SO B AT R 25 10 [A]

~Navier-Stokes /722X § 5 FHREEFRLE (1) 593, EH Stokes T~

MPO67E FEL
HEH $h52
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2022412 A5 H

FE H #h5E htdts)
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EP7N

Q KHDBRNE, g

© Navier-Stokes /7T K 9 2 A IR
e ZLU ®IZ
o F9iz
e ¥—7ry b E 2 D5gEA
o 59JE= (2a) DEL
o0 BIHAE 1 >0 ARADHTE (& T bIANR)
o " Stokes J7FEF D Dirichlet A E &
o ¥—7%" vy FiE L 53 ER
0 I —oDFER
@ RFIITF 4 —ik
@ cavity [ Z fR\LTH S
o Bifi (MriMiZ M L inf-sup 55F)

FE M 4 S htdi s
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AHDGHRNA, EigdE

Q BUAINHE & LT, Green DA, MABZTOARDRY M IVEBEIEEZ B S,
MERE FEH [1] "X 27 R VEBIZER Green DA, H0ES — WESIED DI
— D8 (BBDODHENZDAIA FEROHIE 101 TH 5, )

@ Navier-Stokes ABRARDHRFEHEES S 2L —v arDzo, FHEROEHIZOWT
T %, BIRIES L 72 STEHOBEASM 2 MA 2 L 2RTEIADINA T4 b,

@ ETH Stokes JifEFD Dirichlet BEFEMIE % A REIHE L T Tk 2 fHT 5.
@ 2 CHEHLADEITE)FHERNLHENT 2,

Q@ WHEICEALT 2 EHEIIC—BWERR Iz,

Q- {q c 12() ‘ / a(x)dx — o} b S BRI R AT 2 07

Q
BDPODHTHAD, ZOEETEHEFELIZS W, 207D, RFIL
7 1 —i& (penalty method) Zf\22% 70 77 A3 LIZ LIEFIA S 1
5, ZNEHNT 5,
@ I (EH Stokes /TFER D Dirichlet Bi5Hit) [ B A BESHE T
D5 ERBNT 5, AREFILLTHECIHAIC, —8 inf-sup &
HEw) bOPEEL 2D, ZIUIFEIMNAPRERZEM 2 E R 2 &
W SNAVI EDH S (A1 PL/PL). LvI RT3,
Navier-Stokes R DOEYIIE I RBROMETH 5, LTI DIFFHRTH 2, Al
RN T2 2 £ CHPTE Lo e, MR TA YRS 258 250 T L.
A S 0L fi |9 4 Rzswiss (L) 0 3729
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11 Navier-Stokes JiFE3IT R 9~ 2 A IREFRE

111 ZC®IC

BfE : Navier-Stokes FRERDHEREFRILEY T 2L —2 a vORE» LA

AREREZ T 270, H239ENMLeHNT 2, ISHBREMAPW D TREAL L
~NDIGH%EE 2T, MlEHIZ V(V - u) (= graddive) 25 L 72 A0 6 BHT 2 557F
AZRBNT 20, ZE—DFESML L v ) bIiF T4\, FIZI1E Dirichlet HFER
O aE, MogwEbzfEi) 2L TES (BBTHNT ),

TEOMIITTRADIERIG 7 518, (MR) WL S IR IC 4 2, EHFEAL 51X, JE
M 7 ez fif 721 Newton ¥l E 2RI T 2 08 23H 5, ZHUd 2T

IEEWMEDL AL, IR ZE D2 2 2 & HHIK S 23, FEve Reynolds
BOGEVZEEDITENEL 5, ZNAOWNWEIZBHETHIIRTED X 95 72,

—F RN 7% B 5 Stokes TR & IXEWH A L F I & Poisson HRRDGE D /)N
IS5y IR &1 B2y 2 i B IR BROSZRL § AT, 2 OFH b —hf, 22D
AW, KW 1 XEHEA PL Tld ) £ RI9. P2/P1 Plb/P1 & L% < T
B 6%, BERSTIEERMEIN TV 208, 3 (b2 VIFE) T2 03— T
b5,

