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Q [

SHEBET 2L (2a) Kk B, (L)

BE H %S bt TR ] T2 | = 22 3] 10/29
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11.2.2 3913\ (2a) DEH  RIGK (/& 10.1 DFEEH)
fyem e [ (55 +50) 2 (5 +50))

(BHL 72)

FE H #h S8 ht i A
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11.2.2 591530 (2a) DEH  #BIGEK (HifE
/QE< e [3( (50 o) 3 (o +ae)) o

duj Ov; Bu, 8\/J du; dv;  duj Bv;
== E Ou; v J ) .
/ (8)(1 0x; 6XJ Bx; + dx; 0x; + Ox; 73X,-) x (EBHL 72)

i [ #h S htdi
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11.2.2 591530 (2a) DEH  #BIGEK (HifE

e [ (12

72/ (8u, Av;
o Ox; Ox;
72/ (au, ov;
0x; Ox;

BE H %5 bt

Bu, 8\/J
Ox; Ox;
8u; ov;
8Xj Ox;

ou;

8u1
8X,'

9u; dvi
Ox; Ox;
Ou; 0v;
Ox; 0x;

1 8v,-+
2 \ Ox;
)dx
>dx

Ouj Ov;

Ox; Bix,

Ou; dv;
Ox; Ox;

9v;
6X,‘

)

(BRIL7)

(DA =D A
i i
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s dx—/z< &

B H

i S bt

AeH
A
A

ou; Bv,
Ox; Ox;
ou;j Ov;
0x; Ox;
6u,- 8v,-
Ox; Ox;

Bu, 8\/J
Ox; Ox;
Ouj 0v;
Ox; Ox;

8u,— 8\/J

8XJ BX,‘

9u; dvi
Ox; Ox;
Ou; 0v;
Ox; 0x;

Ou; 8v;>
+ dx

ou; 6u1) 1 (8v,- 8\/_,-))
— + dx
6XJ 8X,' 2 BXJ 6X,‘

+8W§ﬁ)dx (L 72)

8X,‘ BX,'

Ox; Ox;

D A= AN
i iJj

)dx (CChBHARNT v OBAE u 12 X 5)
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11.2.2 553K (2a) DB #BIHK (M 10.1 @

ou, ou;\ 1 /0v; ov;
E  E d = ! L it ! J
/Q (u)  E(v) dx = /Z< (6x, ax,-) > (axj- +6x,-))d"

=2 Z / ( (RBL 72)

Quj Ov;  Ouj Ov;  Ou; Ov; = Ou; Ov;

= — d o A,“ = i
Z/ (8x_,8xj 8xj-8x,-+8xj-8x;+6xj8xj-> x (; v I,ZJ.AJ)

_1 Z/ (au, av; 8u,— 8\/]) dx

Ox;  Ox; 0x;
1 ou; Ou; A2u; A2 u;
2 IXJ: (/ (BXJ Vil o Ox; an') 7 /g"z <ij2 + 3xj<9x, ) dx)

ouj Bv, Bu, 8\/J Ouj dv;  Ouj Ov; d
— — ) dx
Ox; Ox; 8XJ Ox;  Ox; Ox;  Ox; Ox;

(T2 6@AEIT v OWIE uiZkE?)

(1) s
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11.2.2 553K (2a) DB #BIHK (M 10.1 @

ou, ou;\ 1 /0v; ov;
E  E d = ! L it ! J
/Q (u)  E(v) dx = /Z< (6x, ax,-) > (axj- +6x,-))d"

Ouj Ov; Bu, dvj | Ou; dv; | Buj dy;
T4 Z Sl SIS Jdx (LR
/ (3& Ox O 0x | O x| o o) mLE)

1 Ou; Ov; i Ovj
:52/( w 0v; | ou w)dx (CCOBHABIIT v OB E w2 k¥ 3)
5

Ou; Ov; 8u; ov;  Ouj0v;  Ou; Ov;
d A,“ = A','
0x; Ox; 8Xj Ox; + Ox; 0x; + Ox; 8)(]) x ( :Z v Z i)

