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7 FreeFem++D 3k

7.1 13C &I

FreeFem++ ZHAREZILIC L > T HBRAOEES S 2L —2arvz2iTH oDy
7+ =27 THY, SHEUHEZTHS (Hecht [1]).
LB =TV 5 =2 (ZDrIE MATLAB % Python & BIT\:3).

Sk, 7075 v SEHEE L TOD FreeFem++%3HT 3 (v =27 V2 HTH R
A6k — 2 LB,

FreeFem++0D Z & % TERELREEHAY —L ) EEZZZAD VD, HEPICERERE
IR 2 HlAaAEN TR 50, Z0LNOBENO 7 v 75 2 v Il a ke b+
FIhEbD > T3 (EBE, ARERIECENED 70 77 LA bR nEETh %), 2HE%E
AETIUE, CokHIBRTa s I v rSiEcHES 2 LiX FreeFem++TH k2, &
#72X9,

I, CHHIIBITW S (WAIC CIZHBBITVZ), CLA2HISZWVAIR, C++DR S
U—LZES>Tc A (cout, cin DFI) ZFARTE L 2 & ([2] DEFRITE VTR W),

2% FreeFem++ 13 C++ TEddE N T\ 5%,

7= 27 Hect[3] 3 HHIEOMEKINR . SHAERIEIAINLIETRE > Tk
v, DToFHIZ, BAWNZ, — b Th2HEH [2] IcET<,

v a7 ADSORERIEE U<, BRBHBEEZOF 2 — ) 7L (8K [4], [5]).
TXRALKEK - HA (6] BEVD D,

B e htt S B 57 ~70 753
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K7 Poisson HERD 71 7"F L

https://m-katsurada.sakura.ne.jp/program/fem/poisson.edp IZ{EWVTH 5,

// poisson.edp

/7 BROERE HAM), whw2IEDmE

border Gamma(t=0,2*pi) { x=cos(t); y=sin(t); }

// ZFEEHESHE R R (BEA % 50 1<)

mesh Th = buildmesh(Gamma(50));

plot(Th,wait=true); // plot(Th,wait=true,ps="Th.eps");

// ARRERZEMIE P1 (K91 1 REER) HE

real [int] levels =-0.012:0.001:0.012;

fespace Vh(Th,P1);

Vh u,v;

// Poisson HFEX -A u=f O

func f = x*y;

// Wz

solve Poisson(u,v)

= int2d(Th) (dx (u) *dx (v) +dy (u) *dy (v) ) ~int2d (Th) (f*v)
+on (Gamma ,u=0) ;

// FISHE CGEERD

plot(u,wait=true);

//plot(u,viso=levels,fill=true,wait=true);

// AIBUE (3 KIB) --- VAT THER»E S

plot(u,dim=3,viso=levels,fill=true,wait=true);

> MR oM T, WHO 70 Y5 2 v FEHOKRESH 5 Z Li3ahDis v,

EH #hiE htt Ji& Uik 570 ~7us53vy
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72 NWHD7va 75

721 CEEERATwE E A

BDTHRAD L ETHE L,

[/ W OITRE TR, /% & x/ TEENEFIEHER (i C FEELFEL)
XDOREIT ;
VURIGEEL (+, -, *, /) . fAA (=) & EDOHET

0 3y, 0 N OIHUIH L A, 5, WS - S ORI 0
(false) £7213 1 (true).