TR LR DL T 2L —vavicownTid, o7 7 —F23nBEick s, &£
CHENATYIDEZ S (giveup $2) bDIEAHH 0,

BE H %S bt
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11.11FC®HIE ZDAIFA FIFMRIELET

(A BT RE ZEDRLIAD B, W, PHOBELZH T fToT (HETES
I LIFHEREGD L) ZEICLD), HilNE I L 2B LI EEZ TV
nE, B Xk Twuin,

LEHE DA DOBIEEIROEMEK TR, EWwHIDHREVD2D Litky, HYRD
LR ZIRET 2R (T ERNCHFRMLL TLB I ED, TFA L - LULICEDTET
WRWEI)BRDT S, HRORZZIC LA B TERDO»EDH ),

. HIED Navier-Stokes BRI 2 HIREREZ N AR L ZAFTELAL
FREL 2% 613, Z20RTTELOEMNEPLS THORVWER) (FVPFY T4 Db 5
ZEERD < TH), £ F > Tz, Navier-Stokes FRERDEMHZE DO MIRDI~E — 72D
I EEV 7,

—J7 T, 5Tl FreeFem++ IZRESINBZY 7 b7 270835570, FELWI LA
5 ThrIal—vavidikskiickoTw3,

HOAAAAIEAS 7 < THEEIIHE S MDA EADEE 2 > 72 5 EFITHD IR,
Bl S 2L —2arvbZInIisillh-7D T35 (BD22H5) DA D,

BAH YO DICH 205 AN D T, HEEM OB I3ER L 2o, (A
DHFMzHTF 50759,

AREFEDBANID P12 nT, HAETHD 25EEHE L LTI, 4l 2] 2
JFTrL,

BE I MmOt 3 FEI\ (X 9 & H PRZayk (L) @ 5/29
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11.2 5/ 1121 ¥ —7 v b E ZD55E ARG

Q1E RY (d =2,3) DEREBTH Y, 2 DB 0Q 13 T, Ty, T3 D 3HIH
LlkbET 5,

5 +(u-Vu+Vp—v(ADu+V(V-u)—F=0 inQx(0,00),

(

(Ib) V-u=0 inQx(0,00),

(Ic) wu=g onl;x(0,00),

(1d)  o(u,p)n =g on Iy x (0, 00),

(le) w-n=0, o(u,p)n|n onTl3x(0,00).

o(u,p) = —pl + 2vE(u),

Ew) = (o). eylu) =5 (G + 52 ).

FEERESELE (1b) ZHL TV 2DIZ, + V(V - u) ZEHTV5DIE, BTHd
5#%%m#%7i<&7%@?%%

B # s et
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11.2 5/ 1121 ¥ —7 v b E ZD55E ARG

RA%ZE
X(¢) = {ueHl(Q)d‘u:¢on 1, u-n=0on rg},
V= X(g1)7

X = X(0),
Q= {qGLz(Q)‘(q,l):O} (rlzaQ, i.e. I'2:I'3:Q)0)&%)
) Q) (M1 #£0Q DL F).

SEE o(up)n | n (57 LERIZTT) Ewd &R, © 22 bEF
Sz bEN A (HAEREN).

B SR nedRHEERTR R 28 10 ~Navier-Stokes
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11.2.1 =7 v FMij#E L 2 055ERb
FPRERE» B RITBR D & (1a)-(le) DBHERMITRD X H 1225,

Find (u,p) € V x Q s.t.

) (Gev) et s bwp) = (Fv) ] (v X)
(26)  b(u,g)=0 (q€ Q).

7272 L

(3) a(u,v) := 21//Q E(u): E(v) dx,

(4) merz—AM%vw

(5) [, v] = / g - v do.

(do IFHREEE (2 X0k O SHER, INEHEE), ST Vv o LI3BIRE, )
(%)@%&i%ﬁf%% uTxh)mgm%ﬂﬁﬁa
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11.2.2 §5JE3 (2a) DEH

RO ve X 2D, (la) LAMZ LD, Q THDT %,
(6) <% + (u-V)u, v) +(Vp,v) —v(Au+V(V-u),v)—(f,v)=0.

