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PEEDWNEA el

BREAR
o BREFRE (finite element method, FEM) D% FfE T 2,

o W iIRADIE%E GIREFRETHL 70 F Lo Ef 2 B L <, %
BRcHfEs S 2L —> a v 2ERT %,
(7077 v EiEL LTIFEI FreeFem++ ZHWV 223, 713 X4
DFHIMIZ C EFEBM 5, )

o MEBURD B IR~ DILHER 7 LI 30 b 5 5T 5 (2),

BEET (BB INE 235 LR 2 2 TTRENED B 5, )

BRHIRDY A MIZBEET (A74 FPDF 26 Y v 7 ZERD £33,
https://m-katsurada.sakura.ne.jp/ana2022/

(—HDERHIRAT — FAETE, S2AT7—FId To I 204, Ic#WT
HHET, )

BHERHE 2 H RO & 2 RTEICOWT, (a) BELE 7V (R /i) ol
B, (b) 39521, (c) 7R 774, (d) YT alb—va ViEH, () ¥ T2 —va
VREROGHT DEZRFEDLA—FIC ibﬁﬁﬁﬁ?%
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GIREREE X2

(UTICH TR BHED L IF, SHBIHHL Tl T, B Tor 5% ThiEb
B, )
BIRERE (FEM) X,
@ () it oBEfE Gz ke 2 BfifstBuk) o—if
E 5% (finite difference method, FDM) 1 & Bk
@ (AVEKTO) Galerkin i, Ritz & -+ Lok L
@ EBEHE L <. #E =M - PRk SicoE LT a4 IE
Xz 2%
@ “7ur72s0HBL BLLTW
— FreeFem++ % EZ2fliZ 13, HOWEL 7077 L3 THFE

Cf. HHLAYZ: Galerkin %, Ritz & TlE, JEBIBI% L LT, i
ICHN B E R O WA BB OBIER G2 v 5 2 L2350,

Loeayuicid, MO ARSI 2 MBI A ST CR S MA LB R AR, ZOMEE
BRI T %,
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FreeFem++ 7€

ZFEHD Mac\DALVAKR=IL

@ macO0S 10.15 DAEZ > T 28413, FreeFem++ @ Mac HA ~
A+ —7 —%FreeFem+4+D WWW %4 b 225 AF L TA VA b—
V95,

Mac TP FreeFem++ DA A b — )LIEH X E Version 4.11 D& M3
SHEI b,

e macOS 10.14 PIH{ % ffi> T 285413,
FreeFem+-+-4.9-full-MacOS_10.11.pkg % AFL T,

Tf A F— 9 OFFT (Mac0S 10.13 DHIA) 1 2 BHEIZ LT (18—
TaviEoTVETH, BIEFFAKRTT) A VA=A LTEFI W,
BY7I - TAT S LDRT HFNT 270D EH

"FreeFem D#EA ]

WCHETHEY T 7077820 OFEITLTAET,
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ik 7 — b

B Z L IR THHT 203 D TIH, PRAERDOIRIUZ A > T
BEE0oT, OO THE L TF X0y,

o Tl IV FHIBMHRIEORERL (EDRE) H D T2

o M HERIZOVT, MEGETHEALRILEBHNETL?2 LA
DH D (PR TH) R HEAZH D £ 307

o Ity X DOBUEMIE L L THARAEDIEZMB L2 LI1EHD
I 70 L@ LRI T

0 BRI OVTHMLAZZERHNFT2H LHEKIUIEI )
ZERPAED, B THOR O THHL T I\,
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1 Z53E A

11 LB

RO m/NE (H 5\ id & D —M i) %2 Z 43[R (variational prob-
lem) EWEOX, ZrREZ ) DHBESRE (calculus of variations) TH 5,

NBIEL (functional) & 1%, B2 ZE L T2 FEMERBD Z L2\ ), S
Z5 &, BB E R, BEEEROFETHEA»S R ~NDERTH %,

BIREFRIEL, BHELILR T, BEREOBRDBSHEIR L E A% 0, B
ROMNTADEBE LN —YD1DEFRLD, FLESLFTHEINL I L
B (L rEHHEADNIAT E2006), 3 (1], FEH [2], i 3] Z2H 1T
g < o