ERESOXES CSiE LAk, A%k, TRE-> 4O Y R F2#H L,
BTN L o3k C 53 L FRE,

Juy 2k { &} TEHEC(O ML L) oXEHATES,

WBGHELA (==, 1=, <, <=, >, >=), AT (&&, |, 1), if, if else % £ Dl
RS,

7272 L switch 7%\,

@ for, while % LD DR Ll{#Hl, break (/L — 7%k} ), continue (K D# DK
L) k&,
7272 L do while lF7%\>,
o B rBIB DT
fliicbH 27259

B H
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722 7—4%H

0 M ERTOD int BH 5 (CFFHED int ITHY)
FRERTIOD real ¥H 5 (C FiED double IZHHY)
o HEMELTI-OD complex 23H % (C SiED complex ITHY, FEE - L
double)
Bl Z X complex a=1+2i; AHJIIE 2 KGR 7 FVED (1,2)
o il ZKT 7DD bool 3% % (C FFHD bool IZHMY). true, false & F ) fl?
HEMB, ZNZFN 1, 0 DRl EEZ TR,
Bl Z1¥ plot (u,wait=true); ¥ plot(u,wait=1); LR,
0 XFH KT /D string Db % (C++FFHD string ITHY, HAFEART ?),
o 2O®D string s1, s2 &, (+ HE T2\ T) s1+s2 THFETE 5,
o string+ il & ¥ % &, Bz XFINEHL TH ol d %,

real a=1.23, b=4.56;

string s;

g= "g=" 4+ g + " b=" + b + " ":
cout << s << endl;

o string % int ICEHLT % atoi(), string % real IZZEHAT % atof O B3
b5 (CHEBDOERL,

#i B htt I T 2 i FreeFem++~
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7.2.3 FAIRL 1Ko

1 XoehcsIE, CEERIC (L) BTw 5,

Besl a OF i BEIX, alil ELTT7 7 ATES2, a(i) LLTT 7
L AT 5 DHE ?
4 N
real[int] a1(3); // C T double ail[3]; & T ZDIIPT1 3
for (int i=0;i<3;i++)

a1(i)=i; // ailil=i; & LTH R,

real[int] a2 = [0,1,2]; // C T double a[l={0,1,2}; T 3DILTS
reall[int] a3 = 0:2; // Z#34 L MATLAB Jal

cout << "al=" << al << endl;
cout << "a2=" << a2 << endl;
cout << "a3=" << a3 << endl;

EF: a1l DEELIL at.n THLHNLS,

i FreeFem++~
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7.2.3 BCAIAL 2 Kot

2 RIHANEA LS. 2 Rothicdl a o (i,)) BHRIC7 7R AT 31213 al,)j) LT 5,

e N

real[int,int] kuku(9,9);
int i,j;
for (i=0; i<kuku.n; i++) {
for (j=0; j<kuku.m; j++) {
kuku(i,j)=(1+1)*(j+1);
cout << setw(3) << kuku(i,j);
}
cout << endl;
}

cout << kuku << endl;

real[int,int] kuku2=[[1,2,3,4,5,6,7,8,9],
[2,4,6,8,10,12,14,16,18],
[3,6,9,12,15,18,21,24,27],
[4,8,12,16,20,24,28,32,36],
[6,10,15,20,25,30,35,40,45],
[6,12,18,24,30,36,42,48,54],
[7,14,21,28,35,42,49,56,63],
[8,16,24,32,40,48,56,64,72],
[9,18,27,36,45,54,63,72,81]1];

cout << kuku2 << endl;

e R

FreeFem++4~
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7.3 HIREFRDED 72 9 DFEBE

7.3.1 AREZEED 7 75 L DR

AREEZEO 7O T I LESoTHTOLHID, HANEEZ NS 2
Rt Poisson A DB FERED 7’1 77 L %24 L THAT %,

Q FHIDER L D =M
Q HAIRFEFZEEMDESE
Q@ HEAEzXRDVTNhTERL THEL,
@ solve()
S5z 5.2 5 LRRCZh 2R (592 KD %),
Q problem()
g% 5 2 CHEZ R C BB E E %R 5, FEME R,
Q@ varf, matrix

912 5.2 THA 1 RIGBAZES,

B e htt ISP TR 55 7 ~70 753755 FreeFem++~
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7.3.2 FEIE D EFE & FHIR D = AIEE] (2 XILDEE)

