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REDNE - BfEzH

EE AN
o AIREFE (finite element method, FEM) DJFEHZ HifiE 3 2,

o WMNTiIEXDMEZGRERIETHL 0 AOMAGI 2L T, FE
BUCEES S 2L — a VR KBRT B,
(Fu2r7 IV 7EiBL LTEEIR FreeFem++ ZHWS A, 713V X4
DM C SR W3, )
o T UUfiF D EA RN DI HE IR 72 PRI RS D H 2 FEEATS (7).
BEFZT (FHCBRPIEINEZZ LB R 2R H 5, )
(MEEEE IR T EROFTHE ELH T, FHALR— TR OHTMED
FEREE E Uiz, )
HRHIRDY A MCBEZET (R4 FPDF 25 ) Y 7 RRD ETD5),
https://m-katsurada.sakura.ne.jp/ana2024/
(—EHOERNISRAY — R ETT, RRT— FIERETHEN L. )
BAREHE 5 BEED H 2 MEIC OV T, (a) BHE TV (R 5 12E) O,
(b) FERML, (c) 7RI I 4, (d) ¥Iab—vaUER () ¥IaL—vay
RO DEEFr DL R— M &b BHEHES 2.
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ZDAZA K PDFIZ

FUIA UREE LTV EIHoTWEDEFELTLEDD
T3,

2024 FFEDREZHETIEZ, L2ALZAHy FLUTHHALTWE T2,
(BB Z72A55] LEZITHILTICWR 2 ZADHD FT,



ARERE L7

(UTFICHTHRZSEDZ T, SHHAL TV DT, BRETHIS R TRV, )

BRERZE (FEM) 13,

Q@ (IR) Mook gz KD 2 BEstEE) o—H
=57 (finite difference method, FDM) ! » JiEE

@ (EWEBETO) Galerkin &, Ritz & - AL Ik

Q@ AMLEEKY LT, ST =AM - AR 20 E L TXIHZIE
XzHW3

Q@ “urIA0HEL LTV
— FreeFem++ LY 221X HOWEL I 7 238 L THED

Cf.  HHHUZR Galerkin 7%, Ritz AT, SEUBEIEE LT, Mo aERic

Bh 2 WMo FHROERBEBOMIEAREEZ W2 Z 2w,

ENETIE. MO TRRICEN 2 BRI E AT CE MR AN TR EMED . ZOMER
RITERI S %6
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1 253

1.1 ®IT

RBE D R/ MHFE (8 2 Wi & D —fRICH{ERE) 22538 (variational
problem) & IR, ZRRIEZ N 5 DDESIE (calculus of variations) TH %,

LBE%Y (functional) & id. B AR 325 MERB DO Z e 2S5, BV
25, VBB IE. BRI EE,L S R NOFHRTH 5,

BIREREIZ, BERELIIRT, BEORRDIBEITR DL A8, &
SEE. BROBNTZEOEERL—Y D 1 DT, BIEDOHFTENZLBFZ 5
D =Y THLUHLHROFZERD S B0 d LRV, ZTOBREM? S,
B (1] (OPEET), HH [, 52y [3] (L bic TR 0F %2 b,
1 [4] (13 213 2 1B % BT CH <

FEARE (AR EIHGZ5NHED 5 b THEIRK L 745 Dl ? —
MTHs e PEINED, GAEAE?) bW HHRALEED H 205, LT T
330N T 2 (2024 FEDOIZETIE TRIMEHADFEE) 134y b LK),

Q RFERETHR FHEERIOHIEEZ SN D,
QO =/MERADFRE VHFTHEMH LN Y (BT IEZOMANEL %),

© Dirichlet [RI2 N THARSREOFIEOMAEC, HREREL HH
RGN,
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1.2 FFERE AR E

f31] 1.1 (Johann Bernoulli (1667-1748) O k% N (Brachistochrone) d k)

—FRBENBAD2ER P, Q (PR Q X dEVWEIAIHD) BE5ZbN
R, P26 Q ICE LRI T, EINHE - TRENT 2 H R OHEH)
(ENDSN OS], ZZLEPUIRHA S 2) 2B R 5, P AIRAICKR S K 51Tk
EHIZHD . Q = (a1, b1) & L. #EB& (HIfR) 2 y = u(x) & T 5 &, PEERFREIZ

(1) [u] = / Vl_z;’ = dx (g WEEHNHE).