Ox; Ox;  Oxj Ox;

1 ou; Ou; A2u; A2 u;
2 IXJ: (/ (BXJ Vil o Ox; an') 7 /g"z <ij2 + 3xj<9x, ) dx)

- ouj  Ou; 02u; v 0% u; . o )
Z/GQ2<de x:>VIanU_Z/< 8x8x )dx (‘;Au_izj:Aﬂ)

[ B ho TENC A 9 D H PR IR AR 12 (1) 11/20
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11.2.2 553K (2a) DB #BIHK (M 10.1 @

du oui\ 1 /dv; Ov;
E cE(v) dx = ! L it ! £l
/Q () : E(v) dx = /Z< (6x, 8x,-) 2 (aijrax,-))dx

(BRIL7)

Ou; Ov; Bu, 8\/J %% Ou;j 8\/1-) dx

- 72/ (8)(1 0x; 8XJ Ox;  Ox; 0x;  0x; %
Ou; Ov; 8,‘3' Ou; dv; i O0V;
=fz/( pon Qul Sl B0 g (A= 20A)
o —

0x; Ox; 8Xj Ox; Ox; Ox;  Ox; Ox;
1 duj dv; ~ Ou; Ov;
:52/(11 vi o VJ)dX (ZZDBERIT v OWI% vl k¥ )
i

Ox; Ox;  Oxj Ox;

1 ou; Ou; A2u; A2 u;
2 IXJ: (/ (BXJ Vil o Ox; an') 7 /g"z <ij2 + 3xj<9x, ) dx)

- ouj  Ou; 02u; v 0% u; . o )
_Z/GQ2<0XJ x:>VIanU_Z/< 8x8x )dx (‘;Au_izj:Aﬂ)

el (55 w2 )

[ B ho TENC A 9 D H PR IR AR 12 (1) 11/20
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11.2.2 5950 (2a) DEH  #BIAK (fi&E 10.1 D

ou, ou;\ 1 /0v; ov;
E  E d = ! L it ! J d
/Q (u)  E(v) dx = /Z( (6x, ax,-)z(axﬁax,-)) x

:*Z/ (8u, 26 94 8V’Jr%%JFa”f%) dx  (EML%)

Ox; Ox;  Ox; Ox;  Ox; Ox;  Ox; Ox;

:,Z/

zgz/ (8”"8V‘+8“"8Vf)dx (2 2B EABT v OMNE ulc k¥ 3)
1

Ou; Ov; 8u; dv;  Ou;0v; = Ou; Bv,')
d A,“ = A','
0x; Ox; 8Xj Ox; + Ox; 0x; + Ox; Ox; x ( :Z v Z i)

Ox; Ox;  Oxj Ox;

1 ou; Ou; A2u; A2 u;
2 IXJ: (/ (BXJ Vil o Ox; an') 7 /g"z <6xj2 + 3xj<9x, ) x)

N du, OUJ _t 8 uj vi 8 uj .. .= .
Z/GQ2<de x:>VIanU Z/( 8x8x )dx (‘;Au_l.zj:Aﬂ)

Lplpe) () ) )

:/ E(u)n.vda—l/(Au.v+V(v.u).v)dx. (GEHE)
Fle} 2 Ja

f: [t ne X EIRKEL:EEIF OV
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1123 R %Z 1> HFBRAR D cE L

A(u,p,v,q) = a(u,v)+ b(v,p) + b(u,q)
S

EH # S htdl
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1123 R %Z 1> HFBRAR D cE L

A(u,p,v,q) = a(u,v)+ b(v,p) + b(u,q)
LB, XD 2 ODRMEIRFAMTH 5,

M 1 (BRcE5 L7 b D)
rFind (u,p) € V x Q s.t. )
a(u,v)+ b(v,p) =(f,v) (veX),
b(u,q)=0 (q€Q).
- J
. iR 2 ~
Find (u,p) € V x Q s.t.
(10) A(u,p,v,q) = (f,v) ((v,q) € Xx Q). y