Mz #E 2 28z ERL, ZAETHZ T2 LBRETH S,

200 (AR #0441k, Z0EH 2 ELT LI L TEE 5,
BEYLER 1T border & B ) MDEH L L TEREI NS,
=ZAIEEIE mesh EF I MOEHE L TEREI NS,
buildmesh () &5 9 BIEUL. % border Z & T 20 EET S Z &
T. border DPFHL I Z = ATE3EI L T, mesh DT —% 215,

mesh BID 7 —# 1¥, readmesh(), writemesh() &5 9 B %W
TAHNITESL (74— FMETXAL - 7740),

mesh BD 7 — %1%, plot() IC X Hh AJHULTE 3,
FEIEREIS AR AT 2 R TTE) 13, square() &F ) @maT
mesh B 7 — % 3N 5 (2% TFreeFem++/ — k1 ),

B e htt ISP TR 25 7 ~70 753755 FreeFem++~
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7.3.2 D E R & HHISO = A rE]  border

e MEekz C L35
border C(t=0,2%pi) { x=cos(t); y=sin(t); } :j

o FED 5. TEa %8412 Gammal, Gamma2 & E&T % —/
int C=1;

border Gammal(t=0,pi) { x=cos(t); y=sin(t); label=C; }
border Gamma2(t=pi,2*pi) { x=cos(t); y=sin(t); label=C; }

- J
o IEHAEI% (0,1) x (0,1) D 4 DD C1,C2,C3,C4 % EH —

border C1(t=0,1) { x=t; y=0; label=1; }
border C2(t=0,1) { x=1 y=t; label=2; }
border C3(t=0,1) { x=1-t; y=1; label=3; }
border C4(t=0,1) { x=0 y=1 }

= J

B e htt
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2 RO TR L RO ZATAE A > 2 (mesh)
-~ ZNEFNFRLTHS ~

// Bl

border C(t=0,2*pi) { x=cos(t); y=sin(t); }
mesh Thi=buildmesh(C(50));
plot(Thl,wait=true,ps="Thl.eps");

/7 B2

int CO=1;

border Gammal(t=0,pi) { x=cos(t); y=sin(t); label=CO; }
border Gamma2(t=pi,2*pi) { x=cos(t); y=sin(t); label=CO; }
mesh Th2=buildmesh(Gammai (25)+Gamma2(50)) ;
plot(Th2,wait=true,ps="Th2.eps");

// B3

border C1(t=0,1) { x=t; y=0; label=1; }
border C2(t=0,1) { x=1; y=t; label=2; }
border C3(t=0,1) { x=1-t; y=1; label=3; }
border C4(t=0,1) { x=0; y=1-t; label=4; }
mesh Th3=buildmesh(C1(20)+C2(20)+C3(20)+C4(20));
plot(Th3,wait=true,ps="Th3.eps");

EH #hiE htt
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7.3.2 B DESR L HIBO =AITE] X v 2 2 (mesh)

HIRMED Jordan PHIHHR TPH % 117 & G Z = AB0E§ 2 2 &
LTE %,
Ve sampleMesh.edp N

border a(t=0,2*pi){ x=cos(t); y=sin(t);label=1;}

border b(t=0,2*pi){ x=0.3+0.3*cos(t); y=0.3*sin(t);label=2;}
plot(a(50)+b(+30) ,wait=true,ps="border.eps");

mesh ThWithoutHole = buildmesh(a(50)+b(+30));
plot(ThWithoutHole,wait=1,ps="Thwithouthole.eps");
plot(a(50)+b(-30) ,wait=true,ps="borderminus.eps");

mesh ThWithHole = buildmesh(a(50)+b(-30));
plot(ThWithHole,wait=1,ps="Thwithhole.eps");

- J
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7.3.2 B DESR L HIBO =AITE] X v 2 2 (mesh)

