREUC D W T,

Cn = Cfn = Cany |Cn| = |Cfn| = ’CN7n|

NP ARVAON

Bl n (1 <n < N), fithh |C,] T7ay FT2L, EARNMICKREDIEIDIOTH S,

(M EER VI & EEET—F % Fourier[] THEH 7 —V AT 2 DI, KA E¥E%E
LT3 Zlidfidnwv, 202t} 270D FB (M Fourier RIXLHL L) 13H 555, 2 D
BECTRRFARFID LT ZN TR, L0 HHAEDOT, 290 I)iEEITEKT 2, )

90



4.3.4 5 n BORKHKIZ |n|/T

- T _ 5 -
(4U®%nﬁ@@%dﬁwéwﬁx%k%ﬁﬁﬁ%LﬂmHZT%%@zlskLT%%Ck
2Rz ),
c1, c_1 V& 1 Hz DG
Co, C_2 ¥ 2 Hz @)ﬂzﬁj\

|Clag| = |On_190] DR E S T ENE, MDY 129 Hz DT PRAE VW) ZEZEKRL T3
ZDRIZKE VDI |Coss| = |[On_oss] THo 72, 258 Hz DI ZDRIZKE LT LR EKL
T3, —FHE 129 Hz OBHLFICH > TR 5D, =201 RILDIRFFERTH L Z L0056,
%0&%?%50

% 4.3.1 (1 RIETDZDOIRE) £ L OkD (uhzz) IRE)iE, KO PE) X O W iE S AL iE R
HEETIVICED,

w(z,t) = ug(z,t) (0<z<L,t>0)

l
( t) =wu(l,t)=0 (t>0)
w(,0) = ¢(x), w(z,0)=y() (0<z<L).

u=u(z,t) 13 B AVOIE ¢z 1I2H > 7 OB ¢ 128 1T 22467 (FHEDALED S D) 2K T,
T %N, p ZMEE RIS YOHEE) L LT, cldc=/T/p THEZONZY, Thus
FIEEEOBIPDORIIZEHEL VL, V74 A ) Xy —52ETlE, BHEEZZ L THOEI
BT 5 Z L3RS,

COREDRIIRANTEZ 615,

(ﬁ) ( t) > . nmwx cos cnmt i cnmt
ulx,t) = mn—— | a, n, Sin ,
’ - L L L
2 L
/ o(x sin@dx b,=— [ ¢(z )Sinwdx
ent J, L

(4) D n THOFAR W1 %, Z DR % 2B TR R i (n=11205F 2)
DBBUETH 5, m

R 4.3.1 (B 1 A7 —7R8VCEDRERIZ215TH 5, HIEOERTIX, 14275 —713F
PF 12 T ICHS T2 (C, C#, D, D#, E, F, F#, G, G#, A, A#, B), P TIZHH DR
BOELRBINCRZ (LI LD, 2T 2003 TH S), Lo T, FEmoe & AL
2112 = 105046 - - f5IC %, E©F ) ORBEOHRMITICHZ A (F) O3, @ 440 Hz 1<
ENZDT, ZOTFD C (F) OF (CEH 9 HHEL) ORI

440
507 = 261.6255653 -+ Ha.

FOEEBED XY —DHE X :mib1ﬁ7&—7ﬁm\%%ﬁzmo&n-%E%m%ﬁLk®@%

29, FEBHIC |Craol ﬁ)ﬂ“ji Kot EHEBDF 21—V I ESEDTHS I D ? (i
@%f;bﬂéb<7’;¢b)@‘f %[]")“CL)Z)}\ i?)’lif??b)o )l
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4.3.5 &ELORBEIC

(FEDHIA DT, BEHIZIEAY F 95, )

FRZ I, FEBUZEABICR o N2 DI TR, ZOHEIE T =15 13, ZOF5DRMIC
%5 WHRMERD 5,

fli D7D, MBPE f OfEF ut) =™ 2E X5, 0<t<T Ttk L T, (M T ©RIES
e L TD) Fourier {REZRKD 5 & |

e = = / ) u(t)emmFdt = - / " mtrnmngy - L / Py (T —1)
T, T J T J iA,T '

772U A, =2n(f—n/T). 205

|e,| = sinc 5

T=1 S, f = 130.813 Hz D E 3\ n = ]_25’ ’135 @%ﬁf\ SlIlC(AnT/Q) %%&% k\

10p

\
\

oo \

m..v-’"?‘x...u...l\'.u./ﬁ\\u..f’.'
126 7 128 N/ 130 1‘\2% “raa

-02 I
4.1: 125 ~ 135 Hz DHiPHT sinc(A,T/2)

(Bok., BE0IE, )

4.4 Mathematica TDEHFDELD KLY
F£l& Mathematica @ Fourier[ ] 237 7 # —)L b TEHHE T 2D (C, TIE%K)

! = —1 NZ_lxw”j
n J
vV N o,

Thb, C, ZiltHI ¥ 51213, FourierParameters->{-1,-1} L \WIHIF 7> a vz 52 NILR WV,

Cc=Fourier [tb, FourierParameters->{-1,1}]; ]

LEIHT, BEPFEETHZ I Enb,

Cp— —— "

-



09 BIRDIE D 200, WRITAT — AR POV TIE, (G2 = L |CLF THBE 6. K
BeRDLD TG (ST —ART PAVPREL LD n ZEILHFARS), T74—NVEDEE
ffioTHRV,

RLDAVE2—F =2 TET—F 2K 72D DIERICOVTIE, (2R DHTIED %29)
THEOM D PSIZBIT 2 X €7 32 Ik 5 LN S, Import[], ListPlay[], Fourier[] & &
DT ZFHHI L TH 5,

bpjwnd = Tjw = zjw™ ™ TH DI EITTHERE K,
"https://m-katsurada.sakura.ne.jp/labo/text/memo-sound/
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BEE HYOTUVITEE

HEES 2 7Y v 7L CHES 2D BT 2 ik b, nofEs (B ofF@rEnl s
WEDLNSE DD, EDL SWRFEINTW2D0, THFKRFLZMETH %, BEH Fourier Z2#1C
bEZ D (EH3.14), T 2T TR Y f: R — C d Fourier 2T 2, 44T~
7 v SEEERNT B

filiam 2 RE IR D & &P EDRAPEL T DEEFN TV RWESTIEZ, 265 (ML) oy
TV TRBEETYH Y TV I Ll (v TV 7 ) T o HIHTES, EVWINETH 5,

fEAIIC I3, R o (IE L VL) ©h 288, AT 21CH72 5T, 2k ) FEHARNETS
3 (HELOHBNAEZTES) LE-Tw3,

5.1 EIE&GEH

DT o> 7Y v 7B OER L GEIE, RN [31] 22512 L 72 (Thix 20X OFH-EICIEH
LAwine, fhotas iz dce 25, #SEBEENLRHHO X Th2),

~

B 5.1.1 (Y 7YY JFER, Nyquist, Shannon, &) B z: R — C ® Fourier £

X(w) = % /_ ()
H
(AW >0)(VweR: |jw>W) X(w)=0
27975613, 20X W ZERIC—D->T
m
EELEE KA LD,
- sinm(n —t/T) = _
(Vt eR) z(t) = nzzooxm:r) S nzzoox(nT) sinc [r(n —t/T)] .

N J

S0, 1 DLLORBHRA E A E SRS, $Y T ) Y RS S = = (=2 x )

T Vs
TH Y ) S L RMHES» O EIGTE S, Sz 3L, U EOREERD 2 & hWES
. 2f by 7)) v SRy ) v S LT =Y o HITE S,
SEBR  Fourier a0 A2 HWHZ 9,

X(w):= \/%_ﬂ-/—oo z(t)e ™dt (weR)
B EE, KDY D,

1 - iwt
x(t) = E/_@X(w)e dw (t € R).
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RE |w| >W = X(w)=0&D, BOXKE R Z [-W, W] CESH#ZT

(5.1) mwzv%ifixwpwm;@eR)
ZoRIZFEM 2W DBIED Fourier fREORIBIT N2, ZhEEI I (2 L TRTFTEIR),
I o 1w |
(-2 im g [ X = o [ et
LB LE
(5.3) mwjiww_inMMmq

(X FAHIRECIE 2w, 2w oB%E h b k)i, [-W, W] DA TIFaEXRTERELEL
C. Fourier IREUBFAL 72, £EZ 5, )
(5.1) & (5.2) # R~ T,

v 2 1 /°° ~ 1
Cp = ——  — X(w)e gy = 220 (nT) = —Tx(nT).
oW v ) (w) o - (nT) or (nT)

Ik (5.1) IKfRAT % &

1 v T - —tnwT twt
x(t) = \/_2_71'/_1/[/ <—27T Z x(nT)e e dw)

T & ow (W
_ 2 : T iw(t—nT)
27T n:_oox(n )2W _We dw
= E x(nT) sinc [W(t —nT)] .

Wt —nWt= ”Tt —nm :71'(% —n) THIDOEmDOAZES, »

R 5.1.2 (AANLGRE) E505 2 BAL LOEWEERRTIEEE WV E VI REIZ, ZDF
SOSERTIY (FE D 5 CHRARBUEFATTRE &\ ) BBR) TH 5 Z L 28, GE03BEEGH D <F fifi i FH
WWET %, EBA%L bR\, T TFourier fhEDS, FEBEL E LERTENLTW S NIX, HF DiF
SR THRVGEE, PEGEEBI ZJWMAZZEICH D) L) X))o TwE T, DaEdR
SFELICR D, EEUBE L TWBENEIZ, EDXIITEZTBEDES S, BREHHIE, Y7
)y ERIZ, bLAABELMETH DD, ERICHORD TERE TV LR EDHEREIZ DK
T\, LU TWVWSE, =

5.2 Rik: BREREBLHE
5.2.1 EBRHEE

W) (LUTFEET) E6lE. H2EBH TR H 250D TL KEICRBLHIUIHIAT 2 D136
BETHAI,

LA 2 A E, ZIEAICC SADADBEZ 2, 0e T ALBL S~ bOHT (EE, ns 7 OM%EE

A LT RGAERDLR RV, 0 DEFIVEIIEDL DITS VD TZ ) ) T IR LA, JEHD 6 3R
T, BEEEDR T - LURNICA M Tw 5 2 L bEiED %,

95



Yo7 TEBIZOWTE, A ¥ A+ (Harry Nyquist, 1889-1976, A7 = —F ) % 1928 4
WWPE LI E%%, ¥+ /¥ (Calude Elwood Shannon, 1916-2001) 23> % / ¥ [5]3(1948 4 [33],

ZHPWNIE

5]) DT, B B SRR [34] (1949 ) DT, MNZICEEWI L 7223, $l3 v > 7 d Kotel'nikov 13
1933 FEIC 2 DFERZI/ T, L) ZERECALGNTWY S,

YRR T, b5 L2 2 & AHBET, MO AR E LT E. T. Whittaker (1873-1956,

JERECHDREK, Whittaker-Watson [35] &\ 9 FHEDIHA) HY 1915 4RI, E:éé%zaﬂ (1885-1962,
Bepsl - BFBEDIH CRERAA BN TH 20, THWIHiigize LTwieid ) 281920 FIcfF
Tz (Butzer fill [36] — ZAUIMHET R E G D Ltk v, Whittaker DIFAFIET, NEDIX
ELLKY Y PV IEMTHS, EE->T0EE)ICHD DL, A4V« AN —LIZHWL 5o
TR IEER D 0, LB ) AL DRI E, Whittaker IZLTH/IMEICLTH, LT
A F =R ATEREVDT (IMERIE 7S SAVZE I L), Kool i ED LI ITHRZ
BRED, BZIAATLED ., ),

—HT, BN ED L) KIEHINE0E, EEFKR LA BT, 20BN A
BIZHIG NN ED3H 5, L) DUV H 5, FEERICHEZ KL 72 NiEPIHATICH
RU, 20280 B2 2 2 LIZHEELERTDH 5, BHEEHERY2R "HE - HREEY
RAINZ 100 FFERLZ < A VA b —b— 100 FEOFEZIR D IR AKICEE S, 37 2H 5 &, @fED
TEC, RAOEBEBIEFICE CTHES N TV 2 2 EBR TP 5,

5.2.2 INEDTFEE

BN A2 RO 2o s b s o, 2 LEBRHEZIEEL £7,

(M)

sinc 13 XEDRERIED Fourier ZH#1TH 5 DT, HANTH S, L) ZLIFHETZ L THA
9o sinc DIEHIZ DWW TIE, “Sinc numerical methods” &> & DA3H % (Stenger [21] VEEAR),

27 Certain topics in telegraph transmission theory” OHCHHEIR W OES X T 51X, v 7)) v 7%
1 S . NN = .
W DINIC T 2068035 5, LidR7%Z ) TH % (Nyquist [32]),
3“Communication in the presence of noise” D TEFZEILT 2 AXNEZEH L 72,
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BE6E BHEEFM Fourier Z#1& Fourier
77—

6.1 BEEEFR Fourier Zif

1E &R S 70 W Z IR A TSRO EHREDN { [}, % BEEIES LT3,

HERUS T {fotnez 13 fo=f(n) ET52 LT, BB f: Z - C LAY S, MBS T2EDE
“7z Ct TR,

[ OBEREERE Fourier Zi (discrete-time Fourier transform, DTFT) & I,

(6.1) Ffw)=flw):= Y fln)e™ (weR)

TEHRINZBEH f O LRV,
FiE. FIZEW or OBBTH 2, FBE,

w—|—27r Z f —m(w-‘r27r) — Z f( —mw i2nm Z f —mw o )

n=—oo n=—oo n=—oo

P21 w e [0,27] (BB we [-7, 7)) TEZNEHHTH S,
F(n) [ZBI%L D (—n) Fourier fRELE AR 20T (Zhid b oA LHRT 5] L),

(6.2) ﬂmzé%[fﬂwamau(nem

DL D SED, TN BERIEFRE Fourier ZOREBANTH 5,
- LD Wb SR N
RDEIICHEZOND, m#n £T 5L E,
) ) ™ T i(m—-n)w 1T
(e—znw’ e—zmw) — / e—znwe_zmwdw — / ez(m—n)wdw — |: 6 ):| — O

ilm—n

THDP5 {7} BELRTHD. (6.1) FERRIZLD [ DERTH 3,

™ ™
(e—mw’ e—znw) _ / e —inw —znwdw — / dw = 27
-7

—Tr

THBNG. e DI f(n) I

f(n) - (efinw’ efznw

N y
IEFRAIZZ 0> & WORDSTEIC 72 223, & B RRE DA H 5 N2 nRICHHIC i TE < &
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o {f(n)}nez 12OWVT, HIRZ 2L ¥ —5AF Z 1f(n))? < oo (PED {f(n)} € 2(Z) £\ )

L) RBUEEA. feL20,27) THY. (6.1) 13 L2 2B 35 L BRI TR,

o {f(n)}nez 12DV, i f(n)] <00 EWIEME (DFD {f(n)} €MZ) LI T k) EH

&L (6.1) DAFRRICHOSIDR L, AN 2 BI% & 72 5 (Weierstrass @D M-test % i
I, Ao TwB ANIZE>TE TR H 3 ).

6.2 Fourier 77X VU—0D—EFK

TN E TITH TR, Fourier 2244, Fourier &% (Fourier fR%4). HEHURIH Fourier 2544, it
Fourier £ —%a# 2> TEILL TH L I,

BN BEERID A1) X 27 L Tld, Fourier 21, Fourier fR%E( (Fourier #k#1) 12D\ THEZRDI,
Bt Fourier 2844 (discrete Fourier transform) %°. RN E] Fourier 222 (discrete-time Fourier
transform) 1A%\ 2 &% 0,

R BIED AT 2D E £ FETR/AEY
o ey L[ —ixg fi/oo F(£) i€
R FoBI% Fourier Z f(&) = Nor /m flx)e™™dz  (€€R) | f(z)= ) F(€)ede
2m oS}
R Fo IR Fourier £R%X Cn = %/0 f(x)e ™ dx (n€7) flx) = n;oo cpe™®
o0 2m

7 o (M | BESRIEER] Fourier | f(w) = Z fn)e™™ (welo,2n]) | f(n)= ZL Flw)e™ dw
{%%) E@ n=-—oo ™ Jo

| N2 ‘ N-1 .
Z J:@%Eﬁ%gﬁ %ﬁjﬁi& Fourier Zﬁéjﬁ@ C, = N Z fjw—n] (0 <n<N-— 1), fj _ Z C,w™
(RN S 5 ) =0 n=0

e ()
Lids CBHE,

ADPBEAP TR ZEICHEHLE Y, (ZORICHIUL, o PE 22 bR TINE, 21
EPoRnTEWVE, )

Endbwvbws 8, chh, zhzh (BIAIF) L2(R) — LA(R), L*(0,2r) — 3(Z), (*(Z) —
L2(0,27), € = C ORME S LB (- + #BFIART 5 &, WHERD L 175, ),

HEfL Fourier Z#213 . Fourier f—f*ﬁ%i&) Z)nfﬁ@%ﬁ%ﬂﬁ ERBTIENTE S, 2N (EBLE
DFffiiZ T4UL) CV Lo =%V EHIZ L > T T, MEHINEGImOZ#E RSP b DIk 5
(ZDH7-D 3, EBEORE % T1UL L2(R) Lo =%V EHuc7 %, Fourier 244 & PITHK 2 D
i?zu\nﬁ’(%%)o

— 75, BEEBORH Fourier Z28#13, B Fourier 2841k D & & - L HMAEMR D3, BeAmvicix, B
U Z D Fourier fREZWNIEI ¥ 2 EROWGHRLEEMEFA 2D T (LOET21TH L 3fTTHDE
BREKBARXDE T 21T ERNTTHL905), FEH->T0bE I EIlkD,

S0 o MEERZZEZ 5 2 LITATRER L) DY, Fl 218 TEERORIRE] Fourier 2848, | THEHL Fourier
i, 2 ZznFi TEEEL Fourier 241, | THEEL Fourier fREL, & TR DR Tho/lr 9 &
B9

R _EOIHB%IE, R LOBIETH 2506 Fourier 1% §25 2 L EFEZ 6N 50, FMIL 2
ERABFEBMLTL X9, BEEGRZHV2 &, TIVYBETET I Lok 5,
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il
¥
K
Y

BTE

7.1 RXU®IC

% e BI%L (EefE 7, BEAE5) (ot LT, BdHAH (A, convolution) f+ g BERTE %,
Z DEFRIZBIL T % D3,

(7.1) frxg=9gxF, (3 HI))
(7.2) (fxg)xh=fx(gxh), (f& AR A
(7.3) (fi+fo)xg=fixg+ faxy, (ECERN & 5 WIS D —EF)
(7.4) (cf)xg=c(f*g) (ML DIED )
(7.5) [f#0 N fxg=fxhl = g=h (BR T DIEAHE)

nE, FMEORIZ ) RWHZE S (Ths bl
Fourier fi#fT & DR TIZ. RVBEETH 5,
B AIAAD Fourier 2%, Fourier Z#DEICKE 5.

(7.6) F(fxg] = EB x FfFg.

(EBDMNT 72 2 213, BAIAAS Fourier ZHDERDIRIC L 5, )
BAARIC L, WIS (b &%) ST 5 935 5,

(7.7) fe6=7.

FEROBBU LTI, 01374 7 v 7 D7 V7 MBI (5B O BB ORI Z 13 A1), F 7
BUEH IS L Cld, 6 EHALA VSV R § = {60 tnez = { 0,0, io’o’oﬁ"'} 5.

TIVE § D Fourier BT EREIE 1 TH D, F-EHEIE 1 D Fourier 2H#l% § TH %,

(7.8) Fo =T <1, Fl=E8x.

R0 BB 2 B, BAAAR Four1er EHADERDWEIC X 5, BARWITR T, R
TEEINBED Fourier B¥a%x 22z 52 LI12T 5 L,

—_

7o) =, Q) = VIR
DD LD, HBE RHIOERIE, LHED fISR LT, Ff = F[f «0] = VorF fF5 TH 5 5l
BCcE3, 205 Fl(z) = V216(z) DR SN B DT, T Fourier 24235324, Fourier 2544
BRE D) LI BlOERE LT FL(E) = V2r6(—£) = V2r6(E) Bt s,

ﬁ
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7.2 BHMAHFDOIEANESE

DTOZNZENDEHEAIT, fxg% f & g DEMAH (B, the convolution of f and g) &
I3,

—ODYEERE, INEMETH 2 CIZERAITH 206, KT 20 L a0 MEIc R 20, 2
FE D HATHEICL BV TE S,

fLg: R=CIZHLT, fxg: R—-C %

(7.9) frg(z) = /OO flx—y)gly) dy (v € R)

WK DED S,
JiA 2 OFIMIEEE f,g: R - CIZNL T, fxg: R—=C %

(7.10) fxg(x) = % /_ﬂ fle=y)gly) dy (z €R)

WEDEDS, THUIEA 2r TH B Z 3T 5,
f,g:Z—-CIZNLT, fxg:Z—-C*%

(7.11) frgn):= > fln—k)gk) (neZ)
k=—0o0
X DED S,
JAMAN @ f,g:Z - CIZN LT, fxg:Z—C%
(7.12) frgn) =Y fln—kgk) (neZ)
k=0

7.3 BHAHDH

BENETOH (TPFIL - 74N T =) ZTDHAAL VTHHTZD T, 2RI DHI% <
D,

7.3.1 Fourier ¥ ®D Dirichlet %
JAH 2r DBA% f- R - C 7 —) BB D n HE TOMI

$p(x) = % + Z (a, cosnz + b, sinnx) = Z cpe't®
k=1

= k=—n

\%. Dirichlet # & WE-IX4L 5
(7.13) Dy(z):= ) ™

ZHWSD E, RO XHITEREIND,
(7.14) $n = Dy, * f.
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SR

= lﬂ /_7r f(x)e ™ dy

& 1 " —iky ik z
zk;ng/ﬂf(y)e Myt = / 'fy)dy = D, * f(x).