T TN S i FEI\ (S X 9 & H PRZaik (L) © 12/29
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1123 R %Z 1> HFBRAR D cE L

A(U, p, Vv, q) = a(u7 V) + b("v P) + b(u, q)

LB, XD 2HODOREIXFEETH 5,

M 1 (BRcE5 L7 b D)
rFind (u,p) € V x Q s.t. )
a(u,v)+ b(v,p) =(f,v) (veX),
b(u,q)=0 (q€Q).
- J
(fﬁ%2 ~
Find (u,p) € V x Q s.t.
(10) A(u,p,v,q) = (f,v) ((v,q) € Xx Q). y

B H

(u,p) RTE 1 DfFTHIUL, ME2 DFTH L 2 LIZT 9D 5,

i 2 htUii

(1) meen
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1123 R %Z 1> HFBRAR D cE L

A(u,p,v,q) = a(u,v)+ b(v,p) + b(u,q)
LB, XD 2 ODRMEIRFAMTH 5,

M 1 (BRcE5 L7 b D)
rFind (u,p) € V x Q s.t. )
a(u,v)+ b(v,p) =(f,v) (veX),
b(u,q) =0 (q€ Q).
N y,
(-F'rﬁ%ﬁ2 ~
Find (u,p) € V x Q s.t.
(10) A(u,p,v,q) =(f,v) ((v,q) € X x Q). )

(u,p) RTE 1 DfFTHIUL, ME2 DFTH L 2 LIZT 9D 5,
—J5 (u, p) DHE 2 DFTHIUL,
0 g=0THsLI7% (v,q) ITDVTEZSL a(u,v)+ b(v,p) = (f,v) BN
Qv=0TH2LI% (v,q) IKDVTEZB L b(u,q) =0 »E»N 2
DT, (u,p) ZHE 1 DIETH 5,

FE I #h hedt AT P22 |9 ©HIRZ /1A (1) © 12729
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1123 R %Z 1> HFBRAR D cE L

A(u,p,v,q) = a(u,v)+ b(v,p) + b(u,q)
LB, XD 2 ODRMEIRFAMTH 5,

M 1 (BRcE5 L7 b D)
rFind (u,p) € V x Q s.t. )
a(u,v)+ b(v,p) =(f,v) (veX)
b(u.q)=0 (q€Q)
N Y,
. Rl 2 ~
Find (u,p) € V x Q s.t.
(10) A(u,p,v,q) =(f,v) ((v,q) € X x Q). )

(u,p) PRTE 1 OfFTHIUEL, ME2 D THLZLI3T9H2
—J5 (u, p) DHE 2 DFTHIUL,
0 g=0THsLI7% (v,q) ITDVTEZSL a(u,v)+ b(v,p) = (f,v) BN
Qv=0TH2LI% (v,q) IKDVTEZB L b(u,q) =0 »E»N 2
DT, (u,p) ZHE 1 DIETH 5,

FreeFem++ TliZ. M 2 @ (10 @%T%%f@%
fE H 8 htdoH 7

/lgﬂ%dé\ﬁﬁ b5,
oL (1) mimeee

%:Té
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11.3 T Stokes HFEFD Dirichlet 5 B [ E

11.3.1 #—7% v bR L 55EAL

¥ T 2 E 4 Stokes /TR D Dirichlet BEFUEMEZ %2 X 9,

(11a) —vAu+Vp="Ff (inQ)
(11b) V-u=0 (inQ)
(11¢) u=g (inl).

BREMFLS V7N Ty =T3=0) K-> T3 I LITHEERE,

FE H #h5E htdts)
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11.3 T Stokes HFEFD Dirichlet 5 B [ E

11.3.1 #—7% v bR L 55EAL
FRH 2 B 5 Stokes SFEFD Dirichlet BFHENEZ %2 X 9,

(11a) —vAu+Vp="Ff (inQ)
(11b) V-u=0 (inQ)
(11c) u=g (inT).