I mesh 7—F Do 2 EIZ R 2 BEDB D L ndd:

eThxZ XAy altd2LE, Th.nt IZ=MEDOE (the number of
triangles). Th.nv (Zffisi D% (the number of vertices), Th.area I
IR DI (area) TH 5,

o Th(i) (& i HHODMis (i=0,1,...,Th.nv — 1) T, Z DPEREIL
Th(i).x & Th(/).y TH %, Th(/).label |FZ DHiIH D 7 )L (HH
HAEICH R 0, ZNDISMIER O &) 2R,

o Th[il X i HFHDO =M (i=0,1,...,Th.nt — 1), Th[1 L] X i &
Ho=fEo j HFHOHIA (j =0,1,2) OFHEFT, Z Ofis
OB Th[1.x & Thi 1.y TH 2, =MAIEOMEIZ
Th(i].area TH %,

o M (x,y) ZBL=MIZOFFIE Thix,y) .nuTriangle TR H L5,

B e htt o7 ~70 753755 FreeFem++~
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732 HIRDEH EFBO=AAE R v 2 (mesh)

RD X 9 285H12 readmesh(), writemesh() IHXTH 5,

@ FreeFem++ ZHWT=MAEREIZITV, Bo/c Ay 2. T—
§—mhD 70 75 LA THIT % (BREREMOGIFEIZAE 7 v 7
7 L TIT ) ),

@ HEo7u 77 A T=MEnE%ZITV», ZOX vy a--T7—F—%
FreeFem++ THIHT 3%,

readmesh(), writemesh() TAHNEINAZA YD 2« F—=HDT A —

Yy MZDOWTIE, TFreeFem++/ — F §6.2 mesh 7 7 A VDG, %
HX

e Mesh MDZH Th DNF I,
writemesh(Th, "bunkatsu.msh");
DEHZLTTZ7ANICHNTITE 3,
e ZD7 A==y MIDo toTEENT7 74 VB H L,
Mesh Th=readmesh("bunkatsu.msh");
DEHITL TEERIAD 5,

B e htt S B AT
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7.3.3 FIRERZE[H]

BECE# L TR mesh M7 =4 & | BROMEIZ KT HHT (PL, P2, ...) &
T, AIRERZER (ZOHETIE X OXIICRLED, V), 2EDiRSTE
TIEDRLZV) ZERT D,

fespace MDZHUIPIE M2 LT 2 L1k 5,

Bl ZI1E Th £ 59 mesh OEEDH 2 L &,

[fespace Vh(Th,P1); )

&Y% EAREREM vh DERI N D,
CHUESCEIC IR AT

[Vh u,v; ]

EUCER u, v ERTED, b ML DBIREERT.
BB u,v € Vy &9 )

(F I FEFToREET, ZMAPERSHIL T KoM 1 X%IHEN (PLEER) L
DAES L 7> > 7203, Poisson SR OBESERTELIAL TR, b %S (P1b, P2,
P2Morley,...) DM 5 2 L3 B, )

B e htt S B AT
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7.3.3 HIREFRZEH]

o u DI TOMZED - FLHIE ull TET,
ull.n (u.n THEL) IF Th.ov ERLCTH %,
i HHOHi R cofl (FEHFDAT v = a(P;)) 1 ull (1)
o u ML HATLH D, (x,y) TOfiIE ulx,y) TSNS,

B e htt ISP TR 55 7 ~70 753755 FreeFem++~
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7.33 5z e L T <

WEWESEAZERT 2 HEDOFTHHTH S, RELFITT3MD H 5,
@ solve — $AZ 52 5% LEARICZENZRL (392 KD 5),
@ problem — $EAZ 5 2 CHlE%Z i Bz E87 5,
@ varf, matrix — WEXZ2 52 Tl 1 RAEXZES,

ZNFETHBH L THEZZRD Poisson HEEARDEFEREZ LICHHT 3,

(1a) —Au(x,y) =f(xy) ((xy)€Q)
(1b) u(x,y) =glx,y) ((x,y) €m)
(10) Y xy) = glxy) ((xy)ETa)
SR LIE, X, KEL. ROFHRZMETLDTH S,
(2) (u,v) = (f,v) +[g2,v] (v EX).
7272 L
(3) Xg ={w|w=g onli}, X:={v|v=0 onl}.