A5 1 HIC O WSS EKIET %, A% 2 HIZ DWW T, (2b) B & FkkiC
(Vp,v):/ pv-ndo—(p,V-v).
onN
—J7. (6) DLILE 3HIZ OV T, ROTBDE TR AXBHMAHE S,

W 10.1 GELARTO T R vhrk. HAEOERESAN)

(7) (Au—l—V(V-u),v):Q/

o E(u)n-vdo— 2/ E(u) : E(v) dx.

Q

72720 P=(p;), @=(gj) ITXNLTP:Q:= Z;{jzl piqi £ %,

COFFEIBEILICLT, ¢DHAT IhzflioT(6) 2HEWZI B L
(@—l—(u-V)u,v) —(p,V~v)—|—/ pv-ndo
ot 20

—21// E(u)n~vdo—|—21//E(u):E(v)dx—(f,v):O.
J o0 Q
B M Hish htubi ¥ X EIRKEL:EE SRR
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11.2.2 55%30 (2a) DEMH

pv-n—2vE(u)n-v=—(—pl+2vE(u))n-v=—c(u,p)n-v TH205 (<7iH)

(®) (—+(u )u,v>—(p,v-v)f/ o(up)n-v do+2v [ E(u): E(v)dx—(F,v) =0,
JoQ Q
[ Tl veEX THBIEDLS v=0. ®ZIT

/ o(u,p)n-vdo=0.
(51

TlE, o(u,p)n=gr TH2D5

/a(u,p)n-vda:/gg-vda.
M2 M

TlE, o(u,p)nd n LFATT, vid v-n=0 %zl TDT
/ o(u,p)n-vdo =0.
M3
WZIC (8) XK & AT 5,
(9) (%Jr(u V), v) f(p,V-v)+2V/ E(u) : E(v)dxf/ & v do—(F,v) =0.
Q [

SHEBET 2L (2a) Kk B, (L)

BE H %S bt TR ] T2 | = 22 3] 10/29
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11.2.2 5950 (2a) DEH  #BIAK (fi&E 10.1 D

ou, ou;\ 1 /0v; ov;
E  E d = ! L it ! J d
/Q (u)  E(v) dx = /Z( (6x, ax,-)z(axﬁax,-)) x

:*Z/ (8u, 26 94 8V’Jr%%JFa”f%) dx  (EML%)

Ox; Ox;  Ox; Ox;  Ox; Ox;  Ox; Ox;

:,Z/

zgz/ (8”"8V‘+8“"8Vf)dx (2 2B EABT v OMNE ulc k¥ 3)
1

Ou; Ov; 8u; dv;  Ou;0v; = Ou; Bv,')
d A,“ = A','
0x; Ox; 8Xj Ox; + Ox; 0x; + Ox; Ox; x ( :Z v Z i)

Ox; Ox;  Oxj Ox;

1 ou; Ou; A2u; A2 u;
2 IXJ: (/ (BXJ Vil o Ox; an') 7 /g"z <6xj2 + 3xj<9x, ) x)

N du, OUJ _t 8 uj vi 8 uj .. .= .
Z/GQ2<de x:>VIanU Z/( 8x8x )dx (‘;Au_l.zj:Aﬂ)

Lplpe) () ) )

:/ E(u)n.vda—l/(Au.v+V(v.u).v)dx. (GEHE)
Fle} 2 Ja

f: [t ne X EIRKEL:EEIF OV
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1123 R %Z 1> HFBRAR D cE L

A(u,p,v,q) = a(u,v)+ b(v,p) + b(u,q)
LB, XD 2 ODRMEIRFAMTH 5,

M 1 (BRcE5 L7 b D)
rFind (u,p) € V x Q s.t. )
a(u,v)+ b(v,p) =(f,v) (veX)
b(u.q)=0 (q€Q)
N Y,
. Rl 2 ~
Find (u,p) € V x Q s.t.
(10) A(u,p,v,q) =(f,v) ((v,q) € X x Q). )