ZRME (AOEINEZ 5N HHD 9 & TR RA L &5 D DI ?2—
MThs I LR PHINDD, GEHIZ?) L 0) HRWARRTED H 50, DT
13 3 OfE Y %,

QO RERTR HELERyofltEz NS,

Q RIMERDIRIE YA THERIN

© Dirichlet [RI b CH A 299 DTk MAGIC, AIREHEE L HH

R
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1.2 Ak MRk [

# 1.1 (Johann Bernoulli (1667-1748) Mk T it (Brachistochrone) M)

—IRBENGHNO2EN P, Q(PIF Q XD bFEVWEIAILHZ) VLA
7R, P 5 Q IZR B ICHIR I T, BIICHE > TREIT 2 B 5 0 EH)
(BN DEEE S, XY T 2) 2525, P BERICRS K ) ITH
B2 HCD . Q = (a1, b1) & L. #E#& (HHFR) 2 y = u(x) &9 5 & FFEmefix

(1) e = /VH“ dx (g \XEITIHLE).

—2gu
WBEH v OBIETH 206, | IZ0bW B NEETH S, &
(2) u(0)=0, u(a)=b

DFT. 1] #RNET B u ki (B0 k 5 mkklin) ?

Bernoulli 5.6, Newton, Euler, ... (A% ZfEZ iz L7z (N4 77— 2ty
b7 rr—[4]).

4 Tl3, Euler-Lagrange AEEINICIwa ¥ 2 ik (Bd) 2MEHENTH 5,
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1.2 icfibE TROME (1) OEH

Hi#E y = u(x) LOEREDOR (x,y) KBTI 2HI % v T,

@ = (G) < (3) = (%) (3 &) =D ()

—Ji. TR F RIS

1 1
“mv? 4 mgu(x) = Em'O2 + mg-0

2
LSV RVASY )
(4) v =+/—2gu(x).
(3). (4) 5
dx v _ V—2gu(x)
dt T+ u(x)? 1+ u(x)
2 TP 13

I[g] = /O < ox _/ Vit

—2gu(x
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1.2 ek PRR O it =

(45 1) o] = / Vit ul)® “’(X

g \TESTIHEEE).
—2gu
(1545 2) u(0) =0, wu(a1) = by.
YLl TEZS, 2T
N
f(x,y,z):= \/—ZTZY , a:==0, b:=a, A:=0, B:=bh

EBCE, (1), (2) BRERZRRD K I ICEEMA SN D,

b
I[u] = / f(x, u(x), d'(x)) dx,

u(a)=A, u(b)=B.
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1.3 Euler-Lagrange /723

SEBBABf = f(x,y,z) &, F&fF u(a) = A u(b) =B PBE5iohTnwsLs, C
WD u: a, b] - R B3
b
) IML:/Tﬂnu&%M&Dw
B RUINCT B 7 b D&M R KD k.
(1) u 28 | ZR/MNCT 2BI%E T 5,

¢(a) =¢(b) =0
2 7c TER OB o ZHL- T,

F(t) :==Iu+ty] (te€R)
EBL, Fidt=07TRMIARS, WZIT F'(0) =0 23D LD,

b
F(t) = / o, u(x) + tp(x), 1 (x) + 1 (x))dx
THDI16, BOELE FToMITIck>T

b
Fo = [ [2—; (e u(x) + (), ' () + 10/ () ()

2, 00) 10,0/ (6) + 10 ()) ()| o
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1.3 Euler-Lagrange /723X

W 212

b
F’(O) = / [g—; (x, u(x), u'(x)) w(x)+ af(x u(x),u (x)) /(x)} dx
B2 IOV TR ZEITL T
br .
F(O) = [ 5o ut0. )~ 5 (Ghtx a0, w0 )| elola
b
+ [ a0, w0
br .
— [ om0 - 5 (G x a0 w0 )| et
CNBMEED p 1220 T 0 E42B 2 Lo, BHMEOERHE (8h) 1ck-oT

6 By 090 = 5 (Gt ) =0

CHUE w IOV TOWSHENTH L, 2B | (D2 IFZETRE min /[u]) 2
X9 % Euler-Lagrange AR & W5,
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1.2 FeAalE TR (5 0)