BREMEO T v TN (Mo=T3=0) IZ%>TWw5 I LITHRE,
AIECHAL Z2HERLE b5 IEAT 2 L, RDXH Ik 2,
Find (u,p) € V x Q s.t.

(12a) a(u,v) + b(v,p) = (f,v) (veX),

(12b) b(u,q) =0 (q€Q).

772U

(13) a(u,v) := 21//Q E(u): E(v) dx, b(v,p):= —/Qva dx.

B s htdbH
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11.3 T Stokes HFEFD Dirichlet 5 B [ E

11.3.1 #—7% v bR L 55EAL
FRH 2 B 5 Stokes SFEFD Dirichlet BFHENEZ %2 X 9,

(11a) —vAu+Vp="Ff (inQ)
(11b) V-u=0 (inQ)
(11¢) u=g (inl).

BREMEO T v TN (Mo=T3=0) IZ%>TWw5 I LITHRE,
AIECHAL Z2HERLE b5 IEAT 2 L, RDXH Ik 2,
Find (u,p) € V x Q s.t.

(12a) a(u,v) + b(v,p) = (f,v) (veX),

(12b) b(u,q) =0 (q€Q).

772U

(13) a(u,v) := 21//Q E(u): E(v) dx, b(v,p):= —/Qva dx.

BEIBERIb R D L H 12k B,
mm:{wewmf‘w=¢mr} Vi=X(g), X:=X(0),

BEOH #h sk
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11.3.2 3 9 —2O D5

§11.2 THEALEL & &I

(548 1a) %+(u-V)u+Vp—y(Au+V(V-u))—f:O in Q x (0,00)

c:%&gﬁggﬁ%ﬁxﬁ ) Lz 5 AN ‘gﬁﬁ&)ﬁ’_ 7‘)§\

du

ot

BIAD B T L bHED, Lol ZoBalk, (HAIC) KA 3 HIEAMSE > <
%O

(14) +(u-V)u+Vp—vAu—Ff=0 inQx(0,00)

P
<

B # s bt



https://m-katsurada.sakura.ne.jp/ana2022/

11.3.2 9 —o D5

(FEH Stokes /i D) XOEIFUEIME %2 E 2 %,

(15a) —vAu+Vp=fFf (inQ),

(15b) V-u=0 (inQ),

(15¢) u=g (onTly),

(15d) —pn + 1/3—: =g (onTl,). (< HE)

FE H #h5E htdts)
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11.3.2 9 —o D5

(FEH Stokes /i D) XOEIFUEIME %2 E 2 %,

(15a) —vAu+Vp=fFf (inQ),

(15b) V-u=0 (inQ),

(15¢) u=g (onTly),

(15d) —pn + 1/3—: =g (onTl,). (< HE)

ZDEEIX, a b hic

_ ou; ()v,
(16) : / Vu:Vvdx=v Z / ax; ()XJ
EVIH)AREFEZ IR, ?&b%dx@ggﬁﬁﬁ#%%ﬂ%o
(17a) ai(u,v) + b(v,p) = (f,v) (veX),
(17b) b(u,q) =0 (q€Q).

FE M #h S htdbA



https://m-katsurada.sakura.ne.jp/ana2022/

11.3.2 3 9 —2O D5

(FEH Stokes /i D) XOEIFUEIME %2 E 2 %,

(15a) —vAu+Vp=fFf (inQ),

(15b) V-u=0 (inQ),

(15¢) u=g (onTly),

(15d) —pn + 1/3—: =g (onTl,). (< HE)

ZDEEIX, a b hic

ou; ()v,
(16) : / Vu:Vvdx=v Z / ax; ()xj
EVIH)AREFEZ IR, @‘&b%dx@%@ﬂiﬁi)’%%ﬂ%o
(17a) ai(u,v) + b(v,p) = (f,v) (veX),
(17b) b(u,q) =0 (q€Q).