Tk=—n

ThHHN5,

%8 7.3.1 (Dirichlet #%%ZXK&®3) nc N, 0 c R\ {2n7 |n€Z} LT 5L E,

sin [(n + 1/2)0]

Dn(0) = sin(6/2)

slEEA

D, (6) = Z _1+Z ik | —me —1+2ReZe”’“9

k=—n k=1

REHS ¢ £1 TH 206, FHBINDMDAAIZ X > T

E:ﬁw—wﬁaw"l_em”””“—éWQ_eWvae_awg
1 T e 1 eif2 -2 2isin(0/2)

—fIz Re% =Imz THHD05H

Im (e H1/2)9 — ¢i0/2) g sin[(n +1/2)0] —sin(0/2)  sin[(n + 1/2)0]

Dyn(0) =1+2 2sin(6/2) o sin(6/2) B sin(0/2)

- Mathematica "C Dirichlet #D Hifxfili & (B 4 7T) ~

Di[n_,x_]:=Sin[(n+1/2)x]/Sin[x/2];
Di2[n_,x_]:=Sum[Exp[I k x],{k,-n,n}];
g=Plot [{Di[4_,x_],Di2[4,x]},{x,-3Pi,3Pi}]

(Dirichlet # X I 27 e DT, [—m, 7] TZ 7 7 Z#MFIE 37205, )
- %

fHEEREO LI RO L &, Mn%—f( MR ERT) DD LD 2 & s “HEBRTE S
X9z, HEEOEKT hm D, —575>5U)_L“)

7.3.2 FRBIZHSDH
(AR 12 2 Dflhs—Fbir b B, )

J—uvOFEINC X % &, RN SICERE 1 O REM (BOLREM) b5 L&, Z0E
DME B BB, WY YR T

1 =«

Ey(r) = ——.

N AN = 1

(SI $1J;%\“Ni\ E%O)%%ggl ;CE €0 k LT Eﬁ(l’) 4—W k g%% v) fCo )
TEQ |
7
leg = 41002. Z 2T e 3T, ¢ =299792458 m/s. T 5 gy = 8.854 x 10~12 F/m.
/I
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nE7)= Did[n_, x ] :=8in[(n+1/2) x] /8in[x/2]
Inf28]:= Di2[n_, x_ ] := Sum[Exp[I k x], {k, -&n, a}]

Infze= Plet[{Di[4, =], Di2[4, =]}, {=, -3 Pi, 3Pi}]

Out[28]=

¥ 7.1: Dirichlet #% D,, 7' 7 (n=4 O¥A) 20FE 42> TIDOICHAS

COBEBBORT vV (RTvev)l - TRLX— ELEH W) I3,

11
ZDU X
—gradU = Ey

e d, ZNEITTRL, UTOITXRTOEGET, B E LELORT VY ¥ )L uw DEICIZ

—gradu=F

&) BARRDSIR Y 320,
O (BALEEMOEM) U 22 &, X D EMLRER DM OB 52,

o HIAUCHEM () Q DL ZF ulx) =QU(x).
o My IZHEM Q DEZ u(z) =QU(x —y).

.'I‘J_iylay%'“ay]\f 0:%1%@17@2’ 7@N®égu ZQ] .’L’—y]

o WRIASHEINCEEE g(y) THHL TS & &
(7.15) @) = [ Ule=s)atu) dy

R3 CEES NI f,g: RS = C DBHAR f+g 13
f*g(z) = Wf@*—wg@)@/

TERINLDT, (7.15) X
u="Uxq

EFEITS (U BRREEZFO>OT, EHbALP2DRHETRE RV, 2ZICBHZO2T3),

2L, THUIPEAE L LTI TH o T BEAN Ak Tl v,

102



ZE ¢ THOHULTWBEROESEDRT YO vILIE Uxq THD
(7720 U IZ B O 2SO R T v v L)

I

DFEFRIZ, W EDBRIHEL > T0wBEDT, P LEHRAALTHS,
fE2ED Gauss DRI (DDTE)

i

divE =gq
2 E=—gradu ZfRAL T, A divgrad=A 2% &
—Au =q.

INDEHELORT v vy L OWy R E L TH47% Poisson AR TH % (bAAICEND L
OB SRR R S),

BN BT OGE1E 2 N R EBM OBMEERATEZ 6545 ? Dirac DT VIS W3
DIPR, EHid

(7.16) —AU = 6.
2% D

TIVY BB EUREBRFOETZEETH S
(JHRIC 1 DEOTH D EWHRWERT)

((7.16) DD L%, TU X —A ODEARBETHSL, v, )

oy & BIAA E DB
D pan M0
gzﬂf*w——ag*g——f*a%-

HRELT
A(f* )

AEPHIE, AT E THRET, B LoD

\m A
q?*
%1
%
A
Si
o

G+ a)@) = 5o [ = v)aty) dy = / a%f(x—y)g(y) iy

D ALED g N LT gxd=q Z2ii7cd e, —AU=0056, u:=Uxq CuZEDS L&
—Au=—-AUxq)=—(AU)xq=0*q=q.

B HEMOEZOR T oYV U o, —ROBEDMHDRT v v VMG SN HAEHHAD 11T
THATHBAW (b2 &b, Lh%%%/\/kaﬁ%fi@ﬁfﬁ%’) L BEHZ IR A RIS T B DIE, g
RE),

ZDFHIFEE—RIEDE G, REDTE I - 7408 —TCRAPLFEZRS 2 Lickh s,

TIEER 7 4 V8 F AT LT, BAiA VoL RIS b= F[§] 2300 0ud, — oA
JHMET 2 IZW T 2I0E Flr] 13 hxx TH 5,

H# 7% Maxwell DS EADHE 1 X divE = £ THY, p BEMEEZRT, SIOHMTIE, co=1 82 L9
HYAIAERA I N T VL3 2 EITEET 5,
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7.3.3 B{LIEAZE

(k)

7.3.4 BEREE
(¥efiet)

7.4 BHAHDEFNRET DA

TRUBIC) TR L AR DHARAIEES LD & 5 1o

WHORAE f: R — C DHBAIC,
AHEN DD, o LRTHALI,
BOOINEHZ EF TFIEs ) HH4,

Fourier 24213 4 FilHH V. ZNFHIUTHEHDBIBETH 2723, &fEL LR %30T, W41 (A

WD B 2 D Te T BB HERD) IR L TR,

7.4.1 #RAZHE
BAHRABR fxg S fIZOVTHIETHEZE, OFD

(7.17) (fi+fa)xg=(frxg)+ (faxg),
(cf)xg=c(f*g) (c€C)

(7.18)
DD D Z B, B [ R Y OFIBED S BS hTH B,

7.4.2 REER fxg=gxf
THEOBEE f-R = C, g: R — C DA,
fxg(x) =/ flx—y)g(y) dy.

Tou=a—y &8¢, du=—-dy,y=—-00DEtEFu=00,y=00DEZ u=—-00,y=a—u 7T

(e o]

Frata) = [ gt —u)-an = [

A=A ES

HDHMG,
g(x —u)f(u) du= g* f(z).

JAA N OFES fZ —~C,g: Z — C D
N-1
frgn)=>Y" f(n—k)g(k).

k=0

CIZTli=n—k EBSLE (kDO CICEREEWTLL), 0<k<N-1lZn>l>n—(N-1)

N

DRET 5. )
Frgn)= > gln—10)g(0).

l=n—(N-1)
ESEOBBDOGEICE ) 503, 68D 27 fi, FRICAE F2.1 22 /23 TR0 200, @B F

Vil
TRLIEICRDEL LD ERETH D,
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gln—OF(0) W LIZ>BTHE N TH b, Y 13T 2 N HOMTH 205

2

-1

fxgn)=> gn—~0g)=gx*f(n)

0

~
Il

7.4.3 $EEEA (fxg)xh=fx(g*h)
oy DMESF 22 (Fubini OEM) 12X D

(g% f) * hiz) = / (g% F)l — 9)h(y)dy

= [ ([ ot~ ) au) niy
-/ (/Zg«x—u)—y)h(y) dy) £ du

:/Oog*h(x—u)f(u)du
= (g h)* f(z).
T (gx f)xh=(gxh)* f. ©ZIHEER 2 T

(fxg)xh=(gxf)xh=(gxh)xf=fx(gxh).

7.4.4 ZTBERFDIFFE (the Titchmarsh convolution theorem)

(7.19) fxg=0 = [f=0%F%kiEg=0.

W RO INENE 2 B 70 DBBEFEZEMT 2 L ST, EELINE I LDH 5EH
THB%

AEHIEEAN EH L W (D FOHERH D576, FOEZTT I W), Yosida [38] (¥EEE), i
H - g [19] (HAGE) 12i3dli> T 5,

7.5 BHIAAD Fourier Tl Fourier TDIE

HENX, a2 b DITHL T, BHIAA fxg & “Fourier £ Ff WEFRTE 5D, TXRTD
B

Ffxg] = BE x (Ff Fg) (BHAAARD Fourier Z2H#1%, Fourier ZH#iDHT)

DO EZMEDPDB L,
(f,g & f+g lFONICHAMBDSDTHAD, f L FfIFEIEHOLDIZLZIGHLH S, )

NVLLAL

SYEHDBIB D MU BTG 72 { TH, FRTBFEL 20D 2 6 I1E, “O80 25225 2 LHRT, 0 THw f
22V, § ZEZDE, fFIKSBEVHDITRD HREFZNUBRILICE S, 20z § EERL L), LwI)HTT
wamx BT %,
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B3 Z OB EARES L REERLTHE L, EE B ([} DB EE, [ & f())
EEIE, BB f:Z3 )~ f, e C EARELZEDBIDPDLTHAI,
TEHATDEBA LR TO, Fourier £, BIAARDEREAZ ZDHOEHFELS I LIZT 3,

C®QEME%&®T\@ﬁbf%%ik@m%%ﬁ%’rﬂ%%ijkwiﬁi%MiL%
:%\ﬂ%&:&%tfﬁﬁ?h%ﬂ%#%ﬁ%@ot( IVI)DES TDORI L 5D HEET
7:092), GEHIZ, EOBEL. BT (HEH0IE DY) DIHFLHL T 6 28 E m%ﬁé\&mo
ZEBRDT, ﬁi%@i%ﬁf&M7A%H&

7.5.1 “EBEODOREE” O Fourier ZH1DIES
FREREZEHERETZHM R C ET2LE, O Fourier Z¥1 Ff (f LbHEL) 1

~

FE) =€) - m/ f@)e"dz (€ € R)

TEEINS, Ff:R—-C Th 3,
ZDETIZ, ZOEEEAL LT, ihd “Fourier B4 Dils % ZIUCEMTEL Z LIZT 3,
g RSCIRRLT, f&gDBARAR frg %

fxglx / flz—y) (x € R)
TEDS, fxg:R—-C ThH3,
i3
(7.20) F[f * g)(&) = V21 F f(£)Fg(€)
DK 3D,
aEEH =fxg LB L

T

FUD () NOJAFEETZ lim TRL TS, ZREWRT S, u=2—y LB L. dov = du,
T =u+y, e = T UHYE = Tl TH B 5 |
R—y

00 R
/ flz —1y)e ™ der = lim / f(z —1y)e ™ dr = lim / fu)e ™e™ e dy

= e ™ lim / f(u)e ™™ du

R—o0

— ¢ WE / f(u e duy.
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(B B, T y N2 0NE S, EREMATLEIOBKHEAL A THS, ) Th

»no
ﬂf[f*g]@):%%/m(zyﬁ/ e widu) 9(y)dy

- / Flw)e " du / gy
= V21T f(£)Fg(¢)m

ER 7.5.1 (BIRERICENSMEEV) EAE TSP 258l <6, WOy 2 2825 d
51 £V bR, TARXZAHY L, L v 2 PRI HE S 2 & B EY %2 58iid 4
I, WELRD o —y=2¢ LT, 0% 2 ICEKEHL T

[ ([ e =atme i) as= [~ ([~ sty ) a:

vy AZE ﬁ%?%k#w o_niwﬁ%<%%&®ﬁﬁ\%#6%%5#?%%@%%@%&
THDy ., MIORETOEBEBOR ¢ —y=2 ICHNZDIEE» L\, ZHUERIE 752 D8
ém%%&A#b%?m#%Lnﬁm

[ ro-owor =)o ([ s

D&y WO EBDMIDORE T D Eiw, TPhmicHinsg, =

7.5.2 [EHABEED “Fourier Z#” — Fourier (R¥EDIHE

fiR—C Z2r DB T2 L Z, ¢, ::—/ f(z)e ™ dx (n € Z) % f @ Fourier £33«

LEF L, I (MBI f O “Fourier ZHy LIERZ LICLT, HE Ff HD0IE [T
T LWL LI (ZORBIFEBICELHbNTW»3), ?&b%

~

7 = Foi= 5 [ f@e e e

FfZCThd,
JRA 2 DBAEL f, g R - C TR LT, f L g DEBIAR fxg &

=§%/:f@—ywwﬂy(x€R)

TEDS, f+g: R— CIEHY 2r TH 3,

13
(7.21) Flf xgl(n) =F f(n)Fg(n).
fEEH h=fxg LB L




LD () NOWETZERBEHRT S, u=2—y B L, de=du,z2=-TDEEZE u=—7—y,
r=mDEZEu=n—y, r=u+y, e " = utYn — ginug—iny TIN5

/ f(ac - y)e—mmdx = / f<u>€—m(u+y) du = e—my/ f(u)e—mu du.
- —T—y —T—y

B w— f(u)e™™ (ZFB 2r TH B, [-m—y, 7 —y] TOETIE [—m, 7] TOETITHEL,

( | twe du) o(y) dy
/ ek / gy
st

Fg(n)m

FLf *gln) =

7.5.3 RBEIFHFIID “Fourier T’ — BEE{ Fourier DB S

N eNIZHLTw:=e>N LB, N ORES {fi}cz NLT, C,: Zw‘”ﬁf]

(n € Z) % {f;}jcz DHERL Fourier fREEEL L 7203, Tz AWIESID “Fourier 41]’5@” kﬂfl:ﬁnu-
izl &9,
[:Z—CZEAM N OB (AWM N ORMES) £§5 L&,

N-1
~ 1

Ffn) = fn) =5 > fG)™ (neZ)
=0
TEE S Ff 2. (FAWBI) f O “Fourier 241" WS, Ff:Z - CIIHAWI N TH 5,
JE N OBI% (I N ORIIBSN) f,9: Z - CITNL T, f & g DERAAR fxg %

N-1
fxgn):= > fln—k)g(k) (neZ)
k=0
TEDS, f*xg: 7 — CIZHHA N OB TH 5,
Fix
(7.22) F(f*gl(n) = NF f(n)Fg(n).
SEEH h=fxg LB L
1 N-—1
Flf xgl(n) =+ 2. h(j)w™™
1 N-1 N-1 1 N—-1 /N-1
=N > ( fG - k)g<k)> W= ( [ —k)g(k)w ’”)
j=0 \ k=0 k=0 \ j=0
1 N—-1 /N-1 '
=5 ( fG - k)fﬂ"”) g9(k)
k=0 \ j=0
FAD ( YHND Y. 2EB (BT LTS5, (=j -k EBE, j=0DEE =k j=N-1
DEEL=N—-1—k, j=L+k w™ =w k) = y=nly,=nk TH BN,
N-1 N—-1-k N—-1—k
fU=Rw™ =3 fOw™w ™ =w* 3 f(Ow.
j=0 b=k =k
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B0 f(Oe™ 3R N oEIIchH 2006, =~k —k+1,--- N —1—k 1T 51
(=0,1,--- ,N—1IZRFT BHNTZHEL >,

N—-1—k N-—1
Y fOwT =D f(Ow ™,
l=—k /=0
W Z 1T
1 N—-1 N—-1-k 1 N-1 N-1
Flfxgl(n) =+ (w”’“ dof (@w’”) g(k) = S FOwTY " glk)w
k= t=—k =0 k=0

7.5.4 HID “Fourier T’ — BRI Fourier ZADIZESR
BN {xpnez ITAHL T, X(w Z e ™ (w € R) % {2, }nez DEERIRH Fourier 284 & &

L7, TNzHID “Fourier & Zifg@; EESRZ EICL K9,

Ff Z f(me ™ (€€R)
TEED Ff=F % (BAN) f D “Fourier Z£#1” LW, Ff: R — C IZM 2r TH 5,
f,:Z —CIZNLT, f&gDBEBRASR fxg:Z—C %

frg(n) = Z f(n—Fk)g(k) (ne€Z)
TED S,
FiZ
(7.23) Flf *gl(§) = T f(£)Fg(§).

fEEH h:=fxg LB L

Ffal€)= 3 hlmje = 3 (Z f(n—k:)g(/f)) et

= > (Z f(n—k) 5) Z (Zf e ““f) g(k)
(5 s0) (£ o)
— FFE)Fg(¢)m

7.5.5 (HFIF) £ Fourier Fift

1% Fourier Z#1I12D\WTH

Fr[f+ gl =BT fFg

109



NI AIRVASR
PMREEEFTICRIZL OOV TH A9,
BIEL f: R — C @ Fourier 24

L [T e
750 = o= [ st cem
X9 % 8% Fourier 2413, B8 g: R — C IlZx L T

1 .
gle) = o= [ g@eie weRr)
TERIND Fg THD, ZHUIDWTIE

(7.24) F*[f * gl(x) = V2rF" f(2)F*g(x)

DL Y LD, AEMIC (7.20) LU TH %,
JR 2 DFIABIEL f: R — C D Fourier 2244 (Fourier £2%X)

—lTL.’E d
"o / fle .

XY % A% Fourier 2413, £ g = {g(n)},cp TR LT

o0

Frgl@)= Y gn)e™ (zeR)

n=—oo

TEREIND F'g THDH, ZHUIHOWTUZ
(7.25) Ff xg] () = F* f(2)Fg(x)

DR LD, AEIIC, BEEBIRE Fourier 28I WTORR (7.23) F [f x g (§) = Ff(€)
[ TH 5,
JI N OFRBSN f = {f(n)},c; P Fourier Z46 (HEH Fourier Zf4)

) =5 Z FG

IS % A% Fourier 2413, FMIES g = {g(n)}, o, TR LT

N-1

(7.26) Fg(j) =) gnw" (jeZ)
n=0

TEREIND Fg THDH, ZHUIHOWTIZ

(7.27) Frf*gl=F"fF"g

DI D S0, AEIC, BB Fourier ZH#IC DWW TORI (7.22) F[f * gl (n) = NFf(n)Fg

CThs,
B f ={f(n)},c; D Fourier 24 (BEHIRFH Fourier Z41)

= > fn)e ™

n=—oo
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RN % 2% Fourier 284, JAW] 2 OB g: R — C ITR LT
Fgn) = 5 [ gla)e™ do
o ),
TERIND Fg THD, ZHUIDWTIX
Frf =gl =F"fF"g
DI D LD, AEINIZ, Fourier fREUCDWTORI (7.21) F*[f x g] (n) = F*f(n)F*g(n) EFLT
b5,

7.6 WMo EDERFR

(HEfiih — R LD NE, ZOXEDOARZ I IICHSDEIIE>T0ET, TAHAETA, )

R L CTHETRL S T O TE 574 513,

g = [ Lta@-pa dy= [ Flae-gl) dy = () x9(o)

BAAADEEZ, 9 3 TFourier BHADM D HEAANDIGH, THHDY EiF 3,
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BE8E TIYIW-Taly—

BB CHELEH 2 R T T I - 74 VT —IZOWTHEHIT 5,

S DWHER
BREROESE 7 °RT, ARBEROELZ N L£T,
N={neZ|n>1}=1{1,2,3,---}.

O Ao B NOEReEOEASE B LRT (HlE RIEbNSES),

8.1 BEEUES

BEBI 0 = {antnen E1E. N5 C D (1OD)BLRTH S (DFD, a, iFaecCVIZk?
neN DB an) THS, L)L) LAiTE, CVIFEHEBINDOLEKDELSTH 5,

FIRRIC, TR ZE  (ADBEOBTHEFL ) BO {a, ez DEEIEF CE TH 5,

§:=CEl LB (TNFI IRTDFE T, signal BIEDESR LV LFFE TXFEIFEALR),

(8.1) S =CF =BRERAT LT 2EFERINO2EDES.

(S X S D calligraphy 7+~ FTH 5%, )
T,y €S, ce CITRL T,

(x +y)(n) :=z(n) +y(n), (cx)(n):=ce(n) (nelZ)

Tao+ycres Z2EDL L, §IF C LOMBRIGOMBZEN (X7 FIVZER]) TH S,
S DHEFD Z L ZBEEIES (a discrete signal, a discrete-time signal) &R Z LIZT 5,

8.2 EAHEHH(IAVINILA

zYyESIINLT, v &y DEMAH zxyc S %

o0

vxy(n)= Y w(n—klyk) (neZ)

k=—o00

TED T (RBIERT % L ARE L T),
SHAEH, #EAIRAL, rEGER e EHSED AL,
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Bl1. zxy=yxx (xxy)xz=ax(yx2) BEHLDI & 2R,
0 ={0nt,er €S %

0 (neZ\{0})

TEDSD, 2D 6 ZB{IA>INLA (the unit impulse) & FES,
EED xe S ITHLT

(8.2) O 1= Opo = { L (n=0) (8,0 1 Kronecker D7 V%)

(8.3) rxd=0*%xx =1

DK 7D, FHEE, TED neZ 1T T

[e.9] oo o0

DD ISLDODT §*xx = x.

8.3 WEEEZ7«1ILY— LTI7 1LY —)

S o § NDEQREFTIZI s T4 ILT— LS,
TN T AN —F: 8 S IkbresS 0% Flo) £HS 21T 3L,
FOIN e TA4NT—F:. 8§ 58S D TH 3 LT,

(Ve,ye S8) Fle+y|=Flz]|+ Fly], (Vxe8)(ceC) Flex]=cF|z]

DRSO ER VI,
v =A{x,}, 05 €S, k€ZITHNLT,

yn) =z, r=x(n—k) (neZ)

TEEFDyecSDIEZE (- —k) BV {1y ptnez EFLZEWCT D, BT 212k 2, BT
(Rl 2T L7-bDTH 5,
L& ~A

MIETYIN - 74NV —F: 8§ -8 2, BR (FARZE, time-invariant) Tdh % & &,
(8.4) (Ve e S)(Vk € Z) Flz(-—k)| = Flz](- — k)
MDD, BOMADE {yo}, oy = Fl{an},en] EBCEE

(Vk € Z) F [{In—k}] = {yn—k}

DIKDNIDZ ExRVI,
(532> TH 6 2500077, RZ 96 TER Siz] =2(-—k) ZEALT, FoS,=S0oF &
FHUZ) BRI TRV R ?)