B e htt ISP TR 25 7 ~70 753755 FreeFem++~
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733 WiEAzEE L THE< (a) solve ZHIH

Poisson TR DB A ETE L ¥ > 7L - 7’8 75 L poisson.edp Tl (a) %

Fw 7z,

solve CTHIEAZERE L THES

solve Poisson(u,v)=
int2d (Th) (dx (u) *dx (v) +dy (u) *dy (v) ) -int2d (Th) (£*v) -int1d (Th,2,3) (g2*v)

+on(1,4,u=gl);

RIFEDHETHIETH B,

@ dx(), dy(Q) FZNZh x, y TOWHIZET,
DM dxx (), dxy O, dyy) DX IHILT 3,

® int2d(Th) &, Th DA ORT (FED) 2 £ T
¥ 72 int1d(Th,2,3) FHEADI B, T3 23 TH 27 (EFBEOH L L) D
oy (RS, SO EMED) 28T,

@ +on(1,4,u=gl) FHIRDI L. 7LD 1,4 THh 55 (EAEOT LA) T,
u=g &\ Dirichlet ARG 2T Z L 2K T (+on(1l,u=gl)+on(4,u=gl) &
SFCEL T L B TTEE),

X7 FEBIB DS A, +on(1,ul=gl,u2=g2) D& ) ICEHKDOTEREEL L
HTED,

DT, CoRMEDGAEI, (b), (c) BEI B 2R T,

B e htt
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733 55z EFE L THEC (b) problem % F]H]

(b) problem ZFHT 2 /5L TIE, RDX I L% 5,

problem THIFEAZEH L TH <
problem Poisson(u,v)=

int2d (Th) (dx (u) *dx (v) +dy (u) *dy (v) ) ~int2d (Th) (£*v) -int1d (Th,2,3) (g2*v)
+on(1,4,u=gl);

Poisson;

ZOMEDEE X, solve & HRTORTIZRHIZIEL S nad Lk,
B, FREFREOME Tk, U2 AED R HENEL 20T, B
ThH D (BIEP VAN H 5 — iR,

B e htt AT 7 ~70 753755 FreeFem++~
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733 95z EE L THEC (c) vart, matrix Z2H]H
~ varf, matrix % FlfH ™~

real Tgv=1.0e+30; // tgv &/INXFTHH
varf a(u,v)=
int2d (Th) (dx (u) *dx (v) +dy (u) *dy (v))
+on(1,4,u=gl);
matrix A=a(Vh,Vh,tgv=Tgv,solver=CG) ;
varf 1(unused,v)=
int2d (Th) (f*v)+int1d(Th, 2, 3) (g2*v)
+on(1,4,unused=0);

Vh F;
F[1=1(0,Vh,tgv=Tgv) ;
u[l=A"-1xF[];
- J

HoTUIE, EVZ1IRAHRX Au=F D A f ZHLIEHELT, A 238552
ETu B2, L) 2L THS (FElIE, HEIBRATIHEL TUARVLOTEHKT 2),

tgv (terrible great value) \ZBARTHI L 72 (tgv = 10%°),

solver= (37 1 XABRAOMLEZEET %,

ce CG & Bamisk) (g, IEEXNFRTS] (spd) )
GMRES GMRES % (g, —MDIERITSIH)
UMFPACK UMFPACK ZFIH] (E#E, —fk D IEHIfTSIH)

sparsesolver FAF I vV « YT THEDY L AN—%IES

EH #i8 htt & SV /' 5k FreeFem++~
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ZE70 775 — AREZMOREZ W5