(u,p) PRTE 1 OfFTHIUEL, ME2 D THLZLI3T9H2
—J5 (u, p) DHE 2 DFTHIUL,
0 g=0THsLI7% (v,q) ITDVTEZSL a(u,v)+ b(v,p) = (f,v) BN
Qv=0TH2LI% (v,q) IKDVTEZB L b(u,q) =0 »E»N 2
DT, (u,p) ZHE 1 DIETH 5,

FreeFem++ TliZ. M 2 @ (10 @%T%%f@%
fE H 8 htdoH 7

/lgﬂ%dé\ﬁﬁ b5,
oL (1) mimeee

%:Té
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11.3 T Stokes HFEFD Dirichlet 5 B [ E

11.3.1 #—7% v bR L 55EAL
FRH 2 B 5 Stokes SFEFD Dirichlet BFHENEZ %2 X 9,

(11a) —vAu+Vp="Ff (inQ)
(11b) V-u=0 (inQ)
(11¢) u=g (inl).

BREMEO T v TN (Mo=T3=0) IZ%>TWw5 I LITHRE,
AIECHAL Z2HERLE b5 IEAT 2 L, RDXH Ik 2,
Find (u,p) € V x Q s.t.

(12a) a(u,v) + b(v,p) = (f,v) (veX),

(12b) b(u,q) =0 (q€Q).

772U

(13) a(u,v) := 21//Q E(u): E(v) dx, b(v,p):= —/Qva dx.

BEIBERIb R D L H 12k B,
mm:{wewmf‘w=¢mr} Vi=X(g), X:=X(0),

BEOH #h sk
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11.3.2 3 9 —2O D5

§11.2 THEALEL & &I

(548 1a) %+(u-V)u+Vp—y(Au+V(V-u))—f:O in Q x (0,00)

c:%&gﬁggﬁ%ﬁxﬁ ) Lz 5 AN ‘gﬁﬁ&)ﬁ’_ 7‘)§\

du

ot

BIAD B T L bHED, Lol ZoBalk, (HAIC) KA 3 HIEAMSE > <
%O

(14) +(u-V)u+Vp—vAu—Ff=0 inQx(0,00)

P
<

B # s bt
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11.3.2 3 9 —2O D5

(FEH Stokes /i D) XOEIFUEIME %2 E 2 %,

(15a) —vAu+Vp=fFf (inQ),

(15b) V-u=0 (inQ),

(15¢) u=g (onTly),

(15d) —pn + 1/3—: =g (onTl,). (< HE)

ZDEEIX, a b hic

ou; ()v,
(16) : / Vu:Vvdx=v Z / ax; ()xj
EVIH)AREFEZ IR, @‘&b%dx@%@ﬂiﬁi)’%%ﬂ%o
(17a) ai(u,v) + b(v,p) = (f,v) (veX),
(17b) b(u,q) =0 (q€Q).

CONTE ay(u,v) > Y 7V TRE Z 95D, ;@iﬂﬁ*ﬁ: (15d) DYIFERY
BEWHRIE->Z D L7, Dirichlet SEFREMFDE A (T =0 & DT, (15d) 138
g ) DA al(u v) ’i’)ﬂ‘/’% EEZ BTN Eb)i}>¥) L?I/Lfafb)

HE I i Ul BT TET D PR 2 (1) 15/290
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11.3.3 XF VT 4 —ik

BFRIIC I, Lo (2 AL 7) EML T BHIl2 0225 Q @k 5 I
@J)§ /qu#0kéi%#%%ttﬁ@ﬁ%%%tﬁ“%ﬁ@%%)%ﬁi@
Q
L\ (il TR L e\ 37 1 RN o),

12DTRE LT, EBOBMHEGFH TIX, RXFIVT 1 —iE (penalty method) &\ 9 75
EDLIELIZH OIS (FreeFem++ D<= 27 )L Hecht [3] ® §5.6 (24 L#HDH % -+
b, B{HE->oTw3 1),

ZHuE, u, p DD DI, ETHNIVIEES ¢ (MUITOHITIx 107° L4 1071 12
W95, ROMEDHE u., p. 2, LI DHDTH %,

Find (u., p-) € V x [2(Q) s.t.
(18a) a(ue,v) + b(v,p:) = (F,v) (veX),
(18b) b(uc,q) =c(p-,q) (q € L*(Q)).