BIAZEZT 5 L. BHEBH D, o #ANHH, Flo] 2AE—A— oM EN3EH LT 28
. WPEDSEHEENZL LD LAVLT, WOTHRAL L) KR T2 L 5. F AL TH 2,
L0,

o BEDERT, iz o(n) EEHL DT, FllZzKALTAHSZ, L) IlETHA),
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B 8.3.1 MIWEH BT I+ 74 NI —F: 8 =S IR LT, h:=F[§] LB L,

Veed§ Flz|=hxux.

MEEFERTSIN - 74 VF— FIINLT, h:=F[]§ 2 F OBAIA Y INVRIGE (the unit
impulse response) EWES,
R R ERZKIIC Ve eSS ITHLT

ThHHN5,

F ORI &N S

Flo] =F | > x(k)5(~—k>] = Y wB)FE(—k)] =Y 2(k)FP](-—k)
= > a(k)h(-— k)

o0

Flz](n) = Y z(k)h(n—k)=h*z(n) (n€Z)

k=—o0

ZERLTVSDT Flz]=h*z. m

REX 8.3.2 (BXEE) MGG SN DESE (BIE) 122w Ty, LEFEBD 2 LD 2D,
LW EIREET 2, ¥F—7—F&{fioT, EENICENTEL k.

o R DO RTED R %2 X E S & 2 ERICH LT, EOHMA Vo0V REEITHYS T 2 b D 2oy
HRADIEARM EWES, RO fITNT MO TRADMIL, AL f ODBIAARIZEHEL VL, =

8.4 FIR7«1IlLY—

MIEER T IIN 74008 — F DB FIR 745 — (ARA 0L RIGE, a finite impulse
response filter) TH 5 E1d, F DA VoV RIRE b= F[0] B3, T REHARE J 1T LT

(#) (VYneZ:n<0Vn>J) h,=0

EiileT LRV, TDEEZ hohy,--  hy (BHELESTO THRWED) 2 F 07117 —1&
LIS,
CDELEE, Flz]=2xh THEDH,

[eS) J

Flz)(n) = Y x(n—k)hy =Y z(n—kh, (n€Z)

k=—o00 k=0

N A RVAON
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8.5 BRIESOREHRZANYMITIRER

Mathematica @ / — & 7' 7 piano-cutoff.nb® Z HE L 7z,

7/ TCRFIVONEZES LB Z#kE L7z “piano-do-mi-so.wav” ZatAiAA, ZiL7% BN
Fourier 24 L T, MEBDH 2 L 2506 LOREZ 012 L T 6, Wl Fourier Z2#1 L T, &

ZHALTHEIERTAS, ) 7RI 7 LTHD,
- piano-cutoff.nb ~

snd = Import["https://m-katsurada.sakura.ne.jp/fourier/piano-do-mi-so.wav","Sound"]
{left, right} = snd[[1, 11];
st = snd[[1, 2]]

take[tbl_, t1_, t2_] := Take[tbl, {Floor[til*sr], Floor[t2*sr]}]
takel[tbl_, t_] := Take[tbl, {Floor[t*sr], Floor[t*sr] + sr - 1}]

g = ListPlot[tbl = takel[left, 1.0], PlotRange -> All]

ListPlay[tbl]

ListPlay[tbl, SampleRate -> sr]
ListPlay[tbl, SampleRate -> sr/2]
ListPlay[tbl, SampleRate -> sr*2]
ListPlay[tbl, SampleRate -> Floor[sr*1.5]]

¢ = Fourier[tbl, FourierParameters -> {-1, -1}];
g = ListPlot[Abs[c], Joined -> True, PlotRange -> All]

cutoff[f_] :=
Join[Table([1, {n, f + 1}], Table[0, {n, sr - 2*f - 1}],
Table[1, {n, £}1];

440.0%x2"(-{9, 5, 2}/12)

c2

cxcutoff [500] ;

g3 = ListPlot[Abs[c2], Joined -> True, PlotRange -> All]

Export ["do-mi-so-cutoff500.eps", g3]
tbl2 = Re[InverseFourier[c2, FourierParameters -> {-1, -1}]];
ListPlay[tbl2, SampleRate -> sr]

do = Rel[InverseFourier [c*cutoff[300], FourierParameters -> {-1, -1}11;

domi = Re[InverseFourier[cxcutoff[360], FourierParameters -> {-1, -1}]1];
domiso = Rel[InverseFourier[c*cutoff[450], FourierParameters -> {-1, -1}]1];
domiso2 = Re[InverseFourier[c*cutoff[900], FourierParameters -> {-1, -1}]];
original = Re[InverseFourier[c, FourierParameters -> {-1, -1}1];

ListPlay[do, SampleRate -> sr]
ListPlay[domi, SampleRate -> sr]
ListPlay[domiso, SampleRate -> sr]
ListPlay[domiso2, SampleRate -> sr]
ListPlay[original, SampleRate -> sr]

/

Frun—FLT, FTLTARLI,
Safari T7 72 2§ 254103, DD WWW ¥ A | https://m-katsurada.sakura.ne.jp/
lecture/fourier-2019/ % &, piano-cutoff.nb® % Ctrl+27 Vv 7 LT, "V v 7 %kD7 74

’https://m-katsurada.sakura.ne. jp/lecture/fourier-2017/piano-cutoff.nb
3https://m-katsurada.sakura.ne.jp/lecture/fourier-2019/piano-cutoff.nb
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https://m-katsurada.sakura.ne.jp/lecture/fourier-2019/
https://m-katsurada.sakura.ne.jp/lecture/fourier-2019/

NELTY 7 ra—F) 23R, HoOESGHTICRA L. Mathematica Th <,

8.5.1 EAIFLIEIC> e &EDEE

0 & M2 [Shift [+ Enter | CHIiT 2 25, [FEl] — [/ — k 7'y 7 % 3] ©&lc 2k
ZRHIT 5.

(:snd = Import["https://m-katsurada.sakura.ne.jp/1ecture/fourier-2019/piano-do-mi—so.wav","Soun%}]

7 /T3 - VONMEZHOZDZEHE L7 74 )V piano-do-mi-so.wav Z A YA — b L,
ZH snd ITARAT %,

{left, right} = snd[[1, 1]];
sr = snd[[1, 2]]

BFDO PCM 77— OBAEY A b ZEH 1eft, right IKRAT 2 (20 NEF ¥ 2V, HF ¥
YA FleW v T v T RBE R 28 st ITAAT B (fiild 44100 Hz TH %),

takel[tbl_, t_] := Take[tbl, {Floor[t*sr], Floor[t*sr] + sr - 1}]

take[tbl_, ti1_, t2_] := Take[tbl, {Floor[ti*sr], Floor[t2*sr]}] :]
2

t1 B0 6 2 BB ETOT—F 20 B take [ (SN flED V) L t BELS 1 W
DT —5 2 H B takel [] ZEET 5,

(Take[] 13V A b OIEHIF % K S HTBIE. Floor[1 I3/ 7T —% 2 U1 DT oI T 5
ﬁf\% %O )

(:ListPlot[tbl = takel[left, 1.0], PlotRange -> All] :J

B 10BDE AL 1 BTDEF ¥V ZIVDEST—F 228 tbl ICRAL., o7 a vy
FLTHB,

= Y ORI 25

X 81 7/ TF -

Yess

8.5.2 Mg YTV VIRARBEEZTHEBE

[ListPlay[tbl, SampleRate -> sr] ]
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BT — %13 ListPlay[] BISCCHA (B2H)) $5 2 LD HRETH %, ZDFEIC, v 7Y v
TR DIREDINIETH 5, (snd (Vv 7V VTR D T —85 2 E&ATWADY, tbl IXF5D
BIET — 2 DAL DEATO RO T, JIREET20HE1BH 5, )

SampleRate -> sr £ T4UX, IELSFHAETELD, ZNE2ELZ 2 EARDFOEI LIFEI
ITHAEINS,

o BT L 1A —TROETHEIN S, AN 2510742,

¢ 2f5ICT 2L, 1AV —7HRVETHEINS, FAERRIZ1/2 1245,
- V7Y v TR R Z TS N
ListPlay[tbl, SampleRate -> sr/2]

ListPlay[tbl, SampleRate -> Floor[1.5%sr]]

(B E 1.5 5129 %, Mathematica Tld, ¥ 7"V v FRIBEBIIBETIRE T 2 43D 5
DT, Floor[] ZH W THEEIZL TS, )
- J

8.5.3 B Fourier BULTARI ML ZERT

(2 2D - 72 2 & DR WEE)
Bt Fourier 28 L TARY MLV ZFIR

¢ = Fourier[tbl, FourierParameters -> {-1, -1}];

ListPlot[Abs[c], Joined -> True, PlotRange -> All]

0.015 -

0.010 |

0.005

— Lo I | | Ll

L L L L L L L L L | L L L L
10000 20000 30000 40000

BIEHL Fourier 284 L T, BEHX Fourier 1280 C, 2 7’0y b5, 28 c 3BIEDY A T cl[i1] »°
Ci1 TH3H (1<i< N =sr=44100),

1 B0 D5 5 2 Mt Fourier 2241 (Fonurier {22 ITLEHR) L7 DT, ¢, ¢y 3B n Hz O
K TH 5, WNInT BHE Fourier 1725 C,,, Cn_p 1Z. FNLFI c[[n+11], c[IN-n+1]1] ICFUE X
NTw3,

E7/DF 3V, 3002 MATHLZETH LD, ©—=2713 327 ThlL SAM
TWVBRIERTD5, T (BEAA) EERITZEATVE0TH S,
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8.5.4 BWEZAhy b ULTHB

HEW440Hz DIDTFIRH DB K+ 2 - VOIREGFOE S 1L, 440 x 27912 440 x 27512 440 x

(i440.0*2”(-{9, 5, 2}/12) j)

DiEHRIE {261.626, 329.628, 391.995}, DX N, I, VORBEIZ 261.6, 329.6, 392.0 Hz T
b5,

cutoff[f_] := Join[Table[l, {n, f + 1}], Table[0, {n, sr - 2xf - 1}],
Table[1, {n, f}]];

c2=cxcutoff [500] ;

ListPlot[Abs[c2], Joined -> True, PlotRange -> All]

cutoff[] 13, f Hz X D EWEBEBETIEA Y b T 270 DM TH 5 (SeBHIC f+ 1 HD 1,
KIS f D1, ZDMHIFTRTO EVIHIEMHEDOY X F2IET),

c2 13 501 Hz X LD 2 & A TH Ry, F - 2 - VORERBFOEIZIT LIrEATH R (2155
DlEEAY FLTH D),

0014 -
0.012
0.010
0.008
0.006
0.004

0.002 |

S S H S S S R
10000 20000 30000 40000

SUHERK Fourier Z5H L (2RI L <) ik
tbl2 = Re[InverseFourier([c2, FourierParameters -> {-1, -1}11;
ListPlay[tbl2, SampleRate -> sr]

500 Hz Lz y F LB Z2HEL T TAR S, (FE  LAETO Mathematica Tl FEEZ2 L5
7291C Re[] Z T HIED D> > 7203, RIALD Mathematica Tl tbl2 IZALTH 0 THWVEH
3% % &, ListPlay[tbl2,-- ] WETINLho7%, )

Zoft, Ay b3 RBEE R A EZ TR > THDS,
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do = Re[InverseFourier[c*xcutoff[300], FourierParameters -> {-1, -1}1];

domi = Re[InverseFourier[c*cutoff[360], FourierParameters -> {-1, -1}]1];
domiso = Re[InverseFourier [cxcutoff[450], FourierParameters -> {-1, -1}]1];
domiso2 = Re[InverseFourier[c*cutoff[900], FourierParameters -> {-1, -1}]];
original = Re[InverseFourier[c, FourierParameters -> {-1, -1}]];
ListPlay[do, SampleRate -> sr]

ListPlay[domi, SampleRate -> sr]

ListPlay[domiso, SampleRate -> sr]
ListPlay[domiso2, SampleRate -> sr]

ListPlay[original, SampleRate -> sr]

/

BAREZ R TATE ) A ) D,
do ZFFDEFLITHDTREHIZAS? b2 L bEEDVEEINTLRVDT, HEHET /6L
EATH

HUICP>THD? HELHIFHOEBEEK s ZIKEH T EICXkoT, SOHELITZFEL -0
IZIZE ) TR VLD,
e, ZOHM, ZHILTHELZIOZTDO77ANVD3IHEEFLED X,

86 TIHI- 7147 —%1ED

gilAl, T s 74NV Y —DEBHAZBD T, STI 74 VY —D, EEATICKNT 2 H 08, K
A VSNV RAIBE L DBEAAATEINSG, L W) TEHZHENL -,
Y UBRINZEZ T2 (SHEIE TR 7 L% Z ) LRBOTOWEDETE-),

8.6.1 ZMEROUEBDFRN: Yo7V I7LTHST71ILY—ICAD

L XILDERES (THu /fEs) 29 v 7)) v LIRS (T I NMVES) 2RO (HHHED
AD BHa% L7722 822 %), SIUERRTYIIV - 7408 — (LTI 74 V% —) FIZAJILTH
Nz2RE 9,

Bl ZIFE DG, %9 L TR o NG 525 1d DA 2L TR b0z TELT, k%
Wroois,

pHE | — =
1_1;.? ﬁlﬁ‘ﬂ E'.'!g A th-h ﬁf_"‘; [
Xee = Exod

WS X (0)| = [BEIE S © = (20}, | — | BERIE Sy = (ya), | — [EEEEE V(1))
Y7V TRME T, L LT
(8.5) z, = X(nTs) (ne€Z)
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To={z,} 2EDS,
LTI 74 V% — F QA Vo OVAINE h = F[6] w5 &

(8.6) y=Flx] =xxh.

bt

(8.7) Yn = Z Tpthy (n€Z).
k=—oc0

8.6.2 IEKREYWVTIVITBLEELHIIDEOSND

EHE AN L EORNEFRTHR LT,

BE? (Z0aanld) — FEOEFRIEKKEOELRGOLETRY, F IZFETH 2056, IE
KR AN LI Tz BERAOEIUIHIBE O NS, (EE, EROES 2@) X 2(t) =
Téf/ T(&)e™de LR L DT, 2(t) IFIEFKIE ¥ (€ € R) DEYERATH DL, L5 D,

T J—c0

a(t) =2 (QeR) EF 2,
z, = z(nT,) = T = ¢ (n € 7Z),
L
w = QT
To = (¢°)" THEDE, 1w = {1}, FAM e DEWHIITH 2,
BHEERRBY YTV IT3 &, EHBOIICES,

PV TERICEDE, YUY TR T, TEEBICKZ B -DITIE,

Q,
(8.8) 9 < 5

B Lo T ARFNERS B, ZOLE || <1 TH2,
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- 0] < % BR D A By e — TERUL

W =w (mod 27), w' € (—m,7] LB ZHD I EDHKE, T5L
T, =™ (neZ)

WD D, D W ZIERRICARKRE & s,
DIFCl: " 20> CHIC w TIFBULAREE2E T, 20

(8.9) w=QT, (mod27), weE (—mm].

DL wEBEELTDH, PIEDH

(8.10) T, =™ (n€Z)
DL Y 3D,

¥ 7z

(8.11) (ﬂ:%;QHinﬂmﬁéﬁﬁﬁ)

TEZ 3 f % ERMCERE L S,
ORI Z (—m, 7] TH L [0,27) IESHAS 5 5,

N

—HD QI LTI, w=QT, TEDw I (—m,7) DI TL £ 2 L23H %05,

\

J

—BXE D LIXLIE ThA gL, ThA EAAEEL BHTCEED, wob TZRAL

DFFE x2m = e A LD HIEEL TH B,

8.6.3 JTTDEEDRKRE & IER{LBARE DR
FaEde % > 7V v 7 U CIEBUL () FBEE Sk 7223, TE0 (F) I & ORISR 2
(JLo)(A) Bk = ERL (A) BRE x Y 7YY IERE.

TLDIEKM DAL F, > 770 v TRBE F, T > 770 v 7' LT 7 BiEdE 5 T O IERLA

Pz fedaL,

2nf =w, w=QT, Q=27F, TS:FL
THHNH, -
f-5
N o
(5.12) FF/
(8.13) Q= Fw.

2. »aIERKEZY Y ) v IR F, = 44100Hz T 7Y v 7 L6, Bon-iiiiEs

O IEHAYF RS w = % Thot, bEDERIEORII F %R0 X,

i Q=Fuw Q=21F THID 5,

Q F.w  44100Hz s
ot b T 9905 Ho.
or  on on Xqg 200 Hzm
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8.6.4 BEBULUIEKBRZ 74T —ICANTEE — 7157 —DREBRESSH

TN T4 NY— FBRIBEHTH 06, h:=F[§ &L L&, LRDOHERUE T » 12X
LT

Flz] =z *h.
DRI y = Fla] EB &
Yp = Z T, rhy = Z 6i(n k)wh — i Z e zkwh
k=—0o0 k=—o00 k=—oc0
W Z1Z
(8.14) h(w) = Z e " hy  (w € [-, 7))
k=—o00

EBLE, ZHIIHEIZ b ORI 7 — ) AT,

(8.15) Yn = €™h(w) (n € Z).
g i Lwoas, HAER g = {p) 13 (AHER ¢ LU X5 %) Filkcd . MREEEIEAS
BEoZzNtFHLCTHD, 2D, XKD EBTHI o7,

FHRESHESET LI —IcANT 3 . AUERNOEZRIEAEND.

h(w) 1E, “BIFR LCHIERRELDTH S, ZIUIARER w OBRICA->Tw3, Thz
7 4VF— F ORFREBUIGE (frequency response), BIREUFIYE (frequency characteristic) & PP,

- FHETIEHY T B2 ~
EESUHOT X A FTld, ZOREBISEZ. h O 2 Z#Z2HAWTEHLTHE L D%\, —
JEFAN L CTEL s h={h,} D 2 Z#aLlZ,

(8.16) H(z) := Z % (Laurent f21C943)

k=—o00

TERBINIERBE H(2) T, ZnzHws L

(8.17) h(w) = H (™) .
H(z) 27 4 V¥ — F OIGERE (transfer function) & FF5,

\%ﬁ%@%#XFT\z%@%ﬁofw%%wm%#B%ﬁ%%(@;ok%bwnl
J

BB ZE DM E & AR AT DV TR 5,

o Glw) = ]ﬁ(w)] = |H (¢)] %8 (gain) &3,

o O(w) := arg h(w) = arg H (¢) ZHMBY 7 b (phase shift) &3,
(BN ORTIE, arg 2 £ LHLS I EDVH S, )
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8.6.5 HO—I/\R 74 )Ly —

BOFITET2, BOFEAY T2, 0bWwia—R - 7408 —%F>THLI, (§85D
HWETLE 74V —%1ED, )
RUNEFEINCEZ D, F,>0 LT, F,UTORKEEOEZIZZ0F @I, F, X hEOHE
WEBOESIZ—YEI AW EZ2HECLTAS,
ZDREWE F, T 5 IR R w, 1
F

we::27rfz.
Z T OB ED
S 1 (el <w)
(8.18) m@_{oﬂﬂ>%)

ERB kI TNy —%RD K9, BEEIRE Fourier 240 SR A

1 [T~

hp, = — h(w)e™dw (n € 7Z)
2 ) .

»o

1 [ . We .
= — e"™dw = — sinc nw,.
27 ) . s

Z 2T sinc FRATEE I NS IEIERAL sine TH 54,

sinczx := Sizx (z €RA\{0})
1 (x =0).