HIREZEMOIK, HEDWMEIIARHORBICHHT 2 FETH I, RTBI I,
BHOfE u, HREEMR 0 12OV T

=l = (/[ 1ut) = e dxdy)m

1/2
~ ~l12 ~ 112 ~ 112
la = all = (o= @l + e — 8132 + lluy — a1

% 1% e

% H' 35S LIRS,
FRDITE 2N Lc b & TNSDBEPED X ) IS 20, WEMBITH
LHETHANTAHAL ),

curl -0 https://m-katsurada.sakura.ne.jp/program/fem/poisson-mixedBC-mk.edp
FreeFem++ poisson-mixedBC-mk.edp

FreeFem++ poisson-mixedBC-mk.edp 2

FreeFem++ poisson-mixedBC-mk.edp 4

FreeFem++ poisson-mixedBC-mk.edp 64

EHEDA% 202" (m=0,1,---,6) FHEI L7 &£ ZOPEZELEIET 3,

EH #hiE htt T 70 ~7v/7 3y /5 FreeFem++~
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70y 7 L — AREEMOBLEZ WS

(BEBOTFHERL)

D70 T 7 LTHRCT Y BRI, Sl B (Hof) u 2 EAT, 205 f, g,
h 2L o720 ThH 59,

Q=(0,1)x(0,1), Iy ={(L,y) [0 <y < 1}U{(x,1) |0 < x < 1}U{(0,y) [0 < y < 1},
M ={(x,0)[0<x <1}
u(x, y) = sin(wx) sin %y
B
f(x,y) = —Au(x,y) = T sin(mx) sin %
g(x,y) = u(x,y) = sin(7x) sin %,
Jdu

L A L4 I
h(x,y) = (x, 0) = 3y (x,0) = > sin(mx) cos 21,0~ "2 sin(7x).

B e htt
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ZE70 775 — AREZMOREZ W5

12 emmor ——
H1 error ——

101 102 103

4: 134% n = 20,40,80,---,1280 Zr#l L 7= & & D (Kl n)

L2 #31% O(n™?), H* ‘Qi% B3 O(n—l) &i;:o“(b!% (FE XD 5 0P E—E),
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Xl 4 DIERRITIE

T =Y EEBP R DT, —D—=DD5EHIEITDOWT, poisson-mixedBC.edp %> Tii%E%

72 ZNERDE I ICHB L7 7 A V2MEo 7, (LRTIUIHBLTE S THS ), )

-

-

error.txt <\
20 0.00162987 0.102169
40 0.000408387 0.0511309
80 0.000102155 0.0255713
160 2.55422e-05 0.0127864
320 6.38579e-06 0.00639328
640 1.59646e-06 0.00319665
1280 3.99119e-07 0.00159833 4}

-

—————error.gp " gnuplot T7'7 7%fi&, A X— - 7= blES ﬁ

set logscale

set format y "10"{JL}"

set format x "107{%L}"

plot [10:2000] "error.txt" using 1:2 with 1lp title "L2 error",\
"error.txt" using 1:3 with 1lp title "H1 error"

set term png

set output "error.png"

replot

J

FE

1, 4-5 fTADMA, 23 fTHENHIOHRREEZ 2, BRED 3TIEA X - - T ERD 0,
3} )L T gnuplot error. gp EFE, 7770 T”‘i) 11, errror.png DMK %,
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Xl 4 DIERRITIE

LA (2O HEEOTOEDITTIERVD), XKDOXI R 2L A
79 7 b 2947 LT error.txt ZER L 72 (7 — & 1EERD HEL).

Ve make-data.sh N

#!/bin/sh
rm -f error2.txt
for i in 1 2 4 8 16 32 64
do

echo ${i}

FreeFem++ poisson-mixedBC.edp ${i} | grep ’"n=’lgrep H1 >> error2.txf
done
sed ’s/n=//;s/L2-error=//;s/Hl-error=//’ error2.txt>error.txt )
chmod +x make-data.sh \\
./make-data.sh )

T2k HEMLT % &, MERTFIHORERIED . #iROHBELES Ik
%, sl EIR L, P EMER T 2 2 LIFIERICEETH D, TRIRETH S,
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