CONTE ay(u,v) > Y 7V TRE Z 95D, ;@iﬂﬁ*ﬁ: (15d) DYIFERY
BEWHRIE->Z D L7, Dirichlet SEFREMFDE A (T =0 & DT, (15d) 138
g ) DA al(u v) ’i’)ﬂ‘/’% EEZ BTN Eb)i}>¥) L?I/Lfafb)

HE I i Ul BT TET D PR 2 (1) 15/290
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11.3.3 XF VT 4 —ik

BRI IE, R (2 2fN L&) B IBHidE S 02, Q D Xk H I
(q.1) % / g dx 280 & F 94N B L 2 AIRERAEN (L REROZEH) 265 0
HEL Vs (BT T L 2o 37 1 RATRR AR 7510 ---),

FE H 4 s hed S HEER
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11.3.3 XF VT 4 —ik

BRI IE, B0 (2 DR L 72) ERILT BB 02, Q @& I 1K

def.

(q.1) / g dx 280 & F 94N B L 2 AIRERAEN (L REROZEH) 265 0
HEL Vs (BT T L 2o 37 1 RATRR AR 7510 ---),

120K E LT, EEBEOHHEFE TIE, RFILT 1 —ik (penalty method) &> 9 JF
EDLIELIZH OIS (FreeFem++ D<= 27 )L Hecht [3] ® §5.6 (24 L#HDH % -+
bil, BAhoTw3 1),

ZHuE, u, p DD DI, ETHNIVIEES ¢ (MUITOHITIx 107° L4 1071 12
W95, ROMEDME u., p. Z2H. L) HDTH 2,

Find (u., p-) € V x [2(Q) s.t.

(18a) a(ue,v) + b(v,p:) = (F,v) (veX),
(18b) b(uc,q) =c(p-,q) (q € L*(Q)).

Be I H S nedt iR 3 FEI\ (S X 9 & H PRZai (L) © 16/29
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11.3.3 XF VT 4 —ik

BRI, B 2 2fALE) ERMETInHiE 2 0208, Q © k) I
mj)§ /quﬁ0k%i%#%%btﬁ@ﬁ%%%tﬁ&%ﬁ@%%)%ﬁi@
HEL v (BT T Lz 337 1 RARAR AR 72 00e--),

120K E LT, EEBEOHHEFE TIE, RFILT 1 —ik (penalty method) &> 9 JF
EDLIELIZH OIS (FreeFem++ D<= 27 )L Hecht [3] ® §5.6 (24 L#HDH % -+
b, HlxoTw3 1),

ZHuE, u, p DD DI, ETHNIVIEES ¢ (MUITOHITIx 107° L4 1071 12
W95, ROMEDME u., p. Z2H. L) HDTH 2,

Find (u., p-) € V x [2(Q) s.t.
(18a) a(ue,v) + b(v,p:) = (F,v) (veX),
(18b) b(uc,q) =c(p-,q) (q € L*(Q)).

S OB AR D . E RO & 9 ABGEIIAR D 0 T & 55T
% (CCRRERA L R0 &),

lu—wellyg+Ilp—pellog < Ce (ClEellkbRVIEDER).

BE M Bt nuns 3 T 9 S HRESRYA (1) 16/29
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11.3.3 XF VT 4 —ik

BFRIIC I, Lo (2 AL 7) EML T BHIl2 0225 Q @k 5 I
@J)§ /qu#0kéi%#%%ttﬁ@ﬁ%%%tﬁ“%ﬁ@%%)%ﬁi@
Q
L\ (il TR L e\ 37 1 RN o),

12DTRE LT, EBOBMHEGFH TIX, RXFIVT 1 —iE (penalty method) &\ 9 75
EDLIELIZH OIS (FreeFem++ D<= 27 )L Hecht [3] ® §5.6 (24 L#HDH % -+
b, B{HE->oTw3 1),

ZHuE, u, p DD DI, ETHNIVIEES ¢ (MUITOHITIx 107° L4 1071 12
W95, ROMEDHE u., p. 2, LI DHDTH %,

Find (u., p-) € V x [2(Q) s.t.
(18a) a(ue,v) + b(v,p:) = (F,v) (veX),
(18b) b(uc,q) =c(p-,q) (q € L*(Q)).