THEZER v OBIBTH B 05, | Z0WDbOINEETH B, M
(2) U(O) = 0, u(al) = b1

DRT, u] ZERNETZ vl (DX S REEKED)?

Bernoulli 558, Newton, Euler, ... (A2 REZXFHZ L7 (N 77— - 2ty
b7 F—[5])

4T3, Euler-Lagrange AT ICIFAE ¥ 2 Rk (8h) 2HEERNTH 5,
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1.2 FEkE MROME (1) OEH

B y = u(x) FOITEDMS (x,y) KBTI 2HE% v 255 L,

o = (3) () () (2 bl (8)

=77 TAAF—REHIR &

1 1
“mv? + mgu(x) = Em-O2 +mg-0

2
D ILDO B
(4) v =+/—2gu(x).
(3). (4) 5
dx _ v v/ —2gu(x)
dt 1+ u(x)? 1+ (x)?
W Z T E IR
/[u] / V1+ u )2 -
—2gu
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1.2 FrEleE PRROMIE Hi &  sREZ (L d 2

(78 1) ] = / VT dx (g 1XEANHID).
- g
(518 2) u(0) =0, wu(a1)= by.
HYL—bLTEZZ, 22T
V1 2
f(x,y,z):= \/—_‘2_7gzy , a=0, b:=a, A=0, B:=bh
eBLE, (1), 2 FENZENRD LS ITEZHZ N5,
b
(52) 1l = [, u(). () e
(5b) u(a)=A, u(b)=B.

B H  #i# htt IEFHRERAT R R B 1 Bl ~H A4 XU R, BTk~



https://m-katsurada.sakura.ne.jp/ana2024/

1.3 Euler-Lagrange /2=

SEBEE f = f(x,y,2) & &tF u(@) = A u(b) =B P52 6hTwarE, CH ik
D u:[a,b] >R B
b
(6) 1] = / F(x, u(x), u' (x))dx
ERNCT 5720 D5MERD X,
() u B3 | ZR/NCT 5B T 5,
p(a) =¢(b) =0
Zi7e SHEEDBE ¢ ZE- T,
F(t):=Ilu+ty] (teR)
2B v ODVTORENPS, Fld t =0 THR/IMNIHRS, WZIZ F/(0)=0.

b
F(r) = / Fx, u(x) + tp(x), t (x) + ¢ (x))dx
THd050, IS FOMT (M7 L BT OIEF ) L &M EIC L > T
b
! f / !
Fo= [ [37 (e, u(x) + (), ' () + 10/ (3)) ()
of

+ 5 u(x) + tp(x), 0 (x) + 1/ ()¢ (x) | dx.
rTTETT— TR IEARNTRRR 28 1 18~ 1 > A, ZAk
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1.3 Euler-Lagrange /2=

Wz

FO = [ [2F (xutad. ! () 6] + S0 05 ()|
§2 IS OWTHED BT ZEITL T (v(a) = p(b) = 0 ITHEELT)
FO = [ 5 u0.500) ~  (GEte. 09))| oran

+ [t u’(x))so(x)I

b [of , d (of ]
= [ om0 - 5 (G, () | e
ZHHPMEED p IZDOWVWT 0 2723225, BEEOERGFE (1id) 1IckoT
of , d (of ,
™ oL .0 — 5 (G x a0, ) ) <o

ZHUE v IZDWTOMD TR TH 2, ZHEIEE 1 (D2 VIZESRE minlu]) 1
1§ % Euler-Lagrange F1ER ¥ FEA,
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1.2 ik R (B