(8.19) hn

M 3. (8.19) zfELrdH X, (Ev | / e dx = 2asinc(ab) DI LD, )

2D DFEN, ZDXIHIT h, BEDSBE

0o ' N <
Z hne—mw _ h(w) _ 1 (|w| = we)
= 0 (Jw| > we)
Yn = Z mnfk:hk
k=—o00

Ty, AT S L. F, X VECHBROBERZOEEEL, F, X ) E BB
Svv TR 5,
LirL, 740y —%avEa—¥— LT 2 L &, EREKOMEET 2 2 L ZBENT
B, 15O CHBETHEY 22 LItk 859,
0o J/2

ZITETHEMCHMAITEYI D 2EZTHS, JeNIHLT Y % ) THEHSMZ2.
k=—o00 k=—J/2
SNUE F AT SEVT DS, F LRBRBRDZTFOIN - 748 — F) 2EZTOB I LA D:

J/2

F/lz)(n) = > anihy (n€Z).
k=—J/2

4Mathematica @ Sinc[] & Z DIEIEHIL Sine TH %,
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PLEE {h,)} Dfb b ic
i [ e (ml < J/2)
"0 (In] > J/2).
TEREIND (b} ZHV, L) ETH D,

ZD F7 ORIBBEREE

N 0o J/2
h‘](w) _ Z h;{befinw _ Z hnefinw
n=-—00 n=—J/2

THb, 2O K () DY T 7 EITHLI,
~ Mathematica C h'(w) ® 77 7 % ~

omega=0.5

h[n_] :=omega/Pi Sinc[n omegal

draw[J_]:=Plot[Sum[h[n]Exp[-I n t],{n,-J/2,3/2}],{t,-Pi,Pi},
PlotRange->A11]

draw[100]

AL
Plot [If [Abs[x]<omega,1,0],{x,-Pi,Pi}]

(FEFIXIX 8.2)
- J

QA Z D38 5 X 9 7 REMWITIE AR R 72 b D E R U T, ANHEFRIE D Fourier #EDE 51

10
0.8+
081 L

0.6

0.6

o4l 04

021 02
\/ \/
-3 2 -1 1 2 3 P S S R B P P S SR O N
-3 -2 -1

4 8.2: hy(w) (J =100), 24L& 9 > THRL VI h(w)

%, Fourier SO E RE LD BH S, ) Gibbs DHRTH 5 !
et (8.18) 13dH 2O TH 203, NEFEKTH 5006, HRFEDFHEI TR WIRD |
PAZOTRABVWIEDRI S, LWwHTEThH3,

ZNTEITE0EW) &, FFUHTIE, windowing (BZ201F5) Lw) T 7=y 7 2Hwv
THT %, h, (TR (BBER) EWRIXN 5 (G5 TERIEMIC 0 1280 <) Bz 0T, 0 ThVWIHZ
BIRMEDOAIZT 5, BEEICIZOL b DVRH L0, 2 I TEY v 7 V7% hann BZHTAS,
Znix

B 1 — cos2mx

w(z) = 5 0<z<1)

TERINLBETH %,

124



hann &> T EARBE?

wlx_]:=(1-Cos[2Pi x])/2
g=Plot [w[x],{x,0,1}]

(FEFIZIX1 8.3)

D w ZHWT,

| / \\\

0.6 /

04 / \

I NVBwDITT7
[ w0/ T=1/2h, (0] < J/2)
" 0 (In] > J/2)

T{h} 2iED. {h,} DRDYIT {p)W} 2B LITT 2,
ST FIOEWD, F ERELREZTIIIN - 74 VF— FIweHnwbZ LIichs, ORI

Rkl

00 J/2
hJ’w(CU) — § h;{,wef'mw — § h;{,wefznw.
n=—oo n:_J/2

D77 7ZMRLTHLI,

wlx_]:=(1-Cos[2 Pi x])/2
draw2[J_]:=Plot[Sum[w[n/J-1/2]h[n]Exp[-I n t],{n,-J/2,3/2}]1,{t,-Pi,Pi},
PlotRange->Al11]

0.8
0.6
04

021

| L

I I I I I I
-3 -2 -1 1 2 3

I 8.4: ZRIHDH D 7w (w)

J/2

oo
Jw Jw
Yn = E xn—khk = E mn—khk .

k=—00 k=—J/2
Yn 0)%1‘%:6\’_ {L‘n,J/Q, ZEn,J/QJrl, ce 71'714“7/2 753‘4\4\%6:7& 5 Z é’. 0:&%}:\ L J: ")) °
74NE— F/ FIEFIR 74 V8 — (ARA VSV RIBET7 4 VY —) EZEZTRY,
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FI9E FourierBDWRAFEANDICFE

9.1 FU®IC

W HRRAANDIAOWEKRD Fourier 2D IGH X, IEFICEEICH 205, JCROREZ ZHA &
a9 2 DVRRH L v, ZNTIOHETIZ, Bz LRI E Lz (2056, Pl Ld
AL OFIHIE ZIUI EH L { kwl), Lo L, MR OICHICHEEKZ OO IZHAT
HAHHIS, HWENEHZE, B450E2 B OPEDOTRE, BETH, 209D 1220%
HNT3o9860TH3B,

BeANIC S eifim e T 50 L WO T, ZOMIEHZDR>TRL Y, £ ) HATHEEER
T2REHRT 270D 5 WIZE LS E R,

R EEZ LB, ¥ED Fourier £#1ClX
Flf gl = VorFfFg=2rf]
VKOO E 2Bz ) (K (7.20), Zhns

(9.1) %:9’{ !

mf*g}

N AIRYASN

9.2 FIWMELH — EHEHMAHFTREDILTEAZERS
ROFNZ, RRNLINZ E 2 AD3H 503, Fourier 2% LT R Z2H L Eny kv
ANREFNTVDS,

Bl 9.2.1 (R ICBITZDEMAPFTEXNDIEFRERE) (RoR L>0DB52A0NkL E,

(9.2) —u"(2) + k*u(z) = f(z) (z €R),
(9.3) u(z) -0 (x— £o0)

Wiz g u R K,
o R (9.2) DA% Fourier Z2#19 %, 98B ML S

-~

—F [W"](§) +K*u€) = f(§) (E€R).
K~ (2272 kD

~

—(i§)*(¢) + k*u(8) = f(8).

LCMRESUBEIHA AR DRI L vy S TR, BALL THRESICLTLE2RBOZ L
A L LB OBAD S, L) b Litky,
2F [F] () = (1) Fulg).
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e+ k>
EZATER 232 205,
9@%:¢§%6W
EBEE X
9(5)—52“{2
Th 5,
w21
u(€) = g(&) f(€)
(9.1) %5

M D3 Fourier ¥z HL 5 &

Thbb L -
wa) = o= [ ate—nsdy =gz [ m

—00

EE 9.22 LIAT(93) EWIHIEME, ~HREZTlioDES ) P EEESCRET L, Loig
wClE, f, v, u D Fourier ZBADHET 52 E2IREL TWB Z IR D, BT T
HCJE T 4US Fourier Z2¥A0SFET %, IZAIET 5, =

XeoH kHiks &
W) IBOADBE T & EIT

&2 D g ZRDODIDITTHBH, ¢ 1FHET 2T G Difi Fourier £2flcfiZe &2\, TDE X

1
%EW%

DD D, L WnIDRHLTUTHS, EzFLdTEII,

u =

FIE 9.2.3 (Fourier TEMHER S IFBHAHBTRITS) 1=Gf 551E. g:=FG B L,
1

mg*f.

u =

9.3 ¥FMHIcHIF D Laplace A D Dirichlet E5RERIRE

(2 2 TN T 2RERIEEIEE AT, T2 9 w2 (BEGE or My HEGET) H-o7%) L-w
HIBFAEIZ LW ERBRT 2N L, 245244121, Laplace AR S LT, U AW
Lite\, iR CIIARR»Z ?)

127



Q:={(z,y) eR? |y >0}, fR=R &5, Q TERSNLBL v T

(9.4) Uz (T, Y) + Uyy(z,y) =0 ((z,y) € Q)
(9.5) u(z,0) = f(z) (x€R)
iz 3T b DERD X,

Z 1 Laplace AFEH D Dirichlet SEFUERE & WHIZN S TH D, ITORRBELTH 5,
u(z,y) Dy ZERICEE LT, 2 ZITOBEE (v — u(z,y)) &£ AT Fourier Z#aL 72 b D% |
(& y) ERTIEITT B

6.0 = = |l
y ZAERICHEE LT, (9.4), (9.5) % z 12T Fourier 219 % &

(9.) (€706, + 557(60) =0 (€€ R)
(9.7) €0 =€) (eR).
e L, (2.27) &L WO ERESY DR AL HA

2 2 00
/ 882 (z,y)e "dr = % (x,y)e_””{dx

DI D VLD EARE L 72,
(9.6) 1%
82 R
Su(é,y) = (s, y)

EEHEHEY S, ST ¢ ZEET S &\ 4&%{ Yy IOV TOBDEMD IR E AL D, 40
ThiuL
U, y) = Ae¥ + Be™® (A, B IZTEER).

E>0DEEIF, YT THSE7DIC A=0. T2 EHMELEDS B = F(&). WA
(&, y) = f(©e ™.
ABRIC € <0 DL FIZ

~

a(&,y) = f(€)e
Front

(95) €. ) = F(e)e .
ZAZ, EH9.23 6. & el D IAR Fourier 1% g(z,y) £ T 5% &

u(r,y) = \/%g(-,y) * f(z) = \/% /_Z g(z —t,y) f(t) dt.

EH232TRLAELIIC, Ta>0DEEF [F5](6) =L/Te ) BIRYZHODT,

(z.9) \/5 g
T = —
NEY a2 4 y?

(& y) = el

I SR



9.4 BAENDOYIEAERRE
(13D, BREFERIO 2HBEICHIT2D0% 513, TNBRVES ) »?)
# (E) AEROUIMERE: f 28526078 &, XAz d u 2Kk L,
(9.9) ur(z,t) = ug(x,t) (z€R, t>0),

(9.10) u(z,0) = f(z) (z€R)

— BICHER S e, RICR W RABOBMEEDE TV TH 5 (HALIFEYIES LT 5),
u(z,t) IR ¢, LI« CTOBOIRE, f IZPIHRES R TH 5.
u(z,t) Z x 122V T Fourier Z#iL 72 b D% a(E,t) LT 5:

W&, t) = Flu(x,t)] (&) = \/% /00 u(x,t)e ™ dv (£ €R, t>0).

Up = Uz D% Fourier 2H#1L £ 9,
F [tge (2, )] (€) = (i€)* F [u(x, )] (€) = =€, 1),
F [ua(, )] (€) = \/LQ_W /_ ) %u(x,t)emé do = %\/LQ_W [ e - %a(g,o

ThHHDH 5
N EMT HERTH L2008 G 12T 5,
a(E,t) = e a(e,0) = e f(¢).

d .
(Oibagzww@%ﬂmiyzm#mkwvuh)

2 1 &2 2 1 z2 S
M AN :/\ —ax _ -3 M * —a& — - ;’I‘El >
?TG%ML?Aﬁ?F }@) o ﬁ%G)F ]@) —c & s NEDT
1 2 1 2
Gz, t) = —F* |[e ¥ = &
(@.0) = =" [ (1) = =e
LBl 1
G(Et) = ——e &
(&) Nz
W 21 .
uet) = [ Gl v 05wy
FLonl
o 1 2
9.11 t) = Gz —uy,t d R, t>0 Gz, t) = T,
©01)  wwt) = [ Gla-ntfwdy @R >0, Gl = =

BT OPIERE (9.9), (9.10) DEDOAKXTH 5, BULEREZEVWLEE, 2D u B’
212 (9.9), (9.10) DIETH 2 Z &, FLMO—EEELD LD LIREHTE 2 (2D 9 b %
WD B),

G 1 FETRX O YIHAMERE DO BEAEE (the fundamental solution to the heat equation), Green B
¥ (Green function), & %\ 1Z8M% (heat kernel) & WXL 5, FEFICHA LB TD %,
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LIT, G oWEZ WL 29k %,
FERED t> 01T LT .
G(z,t) > 0, / G(z,t)de =1

DXL, G lE, P 0, 478 2t DIERIIAT OREREERIBICE L W3, ¢t (> 0) ZREEL 7 & &,
v Gr,t) D77 71 2 =0 TZR>TWw5, FEIROIFE T, » il & O CH F 1o o
DY 1 127> T3 (FiE, WEOHETITEE T, PIIEIFf > TORAEREINS 2 L%
BT %),

SRS I U CHEINg 2 2 L IR L £ 9, RRofEE L &b, DA > TWw L bl
T7,

t ZBEE LT, x> G, t) D7 7%EOT, HEORBE L HICZ2NBEIEMT 2, A
A=Y REOHICHESNIT S Z &,

a7y 7 b =7 TY T 70T 55, 2 2Tl Mathematica & gnuplot % H\ 7% /R,
- Mathematica TEAT A DA 2 H, 5 ~
Glx_, t_] := Exp[-x"2/(4 t)]1/(2%Sqrt [Pi*t])

g=Plot [Evaluate[Table[G[x,t], {t,0.1,1.0,0.1}]], {x,-5,5}, PlotRange -> All]

Manipulate[Plot [G[x, t], {x, -5, 5}, PlotRange -> {0, 3}], {t, 0.01, 2}]

-4 -2

9.1: BITBERXOEARM G(-,t) (t=0.1,0.2,...,1.0)

gnuplot T7 =X —> a v Z{E>TAHALIH, £7

anim.gp

s=sprintf ("Heat kernel: t=J5.2f", t)
plot [-10:10] [0:1] G(x,t) title s
t=t+dt

if (t<Tmax) reread

DEHI %7 74V “anim.gp” ZHE L TEWT (emacs ¥ Atom DLI BT XA - 747 —T
fERUE R W), gnuplot T

N2
S m, 1 02 DR N (ms 0?) OREREIEBNIL. —— exp <_ ) ) <b %,
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gnuplot> G(x,t)=exp(-x*x/(4*t))/sqrt (4*pix*t)
gnuplot> t=0.1

gnuplot> Tmax=b

gnuplot> dt=0.01

gnuplot> load "anim.gp"

J
ET2Lt=01205001%ARTt=5FT, Ht) D77 7»lB 7= A= avTHir s, Z
Tl TR,
0.3 T T T
H(x,1) ——
H(x,2)
\ H(X,3) """"
/f\\ H(x,4)
0.25 | / \ -
/ \
/ \
/ \
/ \
02 // \\ -
: / \
// \\
/ \
/ \
/ \
;/ \
0.15 | |- \\\ .
0.1 b
0.05 | -
0 L 1
-10 5 10
9.2: BHBRRXOEARMR H(t) Dt=1,2,3,4 TDTF7
- 7A=Y av GIF OfED i ~
gnuplot TXD X 9 12§ 4US heatkernel.gif® 23K 5,
G(x,t)=exp(-x*x/(4%t))/sqrt (4*pix*t)
t=0.1
Tmax=5
dt=0.01
set term gif animate delay 10
set output "heatkernel.gif"
load "anim.gp"
quit
“https://m-katsurada.sakura.ne. jp/lecture/fourier/heatkernel.gif
NS J

DI IER#HTH %,

131



G BEPPITRA 27§ 5 .

t— oo DEE G(a,t) >0 THDEH, t = +0 &Lﬂ)ouﬂoﬁfio IR T 5, FEEE.

lim G(z,t) = { 0 (z#0)

t—+0 +oo (z=0)

G(a:,t).

Jik t — +0 DL F, G(z,1) 1% Dirac DFILY (8) BEICIET

t1_1>rJ1r1 G(z,t) = 0(x).
i
lim u(z,t) = f(zr) (BERZTNRE-)

t—+0
DI D 32D (D F DS (9.10) 2L TWw3) L W) EKETH S,

(D LELRAESHICRZTNE) FHICE LD TEL &, G 1 Dirac DTV ¥ BEI%Z WG &
T3R8 BREXOYIIEMEDO R TH 5

0 02
—G(z,t) = 52

VIR ik, R 0 CREAICHMBEDTED T, Z OBDMEE (A8 LT CRREZ R TBIET
b5 MEAICIE THEAMR, EMENZDICSEIDbLVERSTWD),

—G(z,t), G(z,0)=0(x).

9.5 1RTKEENAEXDHIHA(ERIE

Bl 8. EERE v R R BEZ5NE &,

(9.12) ng(x,t) g “(,t) ((2,1) € R x (0,00)),
(9.13) u(z,0) =0, %(m,O) =¢(x) (z€R)

ZWi7c 9w 2RO (BB R OWIIERE),

(1) u @ x 1CBIT 3 Fourier 252 a(¢,t) = % / e )6 de DTG R O B ER
T J—c0
AT, ZRERY

(2) @ %3 Fourier £ 4 5 Z LIC k> T, u 2K X,
(f#& 1% p. 139)
(2 DRI, Fourier Z8#a% flid> §ICWIEN 2 G O A TR 2 (fH8k H1 ICEB VTR Wwi), %

x4+t
k% & u(z,t) _% V(y)dy £% %, BREDLOICHVS LR, #IZMAE LT, (9.13)

x—1

D5 DI u(z,0) = p(z), gt( 0) =0 (r € R) ZF L 81513 Fourier 22T < DI L
WA, H1 DR DTk, ZOHALM I ENHERS, )
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F10E [0H: CTOHE

THE D Fourier 240, 3 TN ~NDIGHZ — DR TH LI,
(KZEBBL2NRLDIELBEAV, #ELEoTSNR0dkd, RLIIHENIZDL, EbAL
EONLERZFEAL TS LADETF 2y 7 LIt TAHED)

10.1 #Efi: ZSEHEED Fourier T

INFTIOHETIE, 1 BEEIED Fourier 2L 2> > T %hro t?b) CT DEETIZ, 22
FEHELD Fourier ZHADSHENZ 7 5 DT, BB D Fourier 2% {1

f,g:R* = C £ 35%LZE, f D Fourier £ F f, g Difi Fourier 24 (i:'\:fﬁ Fourier Z£44) F*g %

1) = F6) = —z [ sw)e S,

*9(z) =g(x) = e dy
) =500 = i [ 9l

TEDD, 122l z-£lF, 2 & E DNETH %:

x-& =215 + 2282 + -+ Tpén-

1 XD & & & RARICKIEA 7% EDORADHY 322,
II7T

e~ — ol —iwae || p—itnén

THHIEZTFRLTELS, IOro Ffld, f= f(r,20,...,2,) ZFER z; (j=1,2,...,n)
122\ T Fourier 2L 72 DThH % & AlgH 5,

10.2 #fg

10.3 CT O#H3E

BEDOBEBICR )T 2 L DOHREWEEFEM CT (computed tomography, 2 ¥ € 2 — 4% — W&k
1) 13, G. N. Hounsfield & A. M. Cormack I & > T 1972 4R ICBFE I Nz (1979 R/ — )L
M REEEREH), XMz MRS 2 & MEIZT2000, —53FE#H L TRTICE» N
TR TE 5, MRS XBEz2hmr 6B LG EIc, ENRTHREL»ZMEL, 20

W7 — 5 (T — ) %0 Ea— b —IFT 5 2 LIc kT, AMEOBTERI SRS, Ch
DCT THh 5,
tomography (3. "W, LRINEFETH L, XBREICET 2Tk, ko X B TlE, £ O

ﬁﬁi%Lf1&@ BEERT 205, HIUETA3H00H 2EZOWIHDOADEREET H D,
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o |
.—-":, 2 I|
%\
o 7
>\
e ) 7 1,
2l

X 10.1: XfRE»roFE o N X BIIARZEZBR T2 L EHEL THREZINS

ZORET =56 NMED “ERE” BT 280 08N B X, 91 Johann Radon 12 X
D 1917 I FEE I N7 ([40))

KT 252 LT o7z, 2RITRadon BARD W% KD
E)Fnﬁ%gf‘%éo

fRNEDEELT2EE, b9 7497 - AX DI LTHEONDS Rf X f O Radon
ZHTH D, Radon BHADHIZ, ZDORE T — I o HEZEILTH I L2 LET 5,

Rf 1% “sinogram” & ?6“3: N5z,

[iR? = R BEHET, Blday 7 b (D) H208REEBFEEL T, ZOHIEATIZ 0 I
moTWw»5 )b?&ﬁ@ﬂ@&ﬁ@ﬁﬁLmﬁLf\

/f x| (LI1Ci S Y

L8,

B LR S DRl s(>0) & W7 PUdSz BiliE 29/ 0 (€ [0,27]) THETE S, L
1%

scosf —sin @
( ) (ssm@) ( cos 6 > (tER)
ENRTA=F (T TELEDS, BETIIRD L) IEEOBTICESZ 5N S:

Rf(0,s) = / flz(t),y(t))dt = / f(scos® —tsind, ssin6 + t cos 0)dt.
(Z DT >

o FHEZOHMTHROLLEIMWDIAATEIZ ), ) Rf(0,s) 226 f(x,y) %
KD\,

HECAVPAR L [ RP >R DBEA6NT L &,

Rf(0,X ::/ f(X cosf —Ysinf, Xsinf + Y cosf)dY (0 €10,2n], X € R)

TEE S Rf # f ® Radon T L 5,

(Dirac D7 VY B D Radon ZH#ilE, KD 777 2RETHIENLDO0RARTTH S, LFHINTVS
D, EEDLFHELOLI EIRAIS I\,
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{ # |I \ {/3()53‘,6.5'\\—&)
// |
p— II ) '
.'/. / |
[ rE
O '! BY:
1
\"».\_\_\__ 1 / \
X %
i [cin |
| r 0T\ )'}f;)sg ) t;" jl
| * 59 |/
BRL lue) Law) )
10.2:
- 24 n XL Radon 2D E ~

f:R" = RIGHEETEPERET S, S IERWOTEEOBFYHET S, XX 005 X ICF5
L7-ERRDIE ¢ TIHETE 5,

=S {reR ¢ (z—€) =0},
s:]§|,a:% EBLCE, 5>0,a€ S €= sa.

Ye={rzeR"|a -z=s} =%,

Rf(a,s) = g f(z) do(x).

N J
f @ Fourier 254 g 13,

1 .
g(&,m) = 2—// fla,y)e M dedy - ((€,n) € R?).
m R2
(&,n) DIWJEREZ r 0 £ T2E, E=rcosf,n=rsind THHHH

g(rcosf,rsinf) = / f(z,y)e tr@eosbrysing) gy,
R2

R3
g&gﬁg
R3
p=3

X =xcosf + ysind
Y = —xsinf + ycosf

ZHEAT S (g&n) ZATX 2E)TH0E0OZ, ZNERVHBICEYZI9 R Y 2BATS),
Z DWAAIZ

x=Xcosf —Ysind

y = Xsinf + Y cos6
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Thbh, Yaerviiz1 THEDT, dody=dXdY.
g(rcos@,rsinf) = /R2 f(z,y)etri@cosbrysing) o gy,
= /R2 f(Xcosh —Ysinf, Xsinh +Y cosf)e "XdXdY
= /R (/R f(X cos@ —Ysinf, X sinf + Ycos@)dY) e T XdX
= /RRf(G,X)e‘"XdX.

ZiUE, f O Radon £ Rf(0,X) 12, X IZ2WT (12£%) Fourier 22 EL 72 b DX, f D
(2 Z%) Fourier 21 g IZFE L W I L Z2/R LT3, Fourier KARARIZ K D, f23KkE 5,

1
(2m)?

00 27
flz,y) = —1 5 // g(f,n)ei<x5+y”)d§dn = / / g(rcos@,rsin 0)7“6"(“059+y5in9)d7“d0.
(2m)" J Jre 0o Jo
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(BF>3

C D, Fourier ZADM T & L TOINK®, SHOEE (BT DMK (Fubini DER).,
oy &R DR 58t FatT % &) IR ViDL ) e £ K[EEICEIE L TWwWa23, 29 v
IbDDT7 xu—TEaEHL,

ZZREA 77 VEEGITEN,

(RrFHOLZLbhrnL, ROFBZHLLOLTH T, H#EZRT, BUICHCLTDES
2, 13 6VOFEORBHRDLVBLEL TH D, RUNCEHCTH S DEERIPED L, )
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1 %A [BEEE

(BARFOTRY, )
RE 1.