C ORI ERRE RS . R0 kD REGEHAR Y Y20 O & SIS T L
2 CCHREAN Lo &),

lu—wellyg+Ilp—pellog < Ce (ClEellkbRVIEDER).

FRRICIR, IS ICHREFERZ T2 2 Lica 05, PR O, p DRELD D e 21
NS SR, de, pe i;&flﬁﬁ?: L Ttz kﬁﬂﬁdﬁﬁ%

A S L. 3 - AR E i (L) ©16/29
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11.3.4 cavity [ Z R\ TH 5

MiAEOME T, ko SRLETD" Icflibins 2 L THA% cavity flow DRI (the
driven cavity flow problem) Z##/9 %,

EH # S htdl
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11.3.4 cavity [ Z R\ TH 5

MiAEOME T, ko SRLETD" Icflibins 2 L THA% cavity flow DRI (the
driven cavity flow problem) Z##/9 %,

Q:=(0,1) x (0,1) (IESHEE), T :=0Q,

<8) (x=0%F7E x=1FklFy=0)
gl(XaY) = (

gl(()x)> (y=1),
gi(x) ;== 4x(1 — x).

(IEATEHEEOEIHR D 9 6, EolZzER» i o (b2 E), Lo TidK -5
LA FITEE 4x(1 — x) THRITWS, )

BE H %S bt
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11.3.4 cavity [ Z R\ TH 5

Stokes-cavity.edp (Fi3)

// example 1

// Stokes equations : regularized cavity flow problem
// COE-tutorail 2007, Atsushi Suzuki 2007/03/08

//

mesh Th=square(20,20);

fespace Vh(Th,P1b),Qh(Th,P1);

Vh ul,u2,vl,v2;

Qh p,q;
macro diil(ul) dx(ul) //
macro d22(u2) dy (u2) //

macro d12(ul,u2) (dy(ul) + dx(u2))/2.0 //
real epsln = 1.0e-6;

solve stokes([ul,u2,p], [v1,v2,q]) =
int2d(Th) ( 2.0*%(d11(ul)*d11(v1)+2.0*d12(ul,u2)*d12(vl,v2)+d22(u2)*d22(v2))
- dx(v1)*p - dy(v2)*p - dx(ul)*q - dy(u2)*q
- p*qg*epsln

+ on(1,2,4,ul=0,u2=0) + on(3,ul=x*(1-x)*4,u2=0) ;

S R hryGH R 5 s ) SESRIA (1) 18/20
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11.3.4 cavity [ Z R\ TH 5

Stokes-cavity.edp (%)

real area = int2d(Th)(1.0); // FHRQ MR

real meanp = int2d(Th) (p) / area; // p D

cout << "mean pressure = " << meanp << endl;

P = p - meanp; // p DR 0ICT 2

plot([ul,u2],p,wait=1,value=true,coef=0.1);

(1) e
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11.3.4 cavity [ Z R\ TH 5

Stokes-cavity.edp (%)

real area = int2d(Th)(1.0); // FHRQ MR

real meanp = int2d(Th) (p) / area; // p D

cout << "mean pressure = " << meanp << endl;

P = p - meanp; // p DR 0ICT 2

plot([ul,u2],p,wait=1,value=true,coef=0.1);

AFLTHEST

curl -0 https://m-katsurada.sakura.ne.jp/program/fem/Stokes-cavity.edp
FreeFem++ Stokes-cavity.edp

e #h 8 htdt

(1) e
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11.3.4 cavity [ Z R\ TH 5
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U D WTHAL L9,

B (W

55
Wb 5

) B3H BZEFHE (V) LFRETH 3 2 & 2R 7,
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L(v,q) = %a(v, V) + b(v, q) — (F.v)
LB,
i (S)
Find (u,p) € V x Q s.t.
(19) L(u,q) < L(u,p) < L(v,p) ((v,q) € V x Q).
B s htdbH
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