R TROBETIE.
f(XyZ):V1+Z2 of _ _vi+z2 o of  z
7 v=2gy’ 9y 2y2g(y—y) 9z V1+z2y2gy
TH5»5., D Euler-Lagrange HTERIZ

1+w()d< u'(x) )_Q
2v2gy/ a0 O \ VI (<P =2gu(x)
| C
v EPFITHEDT 2L (LD 2N S S b WM S D)

log (1+u/(x)%)) + log |u(x)| =log C (C IFEDIEMER).
u(x) SO WHERLTEAT 2L (1+(v)?)u=—-C. v IZOVWTHEL

9) o=y uEC

—u

BEOHND, THEIEBITHNOMD TR TH 20 5T T, BT oO01 R L2
S LB B (HALDRIIEL s IOV T, Hiﬂﬂ#ﬁ%kta )
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1.4 s/MEFHOIRE (BT 174D A1) — €T B

YIFRAEC, KR A IR BRER 2 2 RTE O RA TR Z 2 (BT 2),
EWVWSTETRED ZEDZ WV (250D & ELGFHEMID IO, EWnI),

2T, PGP 2 THD (H2 V> T0 R ADZWV)H
RRDIFZOWT, 2D 2RTAES,

AFIELBE DFEZECIE, H12EDIEANZ Newton DEENERI L LTERL

ENBH, ZNe i/ IMEHOEM & FHIN 2 Z 7 FEHA MDD LD, 2w
JBICEWRZ 52D TES,
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1.4 F/MER ORI (f#f 120 A0)

FEL BT 2 RBEIRVDT, BHRADY v 7 %#5E > TE L EHEORAILINE [4],
e IREOEHRE D SHIZEHE 2], H#r LT7— /LR [7] 2HFTHBL, )

BRROEHEEZ D (THNVMNEEE x1, ..., xs £ 5) HIFRENDT, LETR
WFE— UIERRE t 2L T x1, ..., xog DAIRKDZERET S: U= U(xi,...,xn). EH)
& p=mx AWV Y, Newton DEHHERIZ

(10) g _ _0U

dt 87)9 (J:].,...,n).

BT ¥ —
: : 1
K(x1,...,%) == Zimxf
j=1
ZHW2 L
_ 9K
P = axj

YRhBZLICHEET S,
—WEE g = (q1,...,q0) BEAT S,
x1 =x(q;t) =x(q1,...,qn; t)

Xn = Xo(q; t) = x1(q1, - - ., gni t).
B H  #i# htt JEFHEERAT RS 85 1 Bl ~H A4 XU R, 25T
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At BH DA &

EPZ TTHUIT DI whd ) e EZT, SilZHETEMLZ
ghe, FEHEDTEL,

REHN IPRFIE VS DX, AT LT (V=grad ZFHELT) -1 %
P72 DONINT B LS BEBPFETZ 8T, 20 X5 REHD Z
YEMNBIZANF—HEVNIRT VT vy LT RILFX — LR,

Bl 212, ERDOIFET, U= mgx BDEHDOMEZILEF—EL WS DX,
— = —mg HENIHRSTWENETHY, BENIRENITH 5,
—HREERE BN OMELRZRT L 10, ZHICEREERZEA LT, 20
R (EAZIEAE) 2 V3 2 e AWV, BIEIC X > Tl 2R idsk
% (R EERE, HEAREES) CEEZRTODNENRGEDH D, BRED
BEIIC. ZOMNBERT BEE ML FEXR,
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1.4 H/IMER ORI (AT 1D A )
EE TR (10) &
(11)

A o IR L

dt \9q) ~  Odak ' dak
LEHEFEEND GRIREN — 727 OEBIER).
Z Z°C Lagrange B3#{ (Lagrangian function) ¥ IZih 3

(12) L(q7qa t) = L(q17' . 'aqﬂth .. '7(-7"7 t) = K(q7q7 t) - U(q7 t)
PEAT L, (11) 1%,

d oL oL
(13) E@_aqk (k=1,...,n)