AR TR ORIE TR,
Vi+z2  of 1422 of z
Ay VTR
TH 505, %D Euler-Lagrange /7213
1+ u'(x)? _d( u'(x) )_0
228 /—ulx) K \VI+u(x)?/-2eu(x))

f(x,y,2z) =

BT
2u” (x) 1

@ T+ oGE b)) O
R TRST 2 & (500 2 FAES & b HEE O)

log (1 + u'(x)2)) +log|u(x)| =log C (C \ZIEDIEEER).
u(x) <O ICTERLTHBET 2L (14 (V))u=—C. v KOV &

®) J =y EC

7“ :

BRONDE, THREBIHINOMS IEATH S, IhefE &, RERTHRIYAY
OA4RE%2 20005, (HHIEBHEMBEEL v, AT 5, )
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1.4 /MER D JFEEL (AT 124D A1)

(FEL < BT 2 IFEIE 720028, B~V v 7 R Bk cEhw Tl FARILINE
(3], fic BB S B Z TR [2], HLE LC7—/ VR [5] 2HFTEL, )

HEROMEB 2 H L5 (FAN MR x1, ..., x £T2), NRREHT, fifE 2
DX — U t 125 x1, ..., x DARICK D ERET2: U= U(x,...,x). B
B p=mx V3 L, Newton DEENHER Z

© b 2L

dt 87)9 (J:].,...,n).

T L ¥ —
: : 1.
K(xi,...,%n) ::Zmej2
j=1
w3 L
_ 0K
pJ - 8XJ

EB Z LICHERT S,
—MRERE g = (q1,...,q,) ZEHAT 5,

x1 = x(q; t) = x(qr, ..., qn; t)
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1.4 /MER D JFEEL (AT 124D A1)
EH R (9) 13,
(10)

d(&K)ZZ U 0Ky

dt \ 9k )~ Oqk ' dqk
EEZEIND (GRPFEGENE),

Z T Lagrange B8# (Lagrangian function) & #:iX 5%
(11) L(q7 q‘? t) = L(q17 <oy Qn, qlv ceey d"” t) = K(q7 d? t) - U(qa t)
ZEAT 5L, (10) i3,

d oL oL

(12) E@_Tw (k=1,...,n)
ICEEESINS, Z1% Lagrange DEEAEN LT85, ZHUIMERA (action) & 2 131E
FA%&4> (action integral) &IN5

ty
Stal = | L(t.q.4) ot
t
@ Euler-Lagrange SfEcfiZe 5%, 2F D, HAo#EENIEABET 2 R/MNCT S &
IBWIEITIHR D, L) kb, InzRIMVEADRIE (action principle) &9,
LICIFEBIINZYHENERIE R (K- U T K+ U B IEZ2 VX123, 29
TRV,
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1.5 Dirichlet ®JEH

Riemann %, Laplace /72 Dirichlet SR
Au(x,y)=0 (inQ), u(x,y)=1v(x,y) (on Q)
DIREDTFAER G T 2 72912 “Dirichlet DJFEE" % 72,

Laplace /TEFIZ X3 5 Dirichlet DJRIE

Q % R*> OHRHEE. ¢: 0Q - R £ %, Dirichlet BEH5M: u = 1 (on 0Q) % iz
3 u DI BT, Dirichlet F4)

(13) M) i= [ [ (i) + x5 )) el
Q

Zi/NZ T 5 DI, Laplace HHER

(14) Au=0 (P%Y o+ uy, =0)

T,

v,

(13) ORIMED S, (14) 28 FERMIZRD A 74 FCHlHT 223, #iD 2 2Dl & A
EE’\JKWU@I@(%I[U—F tcp]‘ =0) ThHb, 2%, (14) \& (13) D Euler-Lagrange
HRRTHE, LEAD.
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1.5 Dirichlet DJFEM | 25cd2 v iz, (14) 2363 2 & ORER

u T PERNEBRET 2, FERED o€ GP(Q), t eERICHLT, u+tp i3
u+teo=1 (ondQ)
27 TOT, | DEFRFIBEL T2, u PRMEZGZ 2 L WIHIRED»S .
Hu+ to] > I[u].
WAIZ, F(t) = Iutte] EBL L. FiEt =0 CRAMEZING, &2 2%
F(t) = //Q V(u+ tp) - V(u+ to)dx dy = //Q (\Vu\2 +2tVu - Vg + r2|v¢|) dx dy

= I[u] + 2t/ Vu - Vdx+ t*1[g]
Q

THBEHE. F A0 TSR ZICIE, 1 ROEE 0 (H50I1E F(0)=0 LEZ3):