(1) e ™ = cos(—nx) + isin(—nz) = cosnr —isinnz THEHD 5,
Cn / f(z)e ™ do = (f(x) cosnx — if(x)sinnz)dr = % (an —iby,) .

c_p, DEESFERRICIKZ 5,
(2) (1) DFERD S, ch+cp=an, ¢y —Cp=—ib,. BEDPS b, =i(c, — c_p).
(3)

ag cos kx + by sinkx = (¢ + c_) coskx + i (¢, — c_g) sinkx

= ¢, (cos kx + isin kx) + c_, (cos kx — isin kx)

ikx —ikx

=cpe" + c_ge
THHPHHG D,

(4) B2 XHEH DD, a, & b, BFEHTHL I LIZ, a, L b, DEBRXDPSHSLTH A9,
(1) TR LEBERADLS, ., =75,

BE 3 mncZlln=—m EVI)BERVH 2 L Z

™ s
/ cosmx cosnx dr = / cos’mrx de=m#0m
—T —Tr

BE 5
N 2 N N N N N N
D on|| = (Z D e ) SN nem) =D (aren) = lleal® m
n=1 n=1 m=1 n=1m=1 n=1 n=1

BRE 7. (MEfiih. B L Twdv. ) ao (fV) BRHIRC LT ao(f?) = ao(f), a(f*) =0
(keN). LFCldneN T3,

an(f') = nbu(f),  an(f") = nbu(f') =n- (—na,(f)) = —nzan(f%
bn(f/) = —na,(f), bn(f/) = _nan(f/) = —n-(nb,(f)) = _n2bn(f)a
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THZDH

) 2nka,(f) (k DMEBD & Z)

an(fM) =
DE=D/2pkp, (f) (k DEED & %),

(=1)

(=1
o (f0) = § (V) G DD & )
" (~)EHD 2nka, () (k DHHD L 2) m

T e = —eaen, ae0 =0 Lago =3

(—HEEL Z ) D) R E(#0) ZEDTHE RS L, THUIHIREIO RN TH D, —#efix
u(é,t) = Acos(&t) + Bsin(ét) (A, B IZEEEE).
WA IR L T

alet) = Si“f%(f) — tsinc(t)(E).

BE. (=0 D5H1F
u(0,t) = A+ Bt (A, B IMEEER).

5 A=0, B=14(0) THZHh5
(0,1) = t(0) = tsinc(t)p(¢)

£=0
T _TD € LT
(%) (€, 1) = tsinc(t&)i(€).
(2) 22T
Gla,t) = —— " [sinc(t)] (x)
2T
LECE (D) &Y

¥ 7-

Iz (x) ITfRAT % L
(1) = V2T [G(, )] (O(E) = F[G( 1) x¥] (€).
Fourier W42 & (v —y| <t o ye|v—t,xz+t] ITHEEL Q)

m%wzaaw*¢@y:120@_% / V() dym
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T 8%&B SEEXN & WOE

2014 FEE D EEFRET

FEIZEIIOLIAREZEATIUEIRVLDD, Lo ER->TWAS,

BefRbcld, Fourier fRNTIZ & 2 FREE DYEf (Lebesgue T4 RBIEURNT) SR T 68 I N %
DB TH 5, FRICHHID B HERXDS \», ZOLDICHBEIN TV RIE, BANICP
PEET, ZONEFUIIZOWTEfIN S N TOLRWLWEANEL . ZOMEOSEEL LT
FAREYTH D EEbNS,

BESEEED L & 2EEOEFHNCH > Y OHEED, RAID Fourier M E OB T
Hote, DEDEFLELTTIERL, YL LT, Fourier T2 2AT, BFAFOBFE LT
PBHNT, ZHVIHIPRNHERBEL TR DA, L Litky, 250 EIhLHDLNZ S
AP L LT, KA [41), Mgk [42] % & FCE <, WIRINAIGAIC D W TR [43) 2SR 0 B
WARTH 5 (772 LINER D2 ) EETHRDNLI 2B dh ),

BRUEOSEELHANTRE LRI, ENELLREA 256720 (101s x> L Bok A
L), ZIWRENTHLIL2Z0FFHBCHZLL I LIID o7,

BMGEBEISHBCAE DO AR [31] 13, IWHBFEOARTH 2D, Lovh & LgdibT, av/87 T
(100 HRREL), > TV 25HELIFHOBAE L D X 2 offRAT T, ZriarRutEbns, &t
IS Thh )T, EnI) REREGEZ L8 H 2, AR AT L VLoD
52 EFHRA O (HBEIE S 9D LB Z T L V),

BEOMFBTRFBUIIC OV TIRRZZ S DIEH F D 2o, Fidk [44] 32 L, ETHHIA W
KCThHpERID, ZOHWBOSEHLVIIDIE, I b r-o LHEEREU2T S, BEIRZEL
TENEDL o TAL I EZ2EID 2,

2014 FEEERZERZT

WIEE OB ZKZ T, EoldZzBEICTXREDVRZ TR,

BRI L 72RE [31] 23, ISHDO D 6 BA DT R IAG TR ET 5 L R [45] 13, BEED T
SISO R TART, FAOER EIHER T DS AR TH S LR L 7z, HEHINE) DT D
BOBRHE LR RSV, BEILRL LEbDNS, ZOHEETIEPRD AR 712> 72D
DEFNTREDIF (BFEEFELELT) YRE LT BEBAMPEEN TV 25BN TH S, %
7BRDSBELETHENIN TV IRIZ, ABHEE L 72 0ADRLIEEN TV S,

7 — ) LEMTIE. EFICEERHEZ R > TWw DT, xRz FICH-> T, ZDOROHS DI
ACEIREEI LRV EEDLN S,

ZZ TV OpHIZOLEARAZHNLTEL,
roLF— [12] W, IR 7 — ) R (SRR S E D A) 04 EEE L L%
BATSNEERTH %,
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7 =) T OBRDE NI A T A ¥ & v VT [46] b 7 — V) ZENTOEE DM EF & DEIR
DIHILTE LI N T T, HHWT XA MR ->TWw 5,
BIA [47) 13 RISRAN L7 EDORE B BEDRL 2, FEFICL=— 7 ZHHVATDH 5,

2015 FEBRZRAT (ZZEMDE)
AL SHP D 202 &

o HEMEAZRFEITTHAS, HFEDO ZORHIZ THAWZ 2 E2EHETEL, —BHM %
He, E 0w TR0, HERER TZ2NZBTERFRI LR, HHR 2 LK
2590125 XIHIHEN B A[REMED S 5,

o EFUHDERFEARS L > Oppenheim & Schafer, Discrete Time Signal Processing, Prentice
Hall ([48]) Z AFL TitA TH 5,

o iz AT ANNTIC, IWRDFEMmZ SO 25N — a vOiEHZE L, BT 7%
PEATE NI & o T, Fourier fRTOEFHIZR WIEEMETH 2, ZOMEZHEL THIT 5.
w9y L,

o Fourier i EDMBANEDEEZ AT, B2 EbA LK),
o FFT O 7 N3 XL D% T 5,
o 7z ZHul D, Wavelet & 72>, FHRE[E] Fourier 2244 & 2>, PHEEMIFEH & 2>,

o Schwartz JRDOHEBIBDMAMNFMIEZZ L LT (ZNTHOMPSEERZHNTE L0 FEH S
72). Lighthill £ & 2l & T, I L F & DITTUVYBEBDOMHFNDIHR WD,

7 — U NIRRT D,

2016 FEBRZRAT

FHL Z2NE L, 2015 L RERERZ -7 (FHEDEE - EEZL200D), SHOLE
FE»rwE A TREBONINEEL Db D TH S,

EdH. TH, WEMWIIIF Y FIEEBEGR L DS b L vwb oz, PooRETe 50
T, PLEOHRBRERLS ), LwIikb T2, WIRHBOHkZA LEE2 2 L2B—0HBICT
REpH LN, (208, HEZHEL TV TEERE OLVICEREL T

7oL ZBE LS THIAHZEIRE, ELIHIRFFBIFETETHM Lo/, 1FEAEHRT
W, ZORIZOWVTIEREREIIPSEZ2EICTS, D2t T5%E, BLoPEDOHFZTEH I E
T, BERWIZED LY IZTREPDPRZTL 2005 Lk,

BRI CIRITEEERIEHE E TR, TPV - 7407 —D 707 7 L2 EBRIRTRE
oL Lk, WAVE 774 )L%2 CO/Ar I LTHRAEE, EWIEHFEHIZHALISE AL W
ZHE L, REEIICHERED 7 2 TH 300K S WTHH, EWwWIDIEHKL LB N EH
Kot

Mathematica 3] TH 223, CEEDO 7077606, FFT 74 77V 1« Z2HHT % Kk 9 %4l
LRTREZDDPS LR, ZiLE D Python &2 ? 2%k o IXFRHCHEE N L
v, COIIHRERFE,

Oppenheim & Schafer [48] IZRWAZ LK U7z, T, FEICHTZBEICGI»NZ ) Kb T
5 (BEEZ L. TRErS),
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2019 FEOFREKRE (KEFR DT DIREERIRE) ICT

2017 FEFE, 2018 FE DB KA T, ZEVT0ARY, HFUICL 227D T (EZ0iRE LT
H5)y LW E DVDVEIEDFIZH S TR EENLEVLTH R, ZORIEFPLKEL TV,

FHiiAGEL E LT Lebesgue I3 ERDO L L9 bowT, L? O5fMEIX T8 5 L0k0
D, ZIZBIRICLZAEETH, AEBLFEEHKS L) 25X LTS (1ED 1.3, 14 Hiod
D)o HR, BRREV)BEZDLTHAELLDOFHREITEL 72w,

BAICHIER T 22 E D VR A WRDT, HEARETHEILRLTH, 2IHIWH I LD 3,
ATV RHEEZZIELTICEHELTEBLORAERLD LRV, EREEL T3, 2O AR
KNOIHZ D LEHHICEH L TEW, SBIIBAL v, HERDTADS E, 232 THEMNL
7o . BARW 2 BH%0D Fourier Z¥a B2 4, Z2IBEDEEOFHHNR L o200 Lt
W, ERB LT, RIED THIZIE, CABRZEIHAZY LET) BEAAE6E->TEII,

PRDFEIZOWT, RN ER L ZDFEHZ KT D ICHE 2 X 0 i3, BApl2 B, Mgz
AL ENRIZH, LIELU T3S, Fourier fiEUZ DWW TIXIRIKR OB KRS L 9 1275
7Nk, Fourier BHICOWTZNZ T 2DBRDHETH 5, (2D, EHED S DERIX
JBLEIELTVREIBIC, 29FBZD L) Ik, ) EHIFREOHKAZ LB H)RFETH 5,

AVEL—F—BHORHL W) I LT, BEFICaYEa -y —%lioTAHAE T, HET LK
b (ETH) IZIPLLBBSI-> T 2D 0E, FEDRHDOMHEVTID EF TR, W) D,
IELIETETCRR Y, M) TELREART VTV, Lw)riEEz2, AIIEN
LT, BEEREINIC TRoTA LI ) Lo LIV AT v TNnE (FlEZIZA
DY LEZTMEZ G2 THEDT, BATEIAVEIRBLZDETFHEL T, Ebok I A7
TR T LEEZTEITL AL, ZNTHEEFSLGHEMTE, ZH)LTTFIVEHERLTH S,
ZNHDID), /) — P ERALD, YUV Tu s Aok Lich, AR T L%
EOHLZD T 5, REBSETH b ok, ZOUIZSHOHETH 5,

B AL (2019/11/3) T, &/ — MCAELR L ODED 2 LKL T3, BEPHETH D,

2021 FEDBHERZIRAT

D243 E, COVIDIOEEETILL S, 2OXERZHED F2ANTRY,

FOL IR S L7 B H [49] 13, Lebesgue 2o 31, (ZOMETREFIHZHZLoOTLE-
<) BADWHZ R > T2, HENRZ RETREEHIUL, ZOTFAF2SEICL UUED
MAZ T2 b Litky, 2D L LRI H D, 2FFHL L THERTE %,
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4 8C Fourierik# (B1E) DR

C.1 PNIRZERDIER & 1EFR

X DNEZERT, () P X ONETHEETSE, TDOEE f,ge X ITXHLT

d(f,9) =f—gll=v({f—-9.f—-9)

TED d(f,9) . [ & g DNEED S E D 7- BERE & W5,
d 1FXD (i), (ii), (iil) (FHEEEERICS S b LWIE) 27,

(i) (Vf,ge X)d(f,g) >0. T & f=g.
(i) (Vf,g € X) d(f,g) =d(g, f)-
(iii) (Vf,g,h € X) d(f,g) < d(f,h)+d(h,g).

X WNDREIN {sphnen & fE€X ITHLT, {s,} 2 f ITUERT B index L w 9 Z I (BEAEZ2H
DS &
lim d(s,, f)=0  (F7%&bB lim ||s, — ]| = 0)

n—oo

DRDDZ L EED D,
(ThAuy—) ZEEL TV, (X, d) IZHEEEZERTH D, ZOEREECBIL T {s,} 2% f 1T
WTLILTHDETNPD, )

ER C.1.1 (RY bR, RFIDOMRE DELE) 213 RY k1) 25@% Ot & . FAIDOITRIZ, RY
DWHEDONED» S EE HHEHEE . 2 DFEREICED CIHRIC—#T 3,
FEER. RN ND 2 5 7, i Dk

fﬁJE}%wP

J=1

LERINBH, HIERY ORI 5D BT .
E7. RY Wos {7,) B3 @ IORT 2 & 1,

(Ve >0)IN eN)(VneN:n>N) |Z,—d <e
DD IDOZ L TH B, THEFBI {|Z, —al} BPOWKIPCET 2L, T4bb
lim |Z, —d] =0
n—oo

EWwHZEThHS, m
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p
BEE C.1.2 (1) {5, D f ICUORT 24 513, {EHD p e X ISR LT

lim (s, ») = (f, ).

(2) {@nlnen D5 X DERZR, {c,} BEINET 2 L &,

(fron)
(Pnron) ]

f= chgon = [(Vn eN) ¢, =
\ n=1

slLBA
(1) Schwarz D AFEHNIT K> T

|(sn,0) = ()| = (50 = f )| < llsn = fIHloll -

n—o00oDEX |Isy—fll =0 THEDE. |(sm¢) — (f,0)] = 0. THbE
m (sn, ) = (f, ).

li
(2) neN &T5, fEED NeNIZHLT
N
SNZZZCkSOk
k=1
EBL, N>n%6iE,

(SNu 9071)
(¥n> ¢n)

n

dim flsy — f]| =0

]\}1_{1;0 (SNa @n) = (f7 Qon) .

(f7 (Pn)

ey =T m
(Wm ©n)

C.2 Fourier R%ikEL, Fourier 1IE%iREL

IRFREI DI 2> & B2 TIEIYD R 2 WATREVEDSE 23, I RIS L THETH 2,
f:]0,7] — C 25k TR O fch i

o 2 T
f(ﬂf)=@+zancosms, anz—/ f(z)cosnx dx
2 n=1 T Jo

& —RRINR T 2 SR BUZRRHHISK 5 (Fourier SRILIREN), FEEE. [ %



EMRBIBIEIR S % & EH 1.1.1 @A KT

~ a _ 1 ["~ L [m~ .
f(x)zE—i—;(ancosnx—l—bnsmnx), an = — 7ﬂf(x)cosnxdm, bn:;/ﬂf(x)smnxdx.

FOMEBISCH D, [0,7] T FIZELVLOT
2 [T~ 2 [7
an:—/ f(x)cosnxdm:—/ f(z)cosnz dx, b, =0.
7 Jo L -

[FERIC LT f(0) = f(m) =0 27§ 2 X3 O #adBI% f: [0,7] — C 1
f(a:):ansinn:B, bn:%/ﬁf(x)sinn:vda:
n=1 0

EIEBHICE %5 (Fourier IESX#REN). vt f 2 AREKdRE L CREHT %,
Fourier &554. Fourier 1IEBSE DI %2 —,

Bl C.2.1 (BHRROVIESEFERIE) By Fato FIiEs FUERE (ER 4L Dirichlet B
StF)

u(7,t) = Uz (z,t)  ((2,1) € (0,7) x (0,00)),

u(0,t) = u(m,t) =0 (t € (0,00)),

u(z,0) = f(z) (z€l0,7])

\& Fourier D& T T L3R T, R
N 2y 2 [T ,
u(z,t) = Z bye " 'sinnx, b,=— [ f(x)sinnzdz.
T Jo
n=1

[ @ Fourier IEIKHRBURBHIZ. 2D u DS u(x,0) = f(z) (z € [0,7]) 27 g I 2R LT
W5,
ki, BT o ES FUERE (B 513 Neumann S5t 54F)

ut(l’,t) = uCECE($7t> (([L’,t) € (O,W) X (0,00))7
uz(0,t) = ug(m,t) =0 (t € (0,00)),
u(z,0) = f(z) (z€[0,7])

DFFIE,

o0 2 ™
u(r,t) = % + Zane_"2t COSNT, Gy = —/ f(x) cosnx dx.
n=1 0

™

B 6123 f @D Fourier RIGHEIEHDBN T2, =

LB RR TR D — ik % | ZEBOTHHROBIGAE G L L TRO 2 5ED 2 &, ZORTEDEA L, M R u = v,
& BERGEAE u(0,t) = u(1,t) = 0 Z 7o TEBTHERE u(z,t) = ((2)n(t) 22T, " =X ¢0)=¢(1) =0,7 = A\
V) HIEADELN L, WD 2 2D HNF bW 3 EAMHEFET, A= -n? (n € N), ((z) = Csinnz (C IFMEEE
B) LTS, n b pt) = Cle 't (O IHMEEER) ERE 20T, u(z,t) = C"e " sinne. LW & IR T
ROTXA 2R,
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C.3 &%: NBEZERDAEFERX (Bessel DAZFER, Schwarz DARF
=, EERIELUE)

DI, 2014 FEDHERDOERICHE L 72-NAE T, KFTHBICRBEVWIZZWEEZTWS 7‘2}18
DR T ORI DFET, 2015 FEICIFHFEELL (FNUN 14 HiTH D), TIHSEDLD
BLTHEL,

NREZREMICBN 2 BEAAERZZ LA ETRT, UTOERIPZDRTH D, ROEHIZES
ICKIGINA A =P RT3, REHIK 2 L2802 (FETRIEL 22, (ERPHE#HZOTI 2
WAL DIFZIE>T0E, TAHAEEA, ).

-
EIE C.3.1 (Fourier B3R HIEERFE; ERXRFAEOME) X 2K (,) 2F> C LoWNEZ
M. {on Y, ZIEBESSE,

N
(C.1) Xy = Span(py, -+ , @) = {Z CnPn | C1,...,CN € (C}
n=1
EL, feX it T
N
SN = Z(fa @n)
n=1

EBLEE, XD (1), (2), (3) DD 32D,
(1) sy & f 225 Xy ICTA LEEROR (BRI, EFHF) Ths, Thbb

(a) sy € Xy.
(b) fFEED g€ Xy IZXLT (f —sn,9) =0.

(2) sy 13 Xy OEEDI L, fITRbIEV, ThbY
(Vge Xn) If =gl > 1If —snll-

MOEET 2T 5L
Lin [|f =gl =l —sn]-

\(3) lsnll < [1F1-
slEEA

(1) (a) IZ2WT: ¢, = (f,0n) EBTIFIDT, sy € Xy.
D) IOV EED ne{l,... N} ITRL T,

N N N
3N>90n = <Z f%pm SOmaSOn) _Z(fa@m ‘va‘pn Z f,gpm mn — f@DN)
m=1 m=1 m=1
N
NS (f —sn,pn) =0. fEED g€ Xy 1F g:chgon EREDLDT,
n=1

N N
SNag <3N>ch90n>:ZQ<3Nagpn):Z(aO):O
n=1 n=1
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(2) QGXN kj—%o g,sNGXN THHD6 SN—QGXN T%%o w2z (1)(b) X b (f—SN,SN—
g9)=0.