WWEEFESIND, IN% Lagrange DEFHERN LITR, Zo (13) . A (action)
2 WIXMERTRS (action integral) & FEIZAL 2 PLBIEL

sl = | " L(t,q,q) dt

@ Euler-Lagrange SRR 5%V, 2% b, HAOEENIMEABET ZHR/IMNCT 5 X
SHHEITINS . WD ZeIZkhb, ThrmIMERADIRIE (action principle) £\ 5,

LI EBNZYIENERIEZZD (K- U TR K+ U BORETAVEF =10, 25
TlE7RWV), SIOWVWTHREMKTH 5,
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At BH DA &

BREMRTHO & =%, BT
1] = / e, u(o0), o (x)) e
DT, BRFRDEFD & =X
slal = [ t(e.a(o) ate)er
= [ e an0.a0. o)

D TH %, NEMOTED UL E TV 3D (FEUEBE u 55 n KTERY
M LIERIEL g 12Eb o 72). o TWA C L IXRETH B (L FLTHLL),

BAE u=u(x) . q=q(t) b 1 EHKTH 20, XDHI (Dirichlet DJFH) T
. 2 ZBEIE u = u(x,y) DHE ’i’?&? (FEDbEETICE XD D),

(DD VB EICEIITE 3R THE, LV L, )
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1.5 Dirichlet OJFF

Riemann 1%, Laplace /72D Dirichlet HE5FHE IR
Au(x,y)=0 (inQ), u(x,y)=1¢(x,y) (on Q)
DD TAERFENIT 5 72912 “Dirichlet DFHE 2V (T A = 25 + 2).

Laplace FHERIZXT 3 5 Dirichlet D[FIE

Q % R OFFRMEE. ¢: 00 - R £ § %, Dirichlet 35575 u = (on Q) %iifi/z
3 u D55 T, Dirichlet f&5) ¥ MU 2 JLEAEK

(14) 1= [ [ () + (. )?) ety

ZR/INCT % B DX, Laplace HFER

(15) Au=0 (DD e + 1y =0)

R VAR )
(14) ORMED B, (15) BELFEMIRDRA T A FTHIAT 205, (JeE->TE Z)

i 2 SOPI L ARRUA LI (D ifut tgl| = 0) THE, SF D, (15) 1 (14)

t=0

@ Euler-Lagrange /T TH 5, L F X 5,
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1.5 Dirichlet DJFBEE  / 28/cs 2 v i3, (15) %3 2 & O

u T | PERNCARET %, TED o€ G§°(Q), t ER ML T, u+tp ik
u+teo=1 (ondQ)
7T OT, | OFRBIBL TV, u PBRMEZEZ 22 WVWSE, S,
Hu+ to] > I[u].
WXIZ, F(t) = Ilutty] B, Fid t=0 CTHR/IMEZI S, ¥ ZAH
F(t) = // V(u+ t) - V(u+ to)dxdy = // <|VU|2 +2tVu - Vo + t2|V<p|2) dx dy
Q Q
= I[u]+2t/Vu~Vg0dx+t21[ga]
Q

THBPE, F 20 TRINCRSITIE. 1 KOFRED 0 (B5WE F/(0)=0 LEX3):

// Vu-Vedxdy =0.
Q

IR H o FEST (Green DJERE) LT

// Auypdxdy =0.
Q

o MEBTHZ 206, BEDEDEXHE (RORT 4 R) X T

Au=0 (inQ). O
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1.5 Dirichlet DJFH | 2@/ et 2 v g, (15) 2T 2 L OfeR

ER 1.2 (W/\{f@ﬁzkﬁt fundamental lemma of calculs of variations))

fell (Q) BEED o e Go(Q) KAt LT. / )p(x) dx = 0 Fith

72361, Eid =0 (ae).