// Vu-Vedxdy =0.
Q

Nz 5T (Green DERL) LT

// Aupdxdy =0.
Q

e PR THE I L6, (ENEOEFFHEE? L) OWMEZRT)

Au=0 (inQ). O
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1.5 Dirichlet DJFH &, 2oiE0 “EEE"

Dirichlet DJ5Fi3, G. F. B. Riemann (1826-1866) I= & % (BA¥Gh ChH A %) BEEER
(1851 4E) DFFHICflib 7225, Riemann 1% | DR/MEDFEEZ BEICRT I 3 TE T
(FEROGFLEIZH S 0720, TRVIMETH % 2 LIS 03T\ — K. T. W. Weierstrass
(1815-1897) D f5#%). D. Hilbert (1862-1943) IC & - TR I 415 £ T (1900 FELH), (X
IE 50 AR DD Do 72,

R PRROBAIC X, AR PR E v ) R RIEZ i 7o o iy i o I
L. Z DM B EE 2 LIk o TRERH, Laplace iR Dirichlet %
SHEREDG A, T T READMEZ # 72 DIC B MEICER L, % D& E
OHEEY R (MOFEEETRT) ZEICko TMERL, ZoMEE2ESEOBEERE
(the direct methods in the caluculus of variations) & W5,

RO T ADRERE TIRD X 9 e “BEkD” BHEL R TH B I LITHEEL LS, Z
IV T EF, BFEOHE L THLONS, —OOMEN-REIBOMEL A%ETH
L9 2 E DRSS o TV T, EL S ORENRE LT W, il oflE
2k B, EWIHRWMD B,

2ok 3 /NS H I & IR S 72

RlZ, R E 720l /e % Euler-Lagrange AR & 3 2 240 M % BUEMIICE S 2
Tk O IRAOIERE RO B 2 LD RfTbN S, GREREIC K 2EERED

y - A {672 ) N 8}

3Euler-Lagrange 2R %13 & . B%?E@FHEJ%#‘U_}’C%’C&&M DiIcz->TLE I,
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1.6 B F 1F: o/

ZEMNICEZ S NIPAIER M ICARRBEZR-> 7 & B, JHOTBIZE ) %8507 —
KRN 0ME  OT, Wz &AM % X9 Zifii (H8/\BE, minimal surface)
%%, 123 z = u(x,y) (x,y) € Q) &7 7 7 TREDL %6 (BT,
MR HEERZ UL ZORE RTINS L LTRVES ),

S[u] ::/ \/ 1+ u2 + u2 dxdy
Q

ZIRMNZT B, ) 2 ETH D,

s
(15) (1+ 1) uyy — 2uety g + (1 + 1) e = 0.
DMy IR IERIE DR 77 R Cfi I 13 U 2\

R NBIEL S[u] D Euler-Lagrange /it e LT, (15) PEH I N 5%
FF, AREM N (24U DWW TSR E R L THN K) 2 5580, (15)
BT ERERY L, IHICa v Ea—¥F —THRRE X,
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SEERN  AIREREDOT X A b

Z5H [6] &, BT R—EE %%ﬁ%&bfﬁ@%i&@kﬁiu%ﬂmﬁwﬁﬁ B
2\3) TH 5, Poisson TR SN T 228, REHM, FHIIZ->ZD 505 L v
9 BRTIRBEIN, BB AR 2T, 7 SABEDH 5 2 &fﬁﬁi))%o z
DEH DHEER T OFA L > TH RV,

g [7] 13, BREREORY: (BB AEEHZ 5 0) Lo ToBEELRARE,
RS FRICOFE LW, R LR=—VEDRoNnTwE0 T, Zi—ftcEbh 3T
I$70,

EEICF v Ly P anandHiud, Eild % Brenner-Scott [8] 2#10 3,

FRIEER AT 2858138, £9 S ZLICh b LB bis, FreeFem++
D=2 7)) Hecht [9] &. HAFEIC K27 %A M KK - 4 [10] 2MED L% 228, H
REZRZNHEDT ¥ A I i&%&m

[9] I2id. FERICEE R BHIDE - T2, MHICIEREICS > T (BRLLT VL
EIDDOBRDPO) YO NN DH D, Fv b EICHZFa—F Y TAEZERTONRR VD
b LN (5B ODENT 5 TE).
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TT 7R AHKS.
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