1f = gl> = I(f = sn) + (sv — 9)II”
= ((f —snv)+(sv—9), (f —sn) + (sv —9))
=(f=svif—sv)+(f—snisv—9g)+(sv— g, f —sn) + (s8v — g:Sv — 9)
= |If = snlI* +0+0+ sy —gll”
= |f = snll* + llsw — gll*.
UL f, g, sy D3RDPEMZMANE (sy DEMDIER) T, €Y 37 ADOEHDOBIRDIRD 75
TWB T ERRLTRE, Shdb |[f—gll > |f — sw| 235N (Ff = fAIGCEANIN—
FREV),

(3) (2) DIEHFD g L LTO 2o EEZB L, f,0, sy DHEMAZAIT,
FI® =1 = swll” + llswll*
NS (|f]| = [lswll. =

% C.3.2 (Bessel DAFRFER) X Z2WREZEM. {on},y 2 X DIEBEIGR, fe X ET25 L&,

o0

Dol < NP
n=1

fEEA fEEODO NeNIZHL T, € C31D (3) 25

2 2
lsnll” < LA™

N
SN = Z (f, pn) n ITDWT,

n=1

N N N
sl = > 10 en) 0all® = D10 0a) llnll® = Y 1(F, )
n=1 n=1 n=1

(BAIDHEZIE, m#n = ¢n Lo, EEYTIADEMIZE S, 32DDHEFIE |@nl]* = 0pn = 1
k3, ) fitoT

N
Dol <17
n=1

7EXIE N ACOWTHFEMT 2 850, S0 L5 ||f|? 28>0 IR L.,

ST el < If)1° m
n=1
f ORI 2n T, [~ 7] TR 4 513

1 [7 ™
= _/ f(l‘) cosnx dCE’, bn = _/ f(CU) sin nz dx
T Jr -
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rBEE)

1 - I
(©2) Slanl 43 (auf + ) < - [ If@)f* D
n=1 -
x7
1 " —inx
cn:%/ﬂf(a:)e dx
EBCEE,
(©3) > lal <5 [ 1@l i

n=—oo

1 1 1 1 .
FHix {—} U {—cosnx} U {—sinnx} P { e“”/’} 3R RmDT, (C2
var S AR L PAET S T AR S €2
£ (C.3) TIFHFESVHD Lo,

(D EDE: EXRHEPREAMZE5.2 45, L) DI, Ritz-Galerkin IR ANIZH TR DI
T, Fourier L D b b > L —MLFEICRT 22 &7, EHZOMBEL 20K LBHTES, )
TR e AT 4 7 TR S 2 7B D Fourier M DINH % ZEHH T % 72 12 Riemann-
Lebesgue DEMZ W7z, —DEE2E, Lebesgue BT DHERDSNEL 72D, [XTHIICIE 6 D272 B

BokHic, NEPERTE 2 &I 2HHTEZ 25481, ROBOEHTHITH S,

% C.3.3 (RTEZEMIR Riemann-Lebesgue DE®E) X 2WEZM. {¢n},y 2 X DIERE
LR, feX tTpLE,
lim (f,,) =0.

n—oo

SEBA  Bessel DAEERD S, %&ﬁiuﬁapn FINR T 50T, I IR %, =
=1
[%cmA(&mmmwx%ﬁ)X%WE%ﬁ\ﬁgexaﬁ%&% )
Ll <A gl -
(FEFHALITE f, g DI RIEIETH 5 Z LB EFITTH S, ) )
FIEEA g—O&B“ﬁ%T&?K%ﬁ®@EE%0Kﬁ%®?$%ﬁﬁﬁﬁ?6o9#0&6@

Q1 1= HHQE%DT ERC3.1(3) 2T 5 L,

Il < fI fo= (f 1) o1

I SBOEND |(f, o) < ]| 12 o1 DEHEREZNRAT 2 EAEARESNL, o
ROIBE->TAHSE, EHC3.1(3) T N=10DEAED Schwarz DAFERT, N —» oo & L7H
A7 Bessel DAFEXTH 2, 2o EEHC31 (2 DA%ERIE, WINHEAZAFBOUDEZ
IZOWTOAEX (FIHB—FR V) TH 2,

RIK C.3.5 (HWEERE) @M O3 1 kuud, WHEZERM X oFRXIEHZZ2 M Xy oL <, £
BOHE f D Xy ~"DELXHEPELET H I L0005 (Xy ODREEZED . Gram-Schmidt DA

2 Lebesgue N5 7 B9 D Fourier £2%01& 0 12K T 5, 4
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ZAbEE VIR, Xy OIEBRERIEE {0, .., on} DMENZ DT, EHEHATE ), HRXK
TLOETZEM Y T L TE E D 2 2 NEEZRM25E (D £ b Hilbert Z2[H) T, #7r22f v 231
FHETHNL, HRFERIFEET 2 2 LA SN T WS, 20 Hilbert 22 NT 2 53 ER T
b2 (D12, Z2NEHOCTRA REREHL 2 LMK S, HlZIE F: X — C 2MEEOMKM
BBRETDHLEEZ, F(z) = (v,a0) £%% a € X DUTHET % (Riesz DRBEE), Z Ditic
.Y ={rc X |F(z) =0} 22T, Y KBEBIRVILD Y ~DERGHEEZH00H#E %5,
(X=R*HEH, F: X > RBPPPE VI T LI, Fog,10,73) = 121 + asxs +azrz EHF T BT L
EFMETH 2 2 LT D205, a= (a1, a9, a3) \FFIHE F(x) =0 DIFERER 7 bV TH B 2 LIk
BT2LRV, )n

C.4 Fourier ¥ & —RIE

Ji] 2 DBEEC f: R — C 28difed» D X O frcdhiud,

S (laal + [bl) <00, 3 o] < o0

n=1 n=-—00

DR D SED DT, Weierstrass D M-test 12X D f @ Fourier fBUZ—RICHESINR T 2 (2 iEA
XIS L 72),

ZOMD fThHar I EZIHL L), ROMGEZANT 5, Z OGP, BEH [50] 5 6 I X
%o AT T NS BIBONEEL 7 A 74 TIXHI A,

EIE C.4.1 A 2 OGRS f @ Fourier M —HRIUR T 272 613, ZDORANE f IT—3
95,

EL
— a/() 3 3]
S(x) = 5 E (a, cosnx + by, sinnzx)

n=1

&8, HEBEES O —RIPRIIR TH 206, S IFHEFPAKTH %,

EEL, wr)=0 2T I LDVHETDH 5,
Fouirer fREDEED 5 |

(f,coskx) =mar, (k=0,1,2,---), (f,sinkz)=mnb, (keN).

S(x) ZEFRT 2RBUT—HRINKT 2 DT, ARG cos ka, sinkr 201 THIHR 25D —Fk
INK T %, @ZICIHNETDRETH 2025,

(S,coskx) =mar (k=0,1,2,---), (f,sinkx)=mnby (k€ N).
W 212
(w,coskx) =ma —mar =0 (k=0,1,2,--+), (w,sinkzx)=7nb, —7wby =0 (k€ N).

ROfEEZHCIUL w=0 WIIZS=Ff =
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i’ C.4.2 AW 27 OB w: R — C 2%8f5E T, 2>
(w,coskr)= (k=0,1,2,---), (w,sinkz)==0 (keN).

732 61E, w=0.

REEA  IEDME n 12X LT

i

nn(m) := cos” 5, Yn = /;Tr nn(t> dta CTL(:C) = 7]2/(:1)

LB (FE oy = 0THY ., (Gl 1 SFAYBIBUIURT 27 & 5 #EEIITH 2 5,

FICHT R, )

Step 1: [—7, 7] TE#HK w IKXFLT lim w(x)G (z)dx = w(0).

n—oo

THHIDH
[ w@6a) o= w0 = [ @) do—w©) [ Gl
:/_:<w<x> (0)) Cale)
W 21

‘ [ w@@ o - w)] < [ ute) - w0 Gl

COHEADFES %, JREDEL &, Z0PADEHTD 2 DIZ5fR L CEHi$ %,
zuﬁO?@%@%%#E\E%®s>OKﬂLT\%%5>Obﬁftf\

(Ve € [—m, 7] : |z| <0) |w(x) —w(0)] <

5

/|z§5 w(z) = w(0)] Gu(w)de < 5 /%'S(S Culw) do < 5 /_7r o) dw = 5

—Ji. §<|z| < mIZBWVTIE

w21

jw(z) —w(0)| < |w(@)| +|w(0)] <2M, M := max |w(z),

x€[—m,m]
ThHHDH
() — w(0)] Calw)de < 2MC, (6) / dx < 47 MCy(0)

0<|z|<

THH,. n—=00DEE ((0) =cos"(6/2) >0 THB25, (AN €N) (VneN: n> N)

[ hwte) = w )] Guods <
o<|z|<m
DEFEDZE n> N 2/ TEED n IS LT

]/ £)Calr) d — 0 ()‘s
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Step 2: n =2m (m € N) D&EE, n, € C,, := Span(cosmz,cos(m — 1)z,--- ,cosz,1). FEE

m=1Dt&
n2(x):COSQEZCOS$+1
2 2

m DEZRYILOET B E, Tag,ar,---,a, s.t.

e (.

Com(x) = Z ay cos kx.
k=0

W 212

U (2) = Gom () cos® = = > " ay cos ka cos® z
2(m+1) 2m 5 2 5

TH B

5 T cosr+1 coskrcosx  coskw
cos kx cos® — = coskx - = +
2 2 2 2
cos(k+1)x + cos(k — 1)z coskx
= ( ) 1 ( ) + 5 € Chi-

W Z 1T N2(m+1) € C,,.

Step 3: [—7, 7] TE# T coskr (k=0,1,---) EERXTS w IKXHULT, w(0)=0. Step2 £D
n=2m (meN) DEZE, n,€Cp. WZIT (o € Crp. w lE coskr EERT S EWVIREDS

/7r w(z)lom(z) de =0 (m € N).

™

Step 1 DfEFHRZH VS £ w(0) = lim w(x)Com(x) dz = 0.

m—oo [

Step 4: CDMBEDIER “YEBED a € [, 7] IKMUTw(a) =07 v(x) =wlx+a) EBL E, v
& [—7, 7] THHET, EED ke {0,1,2,---} ITXHLT

(v,coskx) = /7r v(x) cos kx dx = / w(x + a) cos kx dx = / w(t) cos k(t — a)dt

—T —T —T
™

:cosk:a/ w(t)cosktdt+sinka/ w(t)sinkt dt = coska -0+ sinka -0 = 0.

—T —T

s

Step 3 &0 v(0)=0. §%HE wla)=0. =
RDOGEIZ, 2016 FERIALICET DT, I 5RHIBRT 2 FETH 5,

% C.4.3 [: R — C 2% T 2r O ABIBIET, Xamic C #Tdh 5% 513, f D Fourier
WBUE f I —RRICHRHINR T 2,

SEER —Mtic. BE%K h o Fourier fR%0% h(n) £EL 2127 5:

h(n) := % /7r h(z)e ™ dx (n € 7).

—T

Z ‘f(n)‘ DPRT 2 2 & 2R Iid R, SR, Z ’f(n)’ DR % 75 51X, Weierstrass O M-

nez neZ
test 12X D, f D Fourier ## Z F(n)e™ F—RRIHINR Y 2, @2 ICEHD 5 2 DRI £
nez
ICFE L,

151



[ BERD ORI CTikTH L5, FHa} st —m =a <ap < - <ay =7, &K
je{l - NYINLT f; = fla, 10, & C HTH 3,
fi & [a] 1, a;] CHEETH 206, fi € L (aj_1,a;) NL* (aj-1,a;) THB, DAIT g %

g9(x) = { fi(x) (= € (a1, 45))

0 (I’ c {CL(),CH,"' ,CI,N})

EDHEEZ, ge LN (—m,7)NL*(—7,7) TH 5,
neZ E95HEE

27r /Trf —ma: dr — Z ’ fj(x)e—inx dr

T e

1 e~inT a; e~ inx
o =1 <[f] } / e —n )

aj—

_ 1 [ flan)e ™™ — f(ag)e "m0 .
T on ( —in tn mn Z/ da:)

j=1 " %1

—in m ) _,

fFA2r TH B0 5 f(—7) = f(r) THHDT,

foo = o [ gy do = gt

m 2w J_

g€ L*(—m,7) TH 55, Parseval DFEHXDNK Y 32D:

> —~ 2 1 /7r 2 o ”gHEQ

n=—oo

C.5 RS

Holder ##ERI%L, Lipschitz HHEEIEL, XrHIcig o 2> B
Lipschitz @B D TiE, il [45]) ICBBRZEWEE23#E> T 5 ),
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1 #D Hilbert Z[E

Hilbert ZZ[DFBH, #HRMIVIZ® 2571214, Lebesgue 0 % A S50 H 132\, 212, D L Lebesgue
Moz d2E, 2H90) T EBHZEE T, L 0IFHDMETIEH 20d Litk,

D.1 HETEE

A O AE % RS 2 R 2 N 2, (BRI & 5 7 MEIRKTE 2R % T2 T 212
. COMOBRDBDBEICAS I L EREZOE, BENTLHZ L, £ 2 ONEHEIEE
U SN2 AR S 2, A, FAERBREE O & &L 72 EHAR b - 2Y —ICAD 29 B
PCH B, )

e N
EE D.1.1 X 2R K FOXR7 F L2l Ed 5,

(1) CCc X X OOEAEETH 5 LT,
(Vz,y € C) (¥ € [0,1))(1 — )z + 0y € C
NS AV RYAS RN AR I
(2) VCX X ORBBAEMTH2 LIZ, RDO2FKMDBED IO EE VI,

(a) Ve,yeV)ax+yeV.
(b) (VzeV)(VAeK) A zeV.

(3) X 23/ )V ARIBZER (2 VA%, V C X £T5, V¥ X ORRIERSZEM (P72
) TH 5L, V2 X ORI ZRETHY ., oV X O EATHLI L%

VI,
J

-
EE D.1.2 (FEEE) X % Hilbert 22, V 2 X OB THEWINHEHTEA, fe X £T5
L E,

(v) heV. |If —hl = nf]lf -4l

\’E‘?ﬁﬁf:?‘ h BFET %,

BRIV 9 X OO EMTHZEE, h % [f DOV ~OIENE, BEREE WS, V 25D
HBHEDGAELRE LRI E13H 5,
B L:=inf ||f —g| €8,
geVv
g €V neN), [|f =gl = L L% % {g,} BHI S,
R B
lz =yl + Iz + ylI> = 2 (l=]” + ly[I*)
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Toax=f—gny=f—gn EBC L,
”gm - gn||2 + H2f - (gn + gm)”2 =2 (Hf - gn||2 + ||f - gm||2) :

JEIE 2 B A|f — (g + ) /207 KEL VL V BITHED S, (g0 + gu)/2 € V. WAL

2 (Hf - gn||2 + ||f - gm||2> = ”gm - gn||2 +4 ||f - (gn +gm)/QH L2 Z ||gm - gn||2 +4L2

W 21
“gn - gm”2 S 2 (Hf - gnH2 + Hf - gm||2) - 4L2

n,m—oo &5 L A — 2(L% + L?) —4L* = 0. WZIZ {g,} 1F Cauchy S TH 5, X Z580H
THEDH {g,} FINKT 2, ZOMiRZ h £ T2 L.V IBHAEETHLILENS, heV THD,

IH—hHZHf—ggﬁn

T [ f = gnll inf[|f - gl m

-
fRE D.1.3 X (% Hilbert Z2f, V 1 X OZTHRWIMHHEDHES, fe X LT, fDOV D
EAHE ((0) ZT727) h 1X

(t) heV, (VgeV) Re(f—h,g—h)>0

\%ﬁkt\ik(m%ﬁk?hﬂ—ﬁﬁﬁ%%o?&b%hd(@@ﬁ&ﬁﬁ%h%o )

A V3N TH L6 IO gV, 0 [0,1] IR LT, (1-0)h+0gcV TH%S, F:[0,1] - R
%

F(8) = [If = [(L = 6)h + 4]’
TED S &

F@O) =|f—h—0g—h|"=|f—hl>—20Re(f —h,g—h)+6*|lg—h|*.
Fl30=0DLERNEHEDT
0< F'(0)=—Re(f—h,g—h).

W 21
Re(f —h,g—h) <0.
(—EMEDIEEH) hh € V B3

Re(f—h,g—h) <0, Re(f-H,g-1h)<0 (g€V)
ZWilzdET5, g LT, W, h 2B I LN TESLDT,
Re(f —h,h' —h) <0, Re(f—h h—h)<O0.
%ED»S Re(h — f,h' —h) <0. ®ZIZ
W' —h|> =Re (W —h,h' —h) =Re(h — f,h' —h)+Re(f —h,h' —h) <0+0=0,
WZIZh="h. =
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4 N
finRE D.1.4 X & Hilbert 22, V 13 X OB ZEM, fe X £T5, f DV ~NDELHEF h
B

(5) heV, (WweV) Re(f—huv)=0

\%?ﬁf: L. %7 (1) 27T h 3—BINTH 2, Thbb i (1) THEOTSND, )

SV BEAENTH LS. EED v eV EED AEK ICHL T, A+ weV TH2,
If = (h+X0)|* = ||f —h — Mo|?
=|If = hl> = 2ReA(f — h,v) + |A]* ||v|?

THLD, (f—hov)=|(f—hov)|e? LD peRZHD, t ZEEOEHE LT, Ni=te™@ &
B
Lf = (h 4+ M)lI* = |1 = BII* = 2t [(f = o) + £ [jo]*.

¢ ZEELT, tcRDOBEBEARLRTEE, t =0 TRINCR S, WZIT 1 RDEE|(f — h,v)| 1&
0. ®ZI
(f —h,v)=0.

(—EMEDIEEA) b e V B3
(f—h,v)=0, (f—h,v)=0 (veV)

Zii7-dET 5, 26 (h—h,0)=0@weV). FiZv=h-n EHEUL, |]h—h’|\2:0. Wz
IZh=Hh.nm

D.2 Riesz DRIFEE
(HEffH — FHOFEABH 20T, Fh L THi> TCHUER L, )

D.3 BEEES5hH

(FsAad)
Fourier f##Td Z 9 72 L. BIREELED - DHED DA Z Lw L

Lax-Milgram D EM, Stampacchia D&

Laplace T2 Dirichlet 54 5 E o 55 fi

A[43 7 Hilbert Z2[H D584 IEHER % DAL

o A7 VIR EM

7]
compact H OISR ERFE D REE B
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T 8% E FourierZMICRHI HFEDH S
L #1297 ELD Ly

(REIBETH T, FXF72HL I H5RRDPEOTVE L, EATHLRVWIATYLH S, )

E.1 Lebesgue @2 D#EN

E.1.1 E*¥M

Fourier Z#45> Fourier fiBDIE % EDREZ 6 A L HET 5 7-9121%, Lebesgue &% ~
A= LB D 5,

Lebesgue T3 DRIRIC X Z 17 ) ORI D025 DT (bW 3 T—i—%4 ) TIEFERWV), C
ZCTE - &) BMFUIHR W, SFHRAZ T THIEHL &9,

ZEFHEL T, B [26) (A—Y Fy 7 ATIEHICESBA L LEHHNIN TV 2 ERA), S
Rk [51)(HRBGEE» N IR TETHFEL W), FHH B@EHIC TN H 27X A T, BER
CHAENTL ), Al BN FHICTERH 27 F A M), BA(E D HATTCHR AW
EWVTHRWVE ZIEOFRED D 2AR) 2H 1T TEL,

e Lebesgue fE47 1%, S T8 Riemann f7 & 1E, EEPE > TS, BEICIZNYITH 5,

e Lebesgue 771, FEAMIZIE Riemann B2 DILRICR > Tw b, BENEEST D% I,
Riemann 547, Lebesgue 677, &6 6 THEZXATHRICMETD 5,

o TEESHIIZ, Lebesgue &I TIE, f 2EITAIRE L | f| DBED AIREDSFAMEIC % > TV 5 2 & TH
% fﬂliéf/ il T Lebesgue #8477 & L CTIIRED AJRE T2\,

T

o Lebesgue B OWTid, AR IHRE R (SRR 70 0T & By DI 5Kz &) H3tas
b5,

E.1.2 T&S
el MRS O (FEF [55) CHBIL 2 E0% 2, 20 aEoTLAERVLOD D,

E.1.3 HIEZEM. THREE. SfiEit
E.1.4 LebesguefllE, Lebesgue AIRIEIEL
E.1.5 FEAEWEZEZBELWEBDE—HR

Q C RIZIEOMEEZ FFD Lebesgue AJHIEEA L T 5,
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O LOWFERIH Lebesgue THIBIMAKOSEAE M(Q) L£T. f.ge M(Q) 1AL T

s f=g (pae inQ)

& p({req|flx)#g(@)}) =0
TR ~ 2EFRT D E, ZUE M(Q) LOFERIRTH 2 2 EVFEHTE 3,

LIFS D, fe M) OEDBEEEE [f] L£T,
FIZEE M(Q)) ~ 2B WT, M [f] 4 [g], A7 7 —FE N[f] 2.

[~y

(f+9)@) = flx) +g(z) (x€Q), Af)x)=Af(z) (zre)

TEED f+g, M € MQ) DEDDAEHEETED S

1+ 1gl:=1f +4],  AlfT:=[Af]

20D well-defined TH 25 Z E2RTDIXEHTH 5,
M(Q)/ ~ &, C EO~Y FVERE %2, FuE, SR 0 OREH 0] TbH 5.
frg € M(Q) 12X LT,

f23Q THfES < g 28 Q THRES.

f dr = d
N AIRVASR

:@:&#6\Mmywdﬁﬂﬂmﬁbf\%%/ﬂwwwﬁ§

Q
/Q (@) de = / f(z) da
WXk TERHKS,

INBEE, [f] DT EERBIC f EHLIEICT B,

¥/, ZDEE

E.1.6 Lebesgue ZEfH
f:Q — C % Lebesgue AJHIBEE, 1 <p< oo ET 5,

@ e < oc

DRI OEE, fIEQTp RAHD (p=1D L E, HUTAET) TH2 LW,
QT p "M LBEBOEEE LP(Q) LR,

v = {1 e M@/ | [ do<oof.

1/p
1l owiey = 171, = ( / \f(x)\pdx) .
ZHUX LP(Q) D/ VLY LP(Q) 1FZD /L AICEIL T Banach ZERE L & 3,

157



E.2 Lebesgue &5 DIREE

E.2.1 IBRES
BAB {f.} IcDoWT,

(E.1) lim / folz) do = / F@) de(=E L f(z) = Tim fu(2)
IR DT & TR AEETH 5 v,

W1 Q PERT, {f,) B RIS 2 & 5. BRSO TS S, OEBEIHH-CHA
ThH LD (W2 TEEREL Tld. BANARREZEC DIz, R Iz 2 IXE W), Fourier
ZHUIER TR O R TOBDTH 506, TUIRITIILL B0,

Lebesgue fH57I2 DWW Tk, ROBFAREMDYH 5, ZHUIIEFITH LR v,

EIE E.2.1 (Lebesugue DYREE (BINFREE, dominated convergence theorem)) (2
%3 R D Lebesgue AFHIEA T, {fo},on 78 L1(Q) NDIIT, RD 2 DD 2T LT3 L
ER-E

i) HEME FIc, Q BEEAEVEZ LA TIRLTV S, T4DS

li_{n fo(z) = f(z) (ae. in ).
(ii) & % Lebesgue A[HIEE% o T
(vn € N)(Vz € Q) M@MS%@,/@®Mx<w
Q

Zii7 9 DBFEET B,

ZDEERADD O,

lim an(x) dr = /Qf(x) d.

n—o0

N J

E.2.2 W9 EESDIERIE

d / / 0
— r,8)de = | —f(x,€) do.
% [ f@edr= | i
QBR" DAy 7 VEAT, f E g—g DN DL AL, DL NIV TROEEDH 5,

T E.2.2

d [* b9
%Lf@QM—lgymam

SEBH  GERHIZERED IO, =

COEMIZ, Fourier ZH#D X 9 Z)AEATITIIE R v, INEETICE VT, o Lo DIEF
L LREE L T N BT, —RRIUKRDY S ADEMNZIRET % D DD3H %23, Fourier ZHEDE;
3. ROEHEPMEOL T,
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4 N
EIE E.2.3 (Lebesgue BAICED < HMP LEADIEFRIEE) Q 1 R @ Lebesgue AJHILES, [
E R DX, f: Qx I — C I3 Lebesgue A[HIT, & % Lebesgue AJREDTBI% ¢ 23FFEL T

() (Vo e Qe € 1) %@ 8)] < va).