C ORI ERRE RS . R0 kD REGEHAR Y Y20 O & SIS T L
2 CCHREAN Lo &),

lu—wellyg+Ilp—pellog < Ce (ClEellkbRVIEDER).

FRRICIR, IS ICHREFERZ T2 2 Lica 05, PR O, p DRELD D e 21
NS SR, de, pe i;&flﬁﬁ?: L Ttz kﬁﬂﬁdﬁﬁ%

A S L. 3 - AR E i (L) ©16/29
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11.3.4 cavity [ Z R\ TH 5

MiAEOME T, ko SRLETD" Icflibins 2 L THA% cavity flow DRI (the
driven cavity flow problem) Z##/9 %,

Q:=(0,1) x (0,1) (IESHEE), T :=0Q,

<8) (x=0%F7E x=1FklFy=0)
gl(XaY) = (

gl(()x)> (y=1),
gi(x) ;== 4x(1 — x).

(IEATEHEEOEIHR D 9 6, EolZzER» i o (b2 E), Lo TidK -5
LA FITEE 4x(1 — x) THRITWS, )

BE H %S bt
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11.3.4 cavity [ Z R\ TH 5

Stokes-cavity.edp (Fi3)

// example 1

// Stokes equations : regularized cavity flow problem
// COE-tutorail 2007, Atsushi Suzuki 2007/03/08

//

mesh Th=square(20,20);

fespace Vh(Th,P1b),Qh(Th,P1);

Vh ul,u2,vl,v2;

Qh p,q;
macro diil(ul) dx(ul) //
macro d22(u2) dy (u2) //

macro d12(ul,u2) (dy(ul) + dx(u2))/2.0 //
real epsln = 1.0e-6;

solve stokes([ul,u2,p], [v1,v2,q]) =
int2d(Th) ( 2.0*%(d11(ul)*d11(v1)+2.0*d12(ul,u2)*d12(vl,v2)+d22(u2)*d22(v2))
- dx(v1)*p - dy(v2)*p - dx(ul)*q - dy(u2)*q
- p*qg*epsln

+ on(1,2,4,ul=0,u2=0) + on(3,ul=x*(1-x)*4,u2=0) ;

S R hryGH R 5 s ) SESRIA (1) 18/20
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11.3.4 cavity [ Z R\ TH 5

Stokes-cavity.edp (%)

real area = int2d(Th)(1.0); // EBQOmRE

real meanp = int2d(Th) (p) / area; // p D

cout << "mean pressure = " << meanp << endl;

p = p - meanp; /] p DV 02T B

plot([ul,u2],p,wait=1,value=true,coef=0.1);

AFLTHEST

curl -0 https://m-katsurada.sakura.ne.jp/program/fem/Stokes-cavity.edp
FreeFem++ Stokes-cavity.edp

1 plot ([ul,u2l,p,...) & LT, FEDORZ L EFEHOGRERERBFICERLT02,

S p ldEAH 7= THEDT, plot() IKHET &, HFEMPETTES (Poisson SFHERD & &
DIEDLTR & [FkR),

Wk u = (u, )T 1F2RIERZ PABTHY, ul, u2 L TROTWE, IN%E [ul,u2] &
LT plot() ICHET &, BT (KH) TERRINS, RAIDKEZE A (KELT3), a (h&K
9 2%) CiREITEETH % (arrow D ‘a’ 5 9),

[ B ho TENC A 9 D H PR IR AR 12 (1) 19/20 |
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11.3.4 cavity [ Z R\ TH 5

ml211pa
v

I

[X| 1: Stokes-cavity.edp DFEITH;E

‘A 2o THLRHIZRE S LT olig2 R L7

FE M 4 nedSHBUEMTR G 25 10
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11.3.5 BEh (1) ¥

Poisson STRRADERIC, 59 (W) 3H 2 ZE0ME (V) LRfETH 5 2 L ziliN7z,
Stokes ﬁfﬁ%f@lﬂ‘ﬁ_% Sgﬁ/im HHBOLESITEEFAMBTH S Z ERFENT VWS, Z
U D WTHAL L9,

£(v,9) 1= 3a(v,v) + b(v, 4) — (F, )

L5<,
[ (S)

Find (u,p) € V x Q s.t.