LE (), C§°(Q), a.e. (almost everywhere) &S5 E05E - FHEEZHEIS 0

Xl 03075 T t,_\bihéip ZENIAENET 2,
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1.5 Dirichlet DJFEE K&, B2k “EEE"

Dirichlet ®JFFEIZ, G. F. B. Riemann (1826-1866) 12 & % (B¥GR CHE L %2) BIREER
(1851 £E) DFFHHIC iz, Riemann & | DR/MADFEZ BEITRT Z e B TE T
(FIROTFEEIA & 572705, FIRDFIMETH % Z AL TRV — K. T. W. Weierstrass
(1815-1897) D5#). D. Hilbert (1862-1943) 12 & » TR X% T (1900 £ELH), 1F
1 50 FRLWVEE A o T,

RIERE TRROGE L. BERE TR WS EDHEZ E < 7201 7R okEI
ZI L. ZOW R E R 2 il X - TRETG/23 Laplace iR @ Dirichlet 55
ERTE DB EE, RO TR OMEZE L DI ENMEICER L. Z0E0E:
‘P2 RS (ROTFEERT) Ik > TiER 2. ZDMiEEEDTEOBEREE (the
direct methods in the caluculus of variations) & -5,

AREm DT ARAERE MO X 572 “HERD” ZEL B TH D LITHEREL LS, &
SWVH iR, BFEODL b TEHDONWS, —DOMEN—RES FOMELFETH 2
WS e BRI 0 TV T, 5 S DREDEE R T VAL, 4 ORE
ks, LSRR D B,

BRI R/ NS B L 3R S

R, fRE 0 AR % Euler-Lagrange AR & T 2 Z M2 BEINICHEL Z
LI X DM R OEMEERD 2 2 b RfTbh b, AREREIC X 2KEFHED
2.0 - 5N S SRR A

2Euler-Lagrange ATER%E1ES ¥ RAIOMEAHCTRTELAKDICR->TLES,
H H  #iE htt i FH R T BLE ~HA R ~
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1.6 BXT: il — RETITE

22N Z S BAlR M IChAEZRo 7z & &, ORI E 58557 —
KRS DME < OT, HEZR/NTT 2 X 5 72l (#8/)\8E, minimal surface)
175,

BEDS z = u(x,y) (x,y) € Q) £ 7T 7 TREZ KR HIR,

S[u] := /A\/1+U§+U§ dx dy

ERNIT S, EWV0WH I THb,
Z DN D Euler-Lagrange FIERIIRD X 51272 % (B NHEDOMS HTE

):

(16) (1 + uﬁ) Uyy — 2Uy Uy Uy, + (1 + u}2,) Uy = 0.

C DM TR DRM D TR TH D fHICERRT 720,

HREME  JLEEEL S[u] @ Euler-Lagrange /720 LT, (16) 23EH X1 2%
ZET, AREMRBUNHE (Z AU OV TIE IR E TR L TN X)) & = =%
(16) Zifi7e T Z e 2T L, S HICary¥a—X—TRRE X,
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SEERN AREREDOTF X b

i [8] 1. ELR—MWFHE 2 NRE LARERED AME (BRI O HER IS5
W) TH B, Poisson HEUCR LN TWB P, KEHME, FENE->E D502 L0
3 BIRTIREEN, BT RS0 200 Th, 72 SABED D B Z B h b, Z
DR H DRI T OFEA L F > TH R,

i [9] 13, AREFREORE: (FABUENINZEEZ 3. ©) KOV TOEHELRME,
BT FEEIC DRE L W R LAR—VEDRSNTWE DT, Zh—lTeD 28T

FoL R E L7225 [10] WHFEH., SHEBRICED Z 5,

HEICF » Ly YT 350 DUE. EFD S Brenner-Scott [11] Z#)D 5 (EHFA).

FERICBIERT R T 258, £F 2S5 2 2#H 5, FreeFem++ O~
=27 Hecht [12] &, HAEICE 2 7% 2 MAF - &4 [13] D L4275, 55
HHEBEREZNHI DT F 2 MFR 5720,

[12] 12iE, FEFICEERFHLE > TV A2, FEICIEIREIICS > T (HELPLT LD
ESDDBEDS) YW nbH b, 2y P ECHZF 2 — Y TAZETOBEVD
b LABRW (BB DDA T 2 TE).
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