(i) /Qgp(a?) dz < co.

A RYASY A=Y

d 0
— de = [ — dx.
. §/Qf($’€) x /Qagf(x,f) T )

Bl E.2.4 |f| & |of(x)] 28 R CHEIWHEZ 5 1F,

EES EE, g BRI AEET

E.3 Lebesgue AT 7REED Fourier £
Fourier Z2#1 D E XD BT BIEL f(2)e ¢ 12D VT,
|f(x)e ™| = |f(x)]

TH L5, HEFETBIEDY Lebesgue AIfETTH 5720121, f HEDY Lebesgue A7 TH 5 T &
DLETITTH 5,

Z DR 5, Lebesgue MR 72 BIED Fourier B¥a%EZ 2Dk, FHFHHATH S LHEZ
55,

e N
EIE E.3.1 (Lebesgue AIEA D Fourier i) f 1X R T Lebesgue Al L §5, (T4
% f 2% Lebesgue TJll 72 BA%L .

| 1@< oc
DRI ODZ ERERT S, ) TDEZE, f D Fourier 24

FF(E) = # / T f@)e i (€€ R)

3. R TCHAD» MR TH 5,
\(i 7= f DR Fourier 2218 R THADDHEHETH 5, )

SEER FIMEODO EeRICHL T

FF(©)] = \% | swesanl << [l <o

DD VD (EICLk o VWEROETHNASGNS) DT, FfIEF R TERTH 5,
FAEED EeR, he RIINL T,

FHE 1) = FHO = | [ ) e e o

<= [ lr@llet 1] ds
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TH 505,
e =1 <205, [ 21f@) do< oo
T#H 275, Lebesgue DUGHER (EH E.2.1) 12 £ 5T (o(z) = 2|f(z)] & LC#EMAT2)
lim | £( + h) — F £(6)] = .
iU fF N CHfEAZEEZERLLTVS, =

AR E32 AXHP T, a>0ET5EE

_ sin(ax)
) =
@ Fourier 212 )
o (€l <a)
FIE =V2mx 3 0 (¢ >a)
1
Ta (§ = +a)

ThHsH, EWIH T EZMMNLI, TOHITIE, f 23FEIE Lebesgue AIfEDTh <, Ff IEAMEREIC
%o T\w 5%, TLebesgue A5y 72 B8 D Fourier 21, DN TH 2 Z E2BFEL K9,

Lebesgue T893 AJRE 72 BA4L f @ Fourier 2t F f 12, AR ORI TH 2 2 L 30> 7
D3, Lebesgue BT H[RETH 5 & 1ZPR S 72\,

(bLHZIH %I, fi: Ff OB Fourier ZHUZHEL W EDFINDED, 29T 5L f X
GHGHKETH 5 MED3H D . —MI2IE TLebesgue 73 AIRE 22 BAE I A FL 0 Dife ) (3K D 3272 28w
DT, FEBPEL D05 TH S, )

DEDZ D6, KIEAR7 EMEZ 2 Mm% BT 5121, Lebesgue M43 AIHE 2B & v ) P
ZHF DERTR O EBTD B,

E.4 Lebesgue OEMKTHEABRLZELD Fourier Fif

Fourier 210 [2 BEHE W I DIE, IEFICE EE D DH BEET. FEIMMEDE >,
POBBE LT, fOHE f2(H5CIEHREIEFET Z 7203, |f|?) 3 Lebesgue 57 DR T
DHRECH B I L BEZ B,

L*(R) := {f ‘ f:R—=R Lebesgue AJHl, /

—00

) o < oo

EVLIHIEABIET S f 2NRICT S, Lw) I LTH D,
LY(R) &7 h | Fourier Z4 L THRUHIHICEL T2, &) HELWHIIKY 2o, 4
bb

[ﬁ%ﬁ E.4.1 fE8D fe L2 (R) IZXLT, Ff & FfI1d L*R) IKET %, j

f.g€ [AR) Iox LT,
()= [ 1) do
EBE, Iz f L g DNBELEES, £
1= VD
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EBE, N2 fD VL EES,

[EEEAQLWQM\L@%%Lkﬁ%@%&ﬁ\mhm%ﬁﬂ%ﬁ&ﬂ%%ﬁ)@%%o:}

SER  JERICHYETH 2 TN EAMET 5, Lebesgue B PREBIENT O 7 % A MZ#Hi-o T3 2 &

D%\, m

4 N
EIE E.4.3 (1) fEED fe L) R) LT, Ff, Ff € L*(R) TH 5,

(2) fFERD f,g € L*(R) TR LT,
(f,9)=(Ff,Fg)
i AV RYAS IR =i

[FS=NF"fI = 111
N /)

7

(E.2) L*R) ¢ L'(R), L'(R)¢ L*(R)
ThHhrZ LIicEELLY,

.felﬂR)kLT%\feﬂ() FBRS 20D T, f(z)e ™ 1% Lebesgue T TIHE & 1ZFR &
$. f D Fourier Z#ald, FHHOME T DERTIIHEE L 2 WEEDVH 5,

o ZN 5. Lebesgue B AR BIEDOHIZ, L2(R) IBI RV DVH 57, f D3 Lebesgue
BarETH %5, ZOMITHMT 2HMmIZEHTE R, Lw) 2 ENDH 5,

Bl 9. UTDZ EZRE,
f@) = 7=

| tarde=ce, [ty i

THD6. f¢LIR) »D fe LX(R). £

f(ac){ 0<z<1)
0 (204

[ % on [ [

THZH6. feL'(R), f ¢ LA(R).

Sl-

ETBHLEE,
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T #F FourierZRICEEIT ZFEDEH S
LU EERI7ED K%\ (IHAR)

AHTIE, BB DOIHEIZOWTIEREIZ L 27 2TAD3%\v», ZHL 725D E )
VY EBRIET 2020 Thiml arof, T2 TEZ0lAzZP LIARTAHS,

F.1 5K

Q% R @ Lebesgue AJHIEEA £ T 5, 727210 Q RIFEAERZHE L WEFRLMERIBUX R —H
5,

1<p<oolZRLTLPN) IFQTERI N[BT, p FBH[FITTH 2D DORUERDELGLZEK
TLET 2,

LP(Q) = {f ‘ f:Q — C, f ¥ Lebesgue H[HI, / |f(2)]P dx < oo}.
0

= (/Qrf(xw dx)l/p.

[/l := esssup[f(x)]
€

feLPQ) LT,

ALHIBE%EL f: Q — C ITXf L T,

72720 g: Q= RIS LT, esssupg(z) &lF, KA TEEINS g DREN LERZET,

e

ess.sup g(z) :=inf{M | p({x € Q| g(x) > M}) =0}.

e

LX(Q):={f | f: Q= C, f & Lebesgue A, ||f|l,, <oo}.

F.2 R EOBE#ED Fourier Fifa & BAH

F.2.1 L'(R) BT 5EHBICOVWTOES
f:R—=CIZRLT,

(F.1) =710 == [ f@ertar (<r)
TEES f:R— C % f @ Fourier Z# (the Fourier transform of f) & MEN, F % Fourier 24
(the Fourier transformation) & W33,
GF DWEARIS,
(¥.2) Tgla) = o= [ atwpesie
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TERIND F* THDB, ZTD F* 13 Fourier ZHa, H %\ I3 Fourier 24 & FEIZN 5,
feL'R),ge L}(R) TH5HLE, Ff, Fg ld3ZhZi (F.1), (F.2) IZX->T (D Lebesgue
Moye L) E®INh2,
fEL'R) LT2EE,

(F.3) Fer=@nom. |7 <=
(F.4) Jim &) =

(F.4) # Riemann-Lebesgue DEE & -5,

F.2.2 L[*R) KBTI 5EAHBICOVWTOESR

LA(R) ¢ L'R) THZDT, fc?’R) TH-TH, (F.1) THFf ZERT 2T L IdHEKER W,
fEL?)R) LT 2LEE,
fu € CE(R), lim || fu— fll, =0

&b {futneny ZHLB & L3(R) @ Cauchy #ic7 %, 22T

F=tim f, (in I3(R))

n—0o0

LLTHFf=Fel*R) 2E£T 2, {fu} PR FCESTIC Ff BEED T EDBRE D, )
g€ LA(R) IZXT 5 Frg bRIRICERET %,
F: LA(R) — L*(R), 7*: L*(R) — L*(R) I3 & bIC2HHH D, 771 =5,
F,FFHEHETHD ., ISICROBRTEETH S, FE f e L2R) ITXL T,

| ite@ra= [ |7

DD V7D, T4% Parseval DFER & 5,
T 2 akBH (&

| it@pra= [ (% | f(f)emc%) Flade = [ - ( | =Fe )f(x)e"f”“dx) ¢
:/_Zf(g)(\/%/_(:f ’5xd:v> ¢ = / GG
LGS

Parseval DFUE 12 WRL () 203 &, (£,0) = (F.7) ¢80 % (BB0E |f], = |
ZhpS f,ge LAR) IHLT

(f.9) = (ﬁﬁ)
DRSNS, ZNERTIClZ

(If + gl = Ilf = gl> + i llf +igll* — i |l f — igll)

IO,

(f.9) =

ZHA T IUE R,
I 5, F: L*(R) — L*(R) (% Hilbert 22 & L CORBEHRTH D, VbW % unitary £
TH 3,
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F.2.3 ZD{ttDZEMTD Fourier Zift

S BB D2/ S(R) 13, S(R) C LYR) 273 DT, fEED fe S(R) ITNLT Ff ME
BTEDLD, HIFfecSR) THH, I6I1F F: 8§ = S AR (EHEF»OMEHRLIAD
THElfE) I 5,

FERMEER S D22 &' I LT, F: 8 — &' BEEI N, PROAMEHRER S,

F.2.4 BiAH
fLg:R—>CDELZE, .
f*g(rv)z/_ flx—y)gly) dy (v € R)

T fxg RCDVEXHLE, fxgZ [ & g DEMHAH (7HFE, the convolution of f and

g) £V, FERHEBICE T 2B TH L0, fxg BARTHE0E) NI T —R < N4 5 —

ATH %,

a )
W F.2.1 (1) f,ge L'R) LT 5 L&, fxgec LY(R) T,

1 gl < Nl llgllp -
(2) (Minkowski DARER) 1 <p<oo, f€ LP(R),g€ L'Y(R) T2 LE, fxgc LP(R) T,
1 % gl < 1F e llgll e -

(3) (Young DAER) 1<p<oo,1<qg<o0, 1<r<oo
1 1 1
q p T

it L., felP(R),ge L'(R) LT 2L %, fxge LI(R),

L 1 %l < 15150 Dol )

(1) & (2) DRALLGAETH 5D, WAL T O THICH W TE W,
iR £ ORICH S T 5, HlZIL Grafakos [56] F2H X, =

[ 4. f(a:)—{ 0 (2R
(SHGERD) fxg DERTELLER, g+ f BEEXRTET

ETBEE, fxf 2RDEK,

fxg=g=x/[.
(BIEME) fixg & foxg DIERTEDL L EIE, Ve, € CIZHLT (1 fi +eofa)xg DEFRTET
(cifi +eafo) xg=ci(fixg) +ca(fo*xg).

(A
(fxg)xh=fx(gxh).
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F.2.5 BiAH & Fourier i
f & g DEARIAAD Fourier 411X, f & g D Fourier D TH %
Ff xg] = V2rF fFg.
(CORDBEIOIREDS £ TR Vo, FANBE, )

F.2.6 Fourier T DFilE

Fourier Z#i% &) BT 20, 7TX A M X > THRA 2itELrH 5,

WENDOEA S, ¥ Fourier 28 (42 Fourier 224#2) 13, MIATDIR D 2O K ) ICERI N 5,

Parseval DR || F f|l, = ||f]l, . "EAIAZRD Fourier Z#l3, ZNZ N D Fourier DR T
H2y EVHIRRITOVTUE, FEIC K> T, BAEZEHHF-BENG 2 L0’ 5,

CDEFTEHM L 72 Fourier 2244, ¥ Fourier 224122\ T3,

1F £l = 1£lly. FIf 9l =V2rF fFg.
R F.2.2 [ @ Fourier £41%
for = [ e
TEDS E (BEUHORIEINZERICERHAT S Z L23% V),
Ffxgl=FfFg

b, INLEFHRAE, ZHELDWUEDSTDEHL XA %D, 29T5L

| t@rae=o [ |fo e 1= vaRiaL

E%5DT, F: LA(R) — L(R) X unitary 2R 6%\, T2H56%23T5E, HB 6%
Wy EWIbITTH B,
A SN ULY 1/ 15 -
) =5 [ gl
ThHs, =

Rk F.2.3 f @O Fourier %

~

for =o€ = [ faea
TEELTALI (ZOWMET Fourier ZHZER L T A ARICIE, GHE [26] L ENDH D), ZD
=1
FIf +gl = FIFg
Eh b, £
| i@rde= [ |fo e @91, = 111

EBDT, F: LAR) — L*(R) & unitary Z2#2TH 5,
UL A N
mwzgww:/'m&ﬁmﬁ
Tbh b,
COWBIEHEZNCTH S LI DD, AL T2 A AR WL ) TH S, HE 2ri 25
CDODHEBEEDL S22 -
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F.2.7 FOft
F(6) = BBANYT ML, [J(©)] #THLF— - RRY MLLIEST L35 2.

f BEHAECHIUL, (€)= f(—€) TH D5, BT f(g)‘ _ ’f(—f)‘\ FHbbEIALY— -
A7 PVIRFESICBAL TR Th B,

e N
8 F.2.4 (Poisson OHIAR) f € C(R) IcxfL T,
> If @+ m)
MmEZ
2300, 1] TRIBBR L, > fn) 2HRHRT 2 7% 5 13
nez
> f(m) = Zf(n)-
meZ nez
\ J

SEBR R [25] @ pp. 227228 ICH D, m

F.3 R EOREH 2r OREAED Fourier i & BdriAH
JAHA 27 DJAIRIEL f- R — C 2L T,

fA(n) = % /_7r f(x)e ™ dx (n € 7Z)

TEES f= {f(n)} o % f @ Fourier {RELL M5,

F: 1 (-mm) 5 f o {T)} e A(2) BEMMERIVERT, MO W TROMFTH .
ne

> lal =5 [ 1@ ds

n=—oo

frg: R— C M 2r OB TH 5 £ &, fxg I
1 iy
f*g(x)Z%/ flx—y)g(y) dy (v €R)

TEBEINDEE fxg: R — C I3 2r OJAWIRIETH 5,
B AIAAD Fourier 12%501%. Fourier 12 DREITEH L \»:

— o~ ~

frxg(n)=f(n)g(n) (ne€Z).

Thbb
Ff+ gl = F [ Fg.

F.4 7 EORMOEEIRE Fourier &BHIAH

x: Z — CITRL T,
Fr(w) = Zmne_i”w (weR)

nez

166



TEEINDEY 2r OBE Fa: R —» C %, x OEEHIRER Fourier 2 L LS
r,y: Z — CIlZOWT, zxy I

wxy(n) =Y a(n—kyk) (neZ)

keZ

TERINIEAR v xy: Z - C TH 5,
f & g DEAAARDEERIRG] Fourier 2%, f & ¢ OBEERURFR] Fourier ZHADFETH 5

Flf gl =T[5y
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T &G BRI Fourier Tl DODWTDHZ Y

egi:

G.1 BBt Fourier {2#%Z HW iR E D

COHEIONEIZZDI) BEEFREL X9 & LT 216 FEHAE L2 DTTH, RT3 a3 Kz

) DT, Hﬁ’@?’kﬁtibko
F%ﬂ nHH %l/fl\ %o

N
W G.1.1 {C,} . AW 2r OB f: R — C » N B Fourier Rt T2, Thbb,

N-1

2m ‘ ; 1 i

(G.1) h=W7 vy =jh, fj=flz;), w=¢e", Cn:NijW ..
=0

Z Cre*™ (N DMEED L ¥)

Y Ge™ (N BEHO L F)
(k=2
TED D &

Sn(z;) = f(z;) (j €7Z)

DD LD, Thbb sy i f OWEEETH 2, £/, FEANLTOME {Sy(z))} 2Kk 2
2ix, {C,} Z Wi Fourier Z2#19 1UX R,

J

A A BHETIC, (G.2) EERT LI EVHRTH D Z EXFHT S,
Fourier #%X
oo 27
Z ™ (cn = i/ f(z)e™™ dx)
= 2m Jo
ESLRii
Z cne™ = lim s,(x), s,(7):= Z cpe’t®
n=-—oo k=—n

LIRS N, WA s, (x) oo TIE. i

sp(x) = + Z ay, cos(kz) + by sin(kx)) ,

2m 2m
/ f(z) cos(kx)d / f(z)sin(kx)d
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DB ODT, ZORPULEATH S I,
HEHL Fourier £R%1 C, i) ?ki S5 T3 EE, 2z M\ T Fourier #E (ORI 2B BEIRT 5 2
EEZoND, FINCEZD L, s,(x) ICBONS Fourier f7% ¢, & C), TESMLZ 7

p)= Y Cre™ (ZORFRAL W)

k=—n
29 2 EBBOELED. 2n + 1 O L 7B Fourier 2% Oy (Jk] < n) 2151213
N>2n+1 $208BH5, N=2n+1 32 L NDPEHBIH->TLEID, N 2&HHICKR

BLLIKBVDT(LLAN=2"DL)IMBEETIHEABIEILALETH D), Awiﬁﬁiﬁ
Zno

(G.3) Sn(z) =Y Cret,
k<X
LS Y ens BEDEIITED B,
() NPEAHOLE, ' R LOWHED S &35, |k < N/2 B/ T8k 3, b= -1 No1y
L., (Zhebx) &N THrro, BEME
k— N 1
Z C«keikx — Z Ckeikaz o Z C ezka}
k|<& |k|<N/2 k=—

(b) N MEED L E, N2 AR THY ., |k| < N/2 2l kldk=—-N/2,—N/2+1,--- /| N/2
EN+1HZ (12%0), 2TITE

, N/2-1
E : C«kezkx — § Ckezkx
k<5 k=—N/2

Az =2, =jh DEE, M =kt =M =W THH, THEF EIZOWTHBI N TH S
5., Ckeikx = Ckwkj b EIWZOWTHEA N THEDT

( N/2—-1
Sooawt (NaEs) |
Sn () = k:(;vN/f)/z 0 =) O = fj = f(z;)m
SO oWt (Naswsy [
\ k=—(N—-1)/2 )
EE G.1.2 LOEHA» ST o5 K91
N/2
Sy(z) = Z Cre'™®
k=—N/2+1
EEFRLTYH,
N-1
Sn(w;) = Crw™ = f; = f(zy)
k=0
YD AIRYAS NN |
, N/2
LZzofRbhic > Cret™ = Y Cpe™™ L LTh, MUFFKO 2 E2NRILT 25, 2 DOERBEL KT 5
k<Y k=—N/2+1

DI TREVDT, EE602ENT 20ENH 5,
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AR z; DA 2 e RITHL T, Sy(z) ZROZLODEHICE) TREPEZEZTAL), 1D
D 2 \Z2WT Sy(z) DRIMAEL ZwWEEE, 8 (G.2) WO ICEHETIUER V23, Fl XA
O 200 =2;+h/2 (j=0,1,--- ,N—1) TOfEZ £ LD GIRELZVEAIE, LT k)

2 TRDYHD % (Fourier ZHADLGE D §§2.4.3 D (2.23) #&HE L),
r=ux;+Ax=jh+ Az T 5,

Sn(z) = Z /C«keikaz _ Z /Ckeik(jh—i-Ax) _ Z ! (OkeikAz) hi

k<% k<& k<&

TH D6, PN Fourier 1REK C), 12 %A% 20T CTH K, Wil Fourier 24179 % 2 £ T Sy ()

DBROS5N B,

-~ FFTPACK Zl\72 Ca—F (2096 FFTW ICEEHR)

// workN[] 1% zffti(N, workN); & LTH#HIHH{LLTHB LT 3,
// clk]l (0 =k =0N-1) FHf7 =Y 22 C_k BRBEIN T3 LT3,
// x=j h+dx (j=0,1,...,N-1) TD f_N(x) ZFIET 5,
for (k = 0; k < N/2; k++) {
d[k] CMPLX (cos (k*dx) ,sin(k*dx)) ;
d[N-k] = conj(d[k]);
}
// ND3EE 7 513 TN CHER IZTFA TV B, NOMBED L Zixd ) (15
if (W% 2 ==0)
d[N/2] = CMPLX(cos(N*dx/2),-sin(N*dx/2));
for (k = 0; k < N; k++)
r(k] = c[k] * d[k];
zfftb (N, r, workN);
// rl[j] 1T £_N(x_j+dx) PEEEI N T3,

\

G.2 HFEHICA1 KET5

N RIEHFH C = (cry) HREHTF (circulant) TH 2 & 13, BE N 085 Lo, Ly, -

fAEL T
Cij:Lg, é:(]—z) mod N

EBIERVYH, Thbb

Lo Ly -+ Ly Ly
Ly Ly Iy Ly
C — M . .
Ly Ly Ly
Ly Ls Ly_1 Ly
ZDEE, U:= \/Lﬁ(w*’”) t LT
%0
¥1 O Nl
U*CU = diag [po, o1, , pN-1] = y y Pp = Zw_ijj
j=0

O PN-1

) LN—I 3

DE YA TE 5, C DEIEME, BEEXTZ FVBTho>7bF 720, T s O detC %2 L

MBI T E 2 (R IEIET 2),
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T #&H MIHAEDN

SO — b ([3) B 5 E oS T E R,

H.1 1RX7AZEME R £HF S REFER

H.1.1 d’Alembert Df#
HROE I DKL ZEDIRFZ#EZ X H, Sz 3 L

(H.1) é%§@® gZ@w ((z,t) € R x R)

27y u=wu(x,t) ZEX b, (c FIEEBTH 2 LIRET %, )
fR=R gR =R ZEED C? fhoBIfE T2 L&,

(H.2) uw(z,t) = f(z —ct) + gz + ct)

TEHRIND ud (H1) 2W7T L2 ERT20REETH S (TOBRTHBRS), FHizZzoifd

Do, EEHELTELDTEI ),

a N

R H.1.1 (RBAEBRRO—MKRE) 1) TEOCHBEH fF R-R, g R—-RICHLT, u %
(H2) CELT S L, vl (H1) 2§

(2) C? DB u: RxR — R A3 (H.1) 21729 7% 51, (H.2) 2723 C? fhoBI f: R — R,

g:R =R DPHFET S,
N J

;R A RBABOMIIEDICHTH B, (1) 1&

u(z,t) = f'(x —ct) - (=) + g'(z +ct) -
wel@,t) = (0= ct) - (=0 + ¢+ 1) = (" — ) + o+ 1),
ug(z,t) = fl(x —ct) + ¢ (x + ct), ug(x,t)=f"(x —ct)+ ¢"(x + ct)

EDHE, (2) IKDWTIE, BEEW (v,t) — (&,n) %
(H.3) E=x—ct, n=x+ct

TEDT, v n) =ulz,t) LB E, £T

0 _9%0 o _gﬂg
ot~ otoc  oton o€

UEIRT, f DMOWHRET, a £ b ZERETHLEE, (flar +b) =af'(ax+b) LEWIRREFEAL, ZITHT
Ko u BLEBEETDH 505, T OFEI 1 ZEEIBOWIT LA TH 2 DT, ZORBEBEOAAIEHTE %
TEITHERL X9,
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THHINH,
ou ov ov

=—C = +c—,

ot o€ " “om

u_00u_( 0 ON(_0v Ov\_,(0 ,08 O
oz _atot  \ Soc " San )\ e T n) T \oez “acon a2 )-

ARk I
9 _0%0 omd 9 0
ox  0xd¢ Oxdn 0  On
ERBD6,
ou Ov Ov
_:_+_7
oxr 0  On
&—2%— 2+£ @4_@ —8_21)4_2821} +@
0x2  Oxox \O¢ On) \o¢ 0On) 0 ocon  on?
w2 I

1Pu  Pu » 0%
2otz 0x2  0LOn

. . 1 §
BN, u DA EN GRS U = U iile T I EDS,

2
0“v _o
0&0n

Nl g i N g—z X WS, DFD n FTOBETH S Z LB D2

0
3G € CY(R;R) st a—z = G(n).
G DEIBEIR. Thbb ¢(n) =Gy ER2MMK g % 105 &, 21Uk CXR:R) DIETH D,
0 ov
an (v(&n) —gn) = oy G(n) =0.