(19) L(u,q) < L(u,p) < L(v,p) ((v,q) €V xQ).

(19) 1. (u,p) * L D¥RITH 2 I L EBHT 20T, BMABESRIRE (saddle point
problem) &I 3,

Cf f(v,q) =v?—¢* ((v,q) ER?) LT %, (u,p) = (0,0) BIBMARTRAZMLT (HniTd
%):

f(u,q) < f(u,p) < f(v,p) ((v,q) € R?).

(u,p) DEWROMBTHBZ L, FE (S) DRTH 2 I EDRAMBETHE I EERTD
F. PELREEMETH S (R ET-2 D T2 L BbNsDT, BED),

B s htdbH

(1) mEen
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11.3.5 &35 (2) inf-sup &

/NS (V) . BOSMIZA S RE (S) iow T, @ —BNICHFET 32 L%
TRAET 2 EHAMAL &) EF X T 508 (KR D 2224 LDLEL -+ %3 Poisson /i
7259 L. Navier-Stokes JTFEZUIIFIFINTZ A 9 D>--+), Bl BIZE 3 DT,
2 RERTHS 2 & (inf 2% S 0) & b 2 infsup Rt

vev vl

_ b(v,q)
(20) inf sup ————— >0
a€Qvev llalle vy

Wl T LML RS, S ICHBEILAMEIT ) BT, ROFEEPBHELE LS,
@ H2 a>0NHELT, TH/hIWEED hIZx LT

a(vh, va)
vh€Vh |\Vh||v,§

>a (—HREREN).

@ H2 B>0HHELT, NI WLED h ITRLT

inf  sup 7b(vh’qh)
GhEQh v, eV, ||qHQh HVhHVh

> B (—# inf-sup &f§).

D9 bk infsup S&fFiE, Vi & Qn DHIADEIRT 5 2 LIiciE, FIFHREEHR
BOHERTIC X > TE, TOEEMRHLINZNI EDH 5,

BEOH S e R E AR

SR

~Navier-Stokes /3£ (< X 9

(1) SEEn
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11.3.5 ik (2) inf-sup &t (FE )

Bl Z1E PL/P1 (WO S HEJ & XATHY 1 REFTEM) 1&, 2 D—hk inf-sup 1217
ST, EEIC UIE LIRS E T %,

P2/P1 (Jitdid X4y 2 XL, FEIJEKH 1 XL HX) © Plb/P1 (i3 X5y
2 RETX, EIFETH 1 REAR+FIEER) 13857 L Tw 3,

VA=AV N G

[fespace Vh(Th,P1b) ,Qh(Th,P1); ]

ELTWBDIZEH, Qh 22V TIE, Poisson AR D L & LFIFRIC PL (X471 1 X
%I EFEEZH VT WSS, Vh ICDW T, Pl bubble (KJEBIEBEE, Plb & %\ 1t
Pl+ £ £T) VT3, FiHic P1 bubble, 112 P1 % v 2l &b % MINI

BRLLIPER (5L V),

Be I H S nedt iR 3 FEI\ IS X 9 & H PRZ i (L) © 23/29
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A RO TR DB YINEIC B % Bk (HAAH)

EZTOLHEICOWT, BoFE, —& ik, Mo (JiE - S5EZR £ o)
T =BT DS D 320 & &, Z OREIZEY] (well-posed) TH 5, &

Navier-Stokes /i Fast YN (X, KLY 57595 2 REATIEA G TH D |
X LOHRRE RN 6 40, BENE LTIk, A 4] 285875, oL
VB, FURYRHY [5] bEBA (SHM 2 AN HIUZAT L TEC &L
mb),

BUFI33Z2I35Eh °dh %,

FEINZOWTIFELGE F G TE 256035 v (TETHE 2 2#iHNTIE,
p BEZSI1E. p+ C (CIHER) bIETHB, L) b, FEEME VI i %
BOTHZELD, ).
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