IS vEn) —gn) EnltksZw, 2F0 RITOEKTHS Z LT 5:
If € C*(R;R) st v(&m) —g(n) = £(§).
s
u(z,t) =v(&mn) = f(&) +9(n) = flz—ct) + gz +ct)m
D% 0 (H2) F, (H1) @ (Wbwd) ~fkfFzEb Ll TwsLtEI6N53, ZOeREALIC

5% AT d Alembert OB XIS, f(r — cf) & ¢ BOEAICES ¢ TSI, gz + ) & 2
OB GRS ¢ THEDEEZRDL TV,

2Tf=f(z,y) € CHR%R) 23 f, =0 27T 61X, f(z,y) = f(0,y) (Vy € R) DIRD 2D, 1 &\ I fipdHAMN
ICEEHITE 5, EEE —MRIC f(x,y) zf(O,y)—i-/ [t y)dt DIRDZD T EDPGAATE 2, H 2w iE, FEED
0

EBZ > THAPITE %,
8 T TTRERD— MR 2 5 Th 6, WIS EDFM 2 I TREEDIRZEOTET ) &) FlHIE, HEr i
DFFETIE LIS LI TORAD, R R ORMETIRIEZ S22\ », 2o (Z220H) 1 XTI E S A 2,
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R H.1.2 (H2) . (H3) 2890 THOT 2002 L) T EEZFHTRED DAL,
::fi?i%bf%% s —ODMEZ&IL.

1(oY _(o) _(10 L9 (lo 9o
c2 \ Ot ox 08t ox cot Ox

E W MOTERZEDORE TR T, ZNFNDHRED 2— & 265 B, EWwHZETHB,
||

H.1.2 REAEXNOHHRERRE, d’Alembert DREIAT

(H.1) Ziii 7§/ u = u(x, t) ZBEIHEL, B2 —DIRET 5720 ITid, fMh s St 28
MLz sk, RENLLDIF, FEORZ (Z 2Tk t=0) ICBI2REZFET 2%
Ftdh 5,

(1.4 u(r,0) = 6(a), (.0 = () (z <)

et (H1) & (H4) ZFRRFICHZT u = u(z,t) 2RO L, L) REZHEAERRE (initial
value problem) % 7:(% Cauchy [ (Cauchy problem) & "W-55, F7: (H.4) %2 fJHASMH (initial
condition) &MES, WEIGFEXIIRZ t IOV T 2BTH D 2 Lo, FIEFORAN DItk
TWRZEIHEHL LY, ZoDB8 ¢ & + Z#HAME (initial values) & M5,

HIETHZ L) 1C, (H1) 2 d v O—MIE (H2) M5 oNiz, 22T, WIS (H4) 20
g &9, (H2) o f, g ZED S AUIWIPMERTEDRIT 2 2 L1273 203, TR RE
THsZ EZPTITRT, WISEMAIC (H2) 2fAAT 5 &

f@) +9(a) = 6la) (xR,
A(~f@) + (@) =v(@) (zER)
E7B. BEDD )
1) +9le) = < [ =50 +90) (@ eR)
DS N2 DT, AL 1 RITEERZ ffE T

)= (00 [ vty + 50) - 90)).

o) = 5 (o0 [" vt s - 10) +40)

x+ct

Y(y) dy

x—ct

hro

(1L5) u(w,t) = 2(6(z —ct) + (o +ct)) + 5

% d Alembert OFEBIATSH 2 1213 Stokes DATE E I3 (Buler 12 & 2, 1750 FEEHOFEE),
DEZzfstosERXROEHEZHES,

EIE H.1.3 (1 RTKEBABRXOVIEREDBRO—BERE) ¢ € C*(R), v € CY(R) %5 1E,
BeEh RO PINERE (H.1), (H4) O C? kDR —BINCHE L. Z3Ud d’Alembert DK
AN (H5) THRA6N 5,

1Euler BME7MERZDIZ, 728 d’Alembert  Stokes DEAEHRINDZ DA I 0?2 Ldb b, B TH 255 1750
FE ) ROIRHNCRET 72D 725 9 D3, Wiy TR ORED 2 A 2 I B> OEEL ISR 2 DX HHD L 9 5’
T2,
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BB 215> THED RDOEKLGEIT d’Alembert DIWEIARTHEZEIE L, ZNDBEH v
V2RO TOHEZTAHAL (A E2—F—MlZ 2546, 7= XA—>ary2RRLTAHAL)),

(1) ¢(z) =sinz, P(z) =0.

2) ola) = { o (enms | V@)=0

(3) ¢(x) =0, ¥(x) =sinz.

B 10. ¢ € C?*(R;R), v € CY(R;R) LT 5% & &,

x+-ct

uet)i= 3 @ —ct) +olwte) + 5 [ vwdy (0.0 eRxB

20 —ct

TEDT u D
iutt(:v,t) = Upp(z,t) MR XR, u(z,0)=0¢(x) (re€R), w(z,0)=1() (xecR)

c2

2y & 2 EEETR TR,

PF1E (2) D, d’Alembert DIFEIAUTHEIRATICRAT 2 2 LT X > T u FEHIC TR E 5 25, iR
%oTLEYH, Ml E &) o T HBEROMEEZ DD, HEOVRLRIZERSGRVEIATHILID, 20D
FERIIVBNICZN DI 2 Eb RbDICE> T3, 20U OFEFIZBRBT 2 BEE SR L N TH 5,
BVRE RO, ROICAEGEDRH > TH, T OIRMIIIFS I >TL 928, WHABRRORIZEBW»TIE,
AHEHEE IR TIEM L Ton <, ERRD S BRTH, EEEHRIcB W T, BRI X 9 2%, il BB
T2FIDL L 28U bDEWH) BEVH 270, THIFEBELMETH S,
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F 8%I [0,00) LODBEIED Laplace EifiLE

TEDT, f ORb DI f 2T, Fourier ZHP0BE AR ZERT 2 2 L HHIKE S, Laplace
Wz flio L vy HiEbAHTH 5,
f:]0,00) = C &9 5 & E,

Lf(s):= /000 f(x)e™*dz (s IFEFELE)

TEES Lf % f D Laplace Z# (the Laplace transform of f) &P,
g D i Laplace Z# (the inverse Laplace transform of g) & &

Lf=g

iR f DRV, BETIHROIE—BICEZFLIEDPHIONTVS, f=L1¢ tFE
{Ztizd 3,

R 1.0.1 (Laplace EEBDERRT) g DFERFZEE R VHE {2 € C|Rez > 4} ITEBWT,
g D Laplace Wiz L£~1g 1X, Bromwich 47

L 1 Y+iR .
L7g(t) = 1 — *d
o0 = i 5 | 9

TRDODSND, m
f,9:[0,00) > CDEZE, fxgld
ﬁw@%i/f@—wﬂwdy(wemwﬁ
0
TERINDIBEE fxg:[0,00) > C TH B, FHi
frg(x)=fxg(x) (z>0)

TH5P6, 17 HOKRENPS, T65DEMALDIEHD L 2p2E T EBHEKS,
f & g DEBPBIAKRD Laplace ZHlZ, f & g D Laplace ZH#ADETH 5

Lfx gl =LfLy.
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T 8%&J XE

J.1

JAHHEEEL D Fourier ZHauIZ \ZEEEIEDSHEIZ 72 5035, EHT O IZAH v b LT Fourier Z2#1L 72 5
EIVBEAH?

fonl) = { sinz (|| < mm)

0 (|z| > mn)
[FourierTransform[If [Abs[x] < Pi, Sin[x], 0], x, yl }
RT3 ETH D,

ELT,

FROCHEMT £33,

9 [T/2 o
=1 i flz)e " T%dx
LB,
f(z) = che’%ﬁx.
nez
_ ) f@) (Jz| £mT)/2)
fm() ‘{ 0 (2L
ET 5, . .
7 _ = —iéx
THHNH, s
ey L[ g
fm(§) = \/ﬁ/me f(x)e “*dx
FFic
N 1 /2 —inx
fm(n) = Nors _mT/Qf(x)e dx
J.2 sinc

(ZZRAXICHOI»SE S kv, F2v 7 LTHIFRT %, )
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G475 sinc £V BABUIIRATERI NS,

sincx := Sizx (z€RA{0})
1 (x =0).

Fix Z UFIEIERIL sine EMEIEN S, B OZEClIX

Tz e R\ {0))
1 (x =0).

B sinc z = {

TERI NS IERUL sine &b b s ([57] 2% ) > T\ 3), DUFD Mathematica @ Sinc[]
WFIEIERUL sine TH 5, ZOXETIZ—H L TIEIEHAL sinc 25 Z &i12T 3,
Mathematica “C sinc @ 2" 7 7 filH] j

[g = Plot[Sinc[x], {x, -15, 15}, PlotRange -> Full]

| 0.2; \ _ 02: \

: - “/
I NI/ VT EY SRR NI S S A N R S ‘7 ‘J‘V “ I/ VI j‘ . [, |
15 \\_7;{) 5 : \\7 \\U 15 ,12777737\:/},6 v’,/ [

02 0.2

S”;“ D57 4l :l:% D57 R TR

J.1: £l sincz =

WOoDRMBEET, o =nr (n € Z) WHERT, /7773 y= :I:‘%| THRENLH T2 EFLT

W5,
sinc PEEMINZHHIERDOFEHEIIH S, w, € (0,7) £T5LE, XM [—w,,w,] DFIERIE
X[cwpw,] P Fourier 284113 “P ginc wpt ThH b, FEFE,
T
1 & , 1 “ro
P - Xl=wpwp] (w)e™ dw = oy » e“tdw
1 et ©Tr lert—et Tsinwyt
Coom | it P Y it Tt

wp .
= — sincwypt.
™

J.3 ?E%: E,Hﬁ\ Ei&;&\ ﬁﬁi&;&

FAI O 7z R & WSS, RIREC 2m 2 021 72 b D 2 A R & W51
x(t) = e L) IEKFEDOAMPEIE Q TH 5, M AilzZznEn F, T 35L&,

L7 —) MO EFICIIOL RTEND 255, 27 fio T2, 28HAL 7,
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PV ITREE TSV IRENEEE F, ETRE, YUV TR T, ) v
7 RITEE Q, 1% ,
T,=—, Q,=2nF,.
F

s

178



¢ 8K Laplace T, zZiA

Laplace 24, 7z Z¥aF T& D THEVBHERILER W 721) £

K.0.1 Laplace &t
z: [0,00) = C @ Laplace &t & &

(t) B L/a-i-iooX( ) std
2(t) = 5~ - s)eds.

7272 L a1 Laplace ZHEDYHIDY Res > v THH E LT, a>vy TH5 L HIGES (HHED
HHEBENZHSTHHL),

K.1 zZif

BREROEAE L, 1 U LOBEHEEKDOESZ N, Zso = NU{0} £T 5,

DIF, B85 {x,} DL LTHHATEN, B2 R>C L. T>01CWLT o, =2(nT) B
CZET, BBV v TV v T3 DREEEZH L bHIKS,

B {2} nez € CEATHR L T,

(K.1) X(z):= 3 I—Z (z € C, = LIRS 2 8547)

z

n=—oo

TERIND X = X(2) Z {z,} D zZH (two-sided z-transform) & 55,

(MBS {an} IS LT, RIBIE L WFIEN B BIR G (2) = > anpa(a) BEZ ({pn} DEDTS
ué&%%y%@%E%%&ézkﬁﬁﬂ%%ﬁ?%\km5$&:v7ﬁ%%o%®~%&to
TWw3, )

X = X(2) MBS {2 € C;1/k < |2| < 6} BT ZIEHIBIE cH UL, BIEL X D Laurent &
BIEFTH 5 L HLE S, WA 2, 1Z X(2) D Laurent EHD 27" DRETH D |

1

_ n—1
(K.2) Tn = 5 - X(z)z"dz (ne€Z).
Iz z BROREAN &S5, (FEE, 2, 3BE X (2) @ Laurent AR D 2~ DIRETH %
D5, xn:L <Z)dz %5139, )

211 |z|=1 z—ntl

v,y heCl LZNoD 7z 241 X, Y, H DI
(K.3) y=xzxh = Y(z)=X(2)H(z)
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DEEIRDID %,
Laplace Z#aD ;¢ @ -l Laplace 2841 & [RIARIC

(K.4) X(2) = %

% {x,y ORIl z T EWELR, {1,},50 € CP20 1IZW LTk, HUC {x,} D 2 TH LTS,

RKX K.1.1 (BDOBZEDER) BIHOFTIREBRO L) RbD, L WwIHRAFLHEKS,
Laplace Z2#l3, ZOMETIEIINE THAL b o7z 5,

Lz](s) = /_OO x(t)e *dt

CHEESNS (I / S Rl Laplace ZEMASEL ¢ fibh 2), 2580 s & U CHIRERR 3
0

9 L. Fourier £ L B4RV OIF 605, FEEE
1

TH@IE) = =L @)ie).

— Laplace Z#aD &l - DfEDY Fourier Z2#4TdH % — IR D LD, B TH S K51, z &L ff
BURFE] Fourier 224D R DBILR b Z UV (z B A FIE L OED EERIR ] Fourier £#1CdH
%), =
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i BRL A5 (BERS)

-10 -5 5 10

L1 fs & f DT T 7 (7ot 5 EHTHME IR

f @ Fourier f&# sy OUHRIZHENRETH 5, f I13HEHE TR I CHTH LD T, sy 1F
FACT—RRIR T 2 2 & DSBS REE S 1L 5 23, B E O RS b .
sup | f(z) — sn(2)| = |f(m) — sn(m)| = O(1/N)

zeR

o Twa LI NG,

—}i T g @ Fourier ## gy DR DT IZ—FTIFHID D5, g IZXFWIC CL fTH 5 3,
= 2n+1)7 (n € Z) TREAHERICL > T %, HE@HIC, g DHfiim zo T gy(xo) 1 g(xo) I
IR L . A v T, gy (o) 1t LT DTI@ D gz - L isaE sz 8, 200
g DEE. 10 = 2n+ 1)1 IZBW T, IR gy (o —0) = 2m, HHRIR gy (20 +0) = =27 TH B DT,

N—o0 2 2

LD g DERITED ., Z1UL glag) ICFELVOT, iR, EEDOMRT gy(2) & g(z) ITPORT %,
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L2:gs & gDTT7 L3: g & gDTF7 Ld: g & gDTF7

ST, g DT I7 725 E, g DANHHROES (M) TEH—N—2 2 — PR 5, AT
ZNENHRBEADE—N—2a—F (E0)DP?)DBRZ S, g llhbl, ZOF—N—2 a2 —
MIMESRL 2208, MSRBHFHEDLS L,

PUT N = 80,160, 320, 640, 1280, 2560, 5120 DA © DL T gy DV 7 7 Z iV THTDS,
A== a—FDREZIFIZFEML B EDRTENS,

Z U3 Gibbs DIRR (the Gibbs phenomenon) & WX % (Henry ([8] 1848 4F), Gibbs ([9] 1898
4E, [10] 1899 4F)),

N

/\ /\\
°r . ,,Mf/‘\/ ;gﬁ%gf &;»Qt@v#ﬁv@\%f
e \ \ \
L ) ) \
2[ 2L o[ |
Z‘.5 3‘,0 3‘.5 3‘.0 “w‘ 3‘.2 3‘.4 3‘.0 3‘.1 3‘2 3‘.3
_2f —2f _2f
_af -af ‘\‘ _af
e[ F\L/\&//C{;vp(/ e[ L[%Ac@cﬁo‘f—ef i AP
v \V \
N N N
Xl L.5: gog & g DT T 7 X L.6: gy & g DT T 7 X L.7: gsg & g DT 77
A A N
*%'Q’\—_/%‘f © ~= 3 ~ 7
y ‘
al “ al 4
o \ o 2 \
3‘10 “w‘ 3_‘15 3}20 3‘12 3‘1‘5‘ 3‘16 3.‘18 3‘13 3‘14‘\‘ 3.‘15 3‘16
2 “w‘ 2 | -2+ “w‘
o \ ) \ o \
\ \ \
6 [N = 6 AN _ 6 \ .
W ¥ W

L.8: gdi160 é: g @7\‘77 L.9: gs320 é: g @7\\‘77 L.10: J640 k g @7\?7

R L.0.1 (Fourier fEIDFFE, Fejér D, Abel ) f WHEHHTH > T, sy — f LR
S\, ZITHONIORE (AR TROMICC L ) 2MAZ I E2EL, ZNT—ED
B2 B3 DbFTH LD, MDD fizLRkT 5, LWIFZEZXTLH 5, (f D Fourier (7%
5, OB f 2D X)) ITHBIT 2, IO T TLROLLIDHSE, Ewnw)lL, )AL
2L TE L,

~  Jot+tfit-t v

SN = N

L5 ({5y) % {sn) DCeshroTHIE 1 5), 5y % Fejér O LIESE,

lim sup [sy(z) — f(z)] =0

N—=oo R
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. . . . ) ) | ) ) ) . . I . .
3135 3140 | 3145 3150 3138 3140 3122 3144 3146 31 3.140 3141 | 3142 3.143 3144
\ |

|

L.11: g1280 é: g @7\57 L.12: gd2560 é: g @7\“77 L.13: gs5120 k g @7\57

DD LD, ThOB N — oo DL E, Fejér ORNE f IZ—HRINHKT % (Fejér DEH), X512
[TR=CW flonm € L (—m,m) T. 5 2o ICHLT fzo£0) BFET S & &,

]&iinoogN(xO) _ f(zo+0) —;— f(xg—0)

D3R D 32D (Zygmund),
ZOficd, Abel FIEWHI bDBH S, re[0,1) & LT,

fr(0) = 5 + Zr (ancosnb + b, sinnd) (0 € R)

n=1

LEE, f & Abel RIEWS, f AN CHIUL

limsup [,.(¢) — f(#)] = 0

1 geR

DD VDZ EWRES, Thbbr—1DEE, Abel AliE fITBRITET %, 2D Abel Al
FREEHIERIC BT 5 Laplace JifE D Dirichlet HERUERIE DRI 2 > T T (B 2 I3 [3] 56 3
2R X)), RO TEGRICE > THHETHS, =

BRI 58]

::30—1—50: ap — iby) 2

k=1
EBL L,
f(0) = Re F(e).
Im F(e Z a sin k6 — by cos kx)
=1
%/\f&’&?ﬁi & b) V) o
k= 5
EEL L,
_ Z e’
k=—oc0
LA HRA L
—i Z (sign k)cpe™*?
k=—0o0
£ o3 LR T,
lim a, = lim b, = lim ¢, = 0.
n—00 n—00 k—+oo
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f %3 Lipschitz #ft F 72 136 R LE) 72 51
e =0(kI™), a,=0mn"), b,=0(n"1).
f 23 a X Holder #ifiE (0 < o <1) % 561E
cr = O([k]7).

f € L?(—m ) %513, Parseval D

1 [ 1 = =
2 @R =g S @) =2 3 lal

k=—o00
